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Introduction

Cambridge International Examinations (CIE) Advanced Level Mathematics has been created
especially for the new CIE mathematics syllabus. There is one book corresponding to each
syllabus unit, except that units P2 and P3 are contained in a single book. This book covers
the first Pure Mathematics unit, P1. '

The syllabus content is arranged by chapters which are ordered so as to provide a viable
teaching course. The early chapters develop the foundations of the syllabus; students may
already be familiar with some of these topics. Later chapters, however, are, largely
independent of each other, and teachers may wish to vary the order in which they are used.

Some chapters, particularly Chapters 2, 3 and the first four sections of Chapter 8, contain
material which is not in the examination syllabus for P1, and which therefore cannot be the
direct focus of examination questions: Some of this is necessary background material, such
as indices and surds; some is useful knowledge, such as graphs of pewers of x, the use and
meaning of modulus, and work on sequences.

A few sections include important results which are difficult to prove or outside the syllabus.
These sections are marked with an asterisk (*) in the séction heading, and there is usually a
sentence early on explaining precisely what it is that the student needs to know.

Occasionally within the text paragraphs appear in this type style. These paragraphs are
usually outside the main stream of the mathematical argument, but may help to glve
insight, or suggest extra work or dlfferent approaches.

Graphic calculators are not permitted in the examination, but they are useful aids in learning
mathematics. In the book the authors have noted where access to a graphic calculator would
be especially helpful but have not assumed that they are available to all students.

Numerical work is presented in a form intended to discourage premature approximation.
In ongoing calculations inexact numbers appear in decimal form like 3.456..., signifying
that the number is held in a calculator to more places than are given. Numbers are not
rounded at this stage; the full display could be, for example,*3.456 123 or 3.456 789.
Final answers are then stated with some indication that they are approximate, for
example ‘1.23 correct to 3 significant figures’.

There are plenty of exercises, and each chapter ends with a Miscellaneous exercise which
includes some questions of examination standard. Three Revision exercises consoliate work
in preceeding chpaters. The book concludes with two Practice examination papers.

In some exercises a few of the later questions may go beyond- the likely requirements of the
P1 examination, either in difficulty or in length or both. Some questions are marked with an

-asterisk, which indicates that they require knowledge of results outside the syllabus.

Cambridge University Press would like to thank OCR (Oxford, Cambridge and RSA
Examinations), part of the University of Cambridge Local Examinations Syndicate (UCLES)
group, for permission to use past examination questions set in the United Kingdom.

The authors thank UCLES and Cambridge University Press, in particular Diana
Gillooly, for their help in producing this book. However, the respon51b111ty for the text,

- and for any errors, remains with the authors.
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Coordinates, points and lines

A

This chap‘ter uses coordinates to describe points and lines in two dimensions. When you
have completed it, you should be able to

find the distance between two points

find the mid-point of a line segment, given the coordinates of its end points
find the gradient of a line segment, given the coordinates of its end points
find the equation of a line though a given point with a given gradient

find the equation of the line joining two points

recognise lines from different forms of their equations

» find the point of intersection of two lines

e tell from their gradients whether two lines are parallel or perpendicular.

The distance between two points

When you choose an origin, draw an x-axis to the right on the page and a y-axis up
the page and choose scales along the axes, you are setting upa coordinate system.
The coordinates of this system are called cartesian coordinates after the French
mathematician René Descartes, who lived in the 17th century. ’

In Fig. 1.1, two points A and B have

cartesian coordinates (4,3) and (10,7). The 4 : B
part of the line AB which lies between A 1 (10,7)
- and B is called a line segment. The length of : 4
the line segment is the distance between the J 3 :
. 4,3 '
ts. A I3
points . " s e (10,3)

A third point C has been added to Fig.1.1 to {
form a right-angled triangle. You gan see that —— ———i
C has the same x-coordinate as B and the
same y-coordinate as Aj;thatis, C has . Fig. 1.1
coordinates (10,3). '

It is easy to see that AC has length 10— 4 =6, and CB has length 7—3 =4 . Using
Pythagoras’ theorem in triangle ABC shows that the length of the line segment AB is

JA0— 921 (7-3)2 = /6% +4% =367 16 = 52.

You can use your calculator to give this as 7.21..., if you need to, but often it is better
to leave the answer as +/52. “

The idea of coordinate geometry is to use algebra so that you can do calculations like

this when A and B are any points, and not just the particular points in Fig. 1.1. It often
helps to use a notation which shows at a glance which point a coordinate refers to. One
way of doing this is with suffixes, calling the coordinates of the first point (x;,y,),and
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the coordinates of the second point (x,,y,). Thus, for example, x; stands for
‘the- x-coordinate of the first point’. '

Fig. 1.2 shows this general triangle. You can y
see'that C now has coordinates (x,,y, ), and 7
that AC=x, —x, and CB=y, —y,.
Pythagoras’ theorem now gives
e
2
AB = \/(xz -x) 4 (- )
An advantage of using algebra is that this i
N x Xy X

formula works whatever the shape and position
of the triangle. In Fig. 1.3, the coordinates of Fig. 1.2

A are negative, and in Fig. 1.4 the line slopes

downhill rather than.uphill as you move from left to right. Use Figs. 1.3 and 1.4 to work
out for yourself the length of AB in each case. You can then use the formula to check
your answers.

Fig. 13 , Fig. 1.4
In Fig. 1.3,
X, =% =3-(2)=3+2=5 and y,-y; =5-(-1)=5+1=6,
S0 AB=1/(3-(-2))* +(5-(-D)? =57 + 6% =25 +36 = /61.

And in Fig. 14,

- X—x=6-1=5 and y,-y=2-5=-3,
0 AB=~/(6=1)%+(2=5)% =+/5? +(=3)* =25+ 9 = 34.

Also, it doesn’t matter which way round you label the points A and B. If you think of
B as ‘the first point’ (x;,y,) and A as ‘the second point’ (x,,y,), the formula doesn’t
change. For Fig. 1.1, it would give

BA=+(4-10)%+(3-7)% =/(=6)%+(=4)? =~/36+ 16 =52, as before.



The distance between the points (x;,y;) and (x,,y,) (or the length of the
line segment joining them) is .

\/(xz —x1)2+(y2 -n)?.

The mid-point of a line segment

You can also use coordinates to find the mid-point of a line segment.

Fig. 1.5 shows the same line segment as in Fig. 1.1, but with the mid-point M added.
The line through M parallel to the y-axis meets AC at D. Then the lengths of the
sides of the triangle ADM are half of those of triangle ACB, so that

‘ (10,7)
The x-coordinate of ‘M is the same as the 1

B
x-coordinate of D, which is

______ IR
& (10,3)

4+AD=4+7(10-4)=4+3=7. s G

The y-coordinate of M is. v 1

3+DM =3+1(7-3)=3+2=5. T %
So the mid-point M has coordinates (7,5). Fig. 1.5
In Fig. 1.6 points M and D have been added in the same way to Fig. 1.2. Exactly as before,
AD=%AC-‘-=%(x2‘—x1), DM=%CB=%()’2_)’1);

So the x-coordinate of M is y

B
) % . (x292)
x1+AD—x1+2(x2 xl)—x1+7x2—7x1 "
_1 1. _1 ’
—5x1+7x2——2-(x1+x2) ( )
' - ) X191 o G(x, ,)’_1‘)
The y-coordinate of M is A D c
+DM =y, + 33y =)=y + Ly, -1 >
N =tz —n)=htzl.—3n p p 'x
1 2
.1 1 1 '
' —7)’1‘*'7)’2—5()’1+)’2)- _—
ig. 1.

The mid-point of the line segment joining (x;,y,) and (x, ,¥,) has coordinates

(%(xl +x2),3( +y2))




4 PURE MATHEMATICS 1

Now that you have an algebraic form for the coordinates of the mid-point M you can
use it for any two points. For example, for Fig. 1.3 the mid-point of AB is

(3(2+3).5(D+3) =(;1.5@) = (32).
And for Fig. 14 itis (3(1+6),3(5+2)) = (3(7).4(7) = (34.31).

Again, it doesn’t matter which you call the first point and which the second. In Fig. 1.5,
if you take (x,,y,) as (10,7) and (x,,y,) as (4,3), you find that the mid-point is

(4(10+4),4(7+3))=(7,5), as before.

§ 13 The gradient of a line segment

The gradient of a line is a measure of its steepness. The
steeper the line, the larger the gradient.

Unlike the distance and the mid-point, the gradient is a.
property of the whole line, not just of a particular line -
segment. If you take any two points on the line and find the .
increases in the x- and y-coordinates as you go from one
to the other, as in Fig. 1.7, then the value of the fra‘c‘:tion

C e e Tt T T AT A — T T

y-step
x-step

is the same whichever points you choose. This is the gradient of the line.

In Fig. 1.2 on page 2 the x-step and y-step are x, —x; and y, — ¥, , o that:

S T g e s

The gradient of the line joining (x,y) to (x2,y,) is 22—

i This formula applies whether the coordinates are positive or negative. In Fig. 1.3, for

J example, the gradient of AB is 5= S+l S,
: 3-(2) 3+2 5

But notice that in Fig. 1.4 the gradient is % = _?3 = —% ; the negative gradient tells -

you that the line slopes downhill. as you move from left to right.

As with the other formulae, it doesn’t matter which point has the suffix 1 and which has
1. the suffix 2. In Fig. 1.1, you can calculate the gradient as either =3 . % = %, or’

: 3-7 4 4, : 10-4 .
. 4-10 . -6 3 '

Two lines are parallel if they have the same gradient.
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Example 1.3.1
The ends of a line segment are (p—q,p+ q) and (p+q,p—q).Find the length of the
line segment, its gradient and the coordinates of its mid- pomt

For the length and gradient you have to calculate
X, -x=(p+q)-(p-9)=p+q-p+q=24
and y,-y =(p-q)-(p+49)=p-q-p-q=-24.

The length is \/( =)+ ( =/(29)*+(-29)* = /44" +44” =8¢".

The gradient is 22-21= ~24 —_]
X=X 24

For the mid-point you Have to calculate . —
xtx,=(p—q)+(p+9)=p-g+p+qg=2p

and y +y,=(p+q)+(p-9)=p+q+p—q=2p.

The mid-point is ( (x; + xz) 3 +32))=(32p).2 2p)) = (p.p). '

Try drawing your own figure to /IIustrate the results in this example.

Example 132 i j
Prove that the points A(1,1), ‘B(5,3), C(3,0) and D(~1,-2) form a parallelogram.

You can approach this problem in a number of ways, but whiche/vér method you use, itis
worth drawing a sketch. This is shown in Fig. 1.8.

Method 1 (using distances} In this method, find the ¥ 4 B(5,9
lengths of the opposite sides. If both pairs of opposite
sides are equal, then ABCD is a parallelogram.

AB=A(5-1)*+(3— 12—f
DC=+((3-(-D)* +(0-(-2))" =

CB—«/S )2+ (3-0)2 =13, D(~1,-2)

DA ={(1- (D) 2+ (1-(-2))” =+13. Fig 18

. X

Therefore AB=DC and CB= DA, so ABCD is a parallelogram.

- Method 2 (using mid-points) ' In this niethod, begin by finding the mid-points
of the diagonals AC and BD. If these points are the same, then the diagonals bisect
each other, so the quadrilateral is a parallelogram.

“The mid-point of ACis (1(1+3),1(1+0)), which is (2,1). The mid-point of BD is
(%_(5 + (—1)),% 3+ (—2))) , which is also (2 ( ,2) So ABCD is a parallelogram.
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Method 3 (using gradients) In this method, find the gradients of the opposite
sides. If both pairs of opposite sides are parallel, then ABCD is a parallelogram.
The gradients of AB and DC are 3-1 = % = % and
5-1 3—(-1)
s0 AB is parallel to DC. The gradients of DA and. CB are both % ,$0.DA is parallel

=2_ ;
= 7 = respectively,

to CB. As the opposite sides are parallel, ABCD isa parallelogram.

Exe_rcise 1A

Do not use a calculator. Where appropriate, leave square roots in your answers.

1 Find the lengths of the line segments joining these pairs of points. In parts () and (h)
assume that g > 0 ; in parts (i) and (j) assume that p >g>0.-
(@ (2,5)and (7,17) (b) (-3,2) and (1,-1)
e - (4,-5) and (—I,Q) L) (-3,-3) and (-7,3)
\Le) (2a,a)and (10a,-14q) ) (a+1,2a+3)and (a—1,2a-1)
@ (2,9)and (2,-14) () (124,5b) and (3a,5b)
A (p.q)and (g,p) (0 (p+4q.p—q)and (p-3q,p)
2 Show that the poipts (1,-2), (6,-1), (9,3) and (4,2). are vertices of a parallelogram.
3 Show that the triangle formed by the points (-3,-2), (2,—7) and (~2,5) is isosceles.
4 Show that the points (7,12), (=3,-12) and (14,-5) lie on a circle with centre (2,0).

10

Find the coordinates of the mid-points of the line segments joining these pairs of points.

@ (2,11),(6,15) (b (5,7),(-3,9)
(C) (_2’_3)5 (17_6) (d) (_3’4)’ (—8’5) .
© (p+2,3p-1),3p+4,p-5) ® (p+3.4-7).(p+53-9)

® (p+29,2p+13q9),(5p-2¢,~2p—7g)  (h) (a+3,b=-5),(a+3,b+7)

A(-2,1) and B (6,5) are the opposite ends of the diameter of a circle.
Find the coordinates of its centre.

M (5,7) is the mid-point of the line segment joining A (3,4) to B. Find the coordinates of B.

A(1,-2), B(6,~1), C(9,3) and D(4,2) are the vertices of a parallelogram.
Verify that the mid-points of the diagonals AC and BD coincide.

Which one of the points A(5,2), B(6,~3) and C(4,7) is the mid-point of the other two?
. Check your answer by calculating two distances.

Find the gradients of the lines joining the following pairs of points.

@ (3.8).(512) ‘ ® (1,-3).(-2.6)
© (-4,-3),(0,-1) @ (-5,-3),(3,-9)
© (p+3,p-3),(2p+4,~p-5) ® (p+3,9-5).(¢-5p+3)

® (+ga-1q+p-3),(p-g+1,g-p+3) () (7,p).(11,p)
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11
12
13

14

15

16

17

18

19

N

Find the gradients of the 1ings AB and BC where A is (3,4),Bis (7,6) and Cis (-3,1).
‘What can you deduce about the points A, B and C?

The point P(x,y) lies on the straight line joining A(3,0) and B(5,6). Find expressions for

‘the gradients of AP and PB. Hence show that y =3x-9.

A line joining a vertex of a triangle to the mid-point of the opposite side is called a median.
Find the length of the median AM in the triangle A(-1,1), B(0,3), C(4,7).

A triangle has vertices A(~2,1), B(3,—4) and C(5,7).

(a) Find the coordinates of M, the mid-point of AB, and N, the mid-point of AC.

(b) Show that MN is parallel to BC.

The points A(2,1), B(2,7) and C(—4,-1) form a triangle. M is the mid-point of AB and N is
the mid-point of AC. 7 :

(a) Find the lengths of MN and BC. (b) Show that BC =2MN.

The vertices of a quadrilateral ABCD are A(1,1), B(7,3),C(9,-7) and D{(-3,-3). The
points P, Q, R and § are the mid-points of AB, BC, CD and DA respectively.

(a) Find the gradient of each side of PQRS.  (b) What type of quadrilateral is PQRS?

The origin O and the points P(4,1), Q(5,5) and R(1,4) form a quadrilateral.

(a) Show that OR is parallel to PQ. (b) Show that OP is parallel to RQ. 7
(c) Show that-OP=OR. ' (d) What shape is OPQR?

: : ¢}
The origin O and the points L(-2,3), M(4,7) and N(6,4) form a quadrilateral.
(a) Show that ON = LM. (b) Show that ON is parallel to LM.
(c) Show that OM = LN. (d) What shapeis OLMN?

‘The vertices of a quédrilateral PQRS are P(1,2), (7,0), R(6,~4) and S(-3,-1).

" (a) Find the gradient of each side of the quadrilateral.

20

21

22

(b) What type of quadrilateral is PQRS? ~ {reRe¢W™"

The vertices of a quadrilateral are T(3,2), U(2,5), V(8,7) and W(6,1). The mid-points of
UV and VW are M and N respectively. Show that the triangle TMN is isosceles.

The vertices of a quadrilateral DEFG are D(3,-2), E(0,-3), F(-2,3) and G(4,1).
(a) Find the length of each side of the quadrilateral.
(b) What type of quadrilateral is DEFG? Mi'e

The points A(2,1), B(6,10) and C(10,1) form an isosceles triangle with AB and BC of
equal length. The point G is (6,4).

(a) Write down the coordinates of M, the mid-point of AC.
(b) Show that BG =2GM and that BGM is a straight line.
(c) Write down the coordinates of N, the mid-point of BC.
(d) Show that AGN is a straight line and that AG =2GN. .

T o R g e e S e
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14 What is meant by the equation of a straight line or of a curve?
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How can you tell whether or not the points (3,7) and (1,5) lie on the curve y =3x% +27
The answer is to substitute the coordinates of the points into the equation and see
whether they fit; that is, whether the equation is satisfied by the coordinates of the point.

For (3,7): the right side is 3 x 3% +2 =29 and the left side is 7, so the equation is not

satisfied. The point (3,7) does not lie on the curve y = 3x_2 +2.

For (1,5): the right side is 3 X 1 +2=5 and the left side is 5, so the equation is

satisfied. The point (1,5) lies on the curve y = 3x2 +2.

The equation of a line or curve is a rule for determining whether

or not the point with coordinates (x,y) lies on the line or curve,

This is an important way of thinking about the equation of a line or curve,

" The equation of a line

Example 1.5.1
Find the equation of the line with gradient 2 which passes
through the point (2,1).

Fig. 1.9 shows the line of gradient 2 through
A(2,1), with another point P(x,y) lying on it.

P lies on the line if (and only if) the gradient of AP
is 2. '

The gradient of AP is Y —; . Equating this to 2 gives
- X
J 1=2,whichis y—1=2x—-4,0r y=2x-3.

X —

In the general case, you need to find the equation of the
line with gradient m through the point A with coordinates

(x,,y1) . Fig. 1.10 shows this line and another point P with -

coordinates (x,y) on it. The gradient of AP is BAmbily
x—x

Equating to m gives >—2L = m,or y—y, = m(x—x).

The equation of the line through (x;,;)

with gradient m is y — y, = m(x — x,).

Notice that the coordinates of A(x,,y,) satisfy this equation.

gradient 2
P(x,)

A(2,1)

Fig. 1.9

gradient m
P(xy)

Alx,m)

Fig. 1.10
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Example 1.5.2
Find the equation of the line through the point (—2,3) with gradient —1.

Using the equation y—y; = m(x —x,) gives the equation y—3 = —1(x —(~2)), which
is y—=3=-x-2 or y=—x+1. As a check, substitute the coordinates (-2,3) into both
sides of the equation, to make sure that the given point does actually lie on the line.

Example 1.5.3
Find the equation of the line joining the points (3,4) and (-1,2).

To find this equation, first find the gradient of the line joining (3,4) to (~1,2).
Then you can use the equation y —y, = m(x - x;).

. . e . 2 -4 _2 1
The gradient of the line joining (3,4) to (—1,2) is =—==_Z,
g ] g (3,4) ( ) (_1) 3472
The equation of the line through (3,4) with gradient % is y—4= %(x —3). After

multiplying out and simplifying you get 2y~8=x-3,0r 2y=x+5.

Check this equation mentally by substituting the coordinates of the other point.

Recognising the equation of a line

The answers to Examples 1.5.1-1.5.3 can all be written in the form y = mx + ¢, where
m and c are numbers.

It is easy to show that any equation of this form is the equation of a straight line. If
y=mx+c,then y—-c=m(x-0),or

y—c
-0

=m _ (except when x=0).

o

This equation tells you that, for all points (x,y) whose coordinates satisfy the equation, the
line joining (0,c) to (x,y) has gradient m. That is, (x,y) lies on the line through (0,c)
with gradient m.

The point (0,c) lies on the y-axis. The number c is called the y-intercept of the line.

To find the x-intercept, put y =0 in-the equation, which gives x = —— . But notice that
m

you can’t do this division if z=0.In that case 4

the line is parallel to the x-axis, so there is no x-

intercept. The straight line
oo y=2

When m =0, all the points on the line have (-1,2) | 1,2) (5.2)

coordinates of the form (something,c). Thus the

points (1,2), (-1,2), (5,2), ... all lic on the T x

straight line y =2, shown in Fig. 1.11. Asa
special case, the x-axis has equation y =0. Fig. 1.11
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Similarly, a straight line parallel to the y-axis
has an equation of the form x = k...All points YA The straight line
on it have coordinates (k,something). Thus the (3.4) x=3
points (3,0), (3,2), (3,4), ... all lie on the line ’
x =3, shown in Fig. 1.12. The y-axis itself
has equation x=0. . (32)

The line x =k does not have a gradient; its

gradient is undefined. Its equation cannot be (30)

written in the form y=mx+c. Fig.1.12

The equation ax+by+c=0

Suppose you have the equation y = %x + %. 1t is natural to multiply by 3 to get
3y =2x+4, which can be rearranged to get 2x —3y+4 = 0. This equation is in the
form ax +by+c =0 where a, b and ¢ are constants.

Notice that the straight lines y = mx+c and ax+ by+c =0 both contain the letter c,
but it doesn’t have the same meaning. For y=mx+c, c isthe y -intercept, but there is
no similar meaning for the ¢ in ax+by+c=0.

A simple way to find the gradient of ax + by + ¢ =0 is to rearrange it into the form
y = .... Here are some examples.

Example 1.7.1
Find the gradient of the line 2x+3y—-4=0.

Write this equation in the form y = ..., and then use the fact that the straight line
y=mx+c has gradient m.

From 2x+3y—4=0 you find that 3y=-2x+4 and y = —%x + % . Therefdre,

comparing this equation with y = mx + ¢, the gradient is — %

Example 1.7.2

One side of a parallelogram lies along the straight line with equation 3x—4y-7=0.

The point (2,3) is a vertex of the parallelogram. Find the equation of one other side.
The line 3x ~4y—-7=0 is the same as y =2 x - 7, so its gradient is 3. The line
through (2,3) with gradient 2 is y—3=2(x-2),0r 3x-4y+6=0.

The point of intersection of two lines b
Suppose that you have two lines with equations 2x —y =4 and 3x +2y = -1.How do
you find the coordinates of the point of intersection of these lines?

You want the point (x,y) which lies on both lines, so the coordinates (x,y) satisfy both -
equations. Therefore you need to solve the equations simultaneously.



CHAPTER 1: COORDINATES, POINTS AND LINES 11

From these two equations, you find x =1, y = -2, so the point of intersection is (1,-2).

This argument applies to straight lines with any equations provided they are not parallel.
To find points of intersection, solve the equations simultaneously: The method can also
be used to find the points of intersection of two curves.

Exercise 1B

1 Test whether the given point lies on the straight line (or curve) with the given equation.

(& (1,2)ony=5x-3 , () (3,-2)ony=3x~7

) (3,—4)onx*+y* =25 (d) (2,2) on3x%+y* =40
x+2 5 5

(e) (1,1%)0ny=3x__1 ® (517,;)0“}"—';

(g) (p,(p—1)2+1)o_n y=x2—2x+2 (h) (t2,2t)ony2=4x

2 Find the equations of the straight lines through the given points with the gradients shown.
Your final answers should not contain any fractions.

(a) (2,3), gradient 5 (b) (1,-2), gradient ~3
(c) (0,4), gradient % (d) (-2,1), gradient —-%
(e) (0,0), gradient —3 (f) (3,8), gradient 0
(g) (-5,-1), gradient —% (h) (-3,0), gradient %
(i) (-3,-1), gradient % (G) (3,4), gradient —%
(&) (2,-1), gradient -2 O (-2,-5), gradient 3
(m) (0,—4), gradient 7 (n) (0,2), gradient —1
(0) (3,-2), gradient -—% P (3,0), gradignt —%
(@) (d,0), gradient 7 () (0,4), gradient m
(s) (0,c), gradient 3 (t) (c,0), gradient

3 Find the equations of the lines joining the following pairs of poin. /e your final
answer without fractions and in one of the forms y=mx+c¢ or ax- .y+c=0.
@) (1,4) and (3,10) ®) (4,5)and (=2,-7)
© (3,2)and (0,4) (@ (3,7)and (3,12)
(€) (10,-3) and (-5,~12) ® (3,~1) and (~4,20)
(&) (2,-3)and (11,-3) (b) (2,0) and (5,-1)
(i) (—4,2) and (-1,-3) G (=2,-1)and (5,-3)
(k) (-3,4) and (-3,9) 1. (~1,0) and (0,-1)
(m) (2,7) and (3,10) (n) (~5,4) and (-2,-1)
(0) (0,0) and (5,-3) (®) (0,0) and (p.q)
@ (p.g)and (p+3,9-1) @ (p,-q) and (p,q)

(s) (p.g)and (p+2,q9+2) ) (p,0)and (0,9)
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4 Find the gradients of the following lines.

(@) 2x+y=7 ®) 3x—dy=8 © S5x+2y=-3
@ y=5 ©) 3x-2y=—4 6 5x=7

® x+y=-3 M) y=3(x+4) @ 7-x=2y
G 3(y-4)=7x &) y=m(x—d) O px+qy=pg

Find the equation of the line through (-2,1) parallel to y = %x -3.
Find the equation of the line through (4,-3) parallel to y+2x=7.
Find the equation of the line through (1,2) parallel to the line joining (3,—1) and (—5,2).
Find the equation of the line through (3,9) parallel to the line joining (-3,2) and (2,-3).

o 0 N A W

Find the equation of the line through (1,7) parallel to the x-axis.
10 Find the equation of the line through (d,0) parallel to y = mx +c.

11 Find the points of intersection of the following pairs of straight lines.

(a) 3x+4y=33, 2y=x-1 (b) y=3x+1, y=4x-1

€ 2y=7x, 3x—2y=1 d) y=3x+8, y=—2x-7
(e) x+5y=22, 3x+2y=14 ® "2x+7y=47, S5x+4y=50
(g 2x+3y=7, 6x+9y=11 (h) 3x+y=5, x+3y=-1

(i) y=2x+3, 4x-2y=-6 () ax+by=c, y=2ax

&) y=mx+c, y=—mx+d N ax-by=1y=x

12 Let P, with coordinates (p,q). be a fixed point on the ‘curve’ with equation y =mx +c¢
and let Q, with coordinates (r,s), be any other point on y = mx + ¢ . Use the fact that the
coordinates of P and Q satisfy the equationy = mx + ¢ to show that the gradient of PO ism
for all positions of Q. ‘

13 There are some values of a, b and ¢ for which the equation ax+ by +c =0 does not
represent a straight line. Give an example of such values.

The gradients of perpendicular lines

In Section 1.3 it is stated that two lines are parallel if they have
the same gradient. But what can you say about the gradients of
two lines which are perpendicular?

Gradient m

Firstly, if a line has a positive gradient, then the perpendicular
line has a negative gradient, and vice versa. But you can be more m

In Fig. 1.13, if the gradient of PBis m, you can draw a ‘gradient-
triangle’ PAB in which PA is one unit and AB is m units. . Fig. 1.13
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Gradient m

In Fig 1.14, the gradient triangle PAB has been
rotated through a right-angle to PA’B’, so that
PB’ is perpendicular to PB. The y-step for
PA’B’ is 1 and the x-step is —m, 50

Gradient — L
m

. - e SR A
gradient of PB’ = y-step _ 1 _ 1 ]

x-step —m_ m’
Fig. 1.14

. . o1
Therefore the gradient of the line perpendicular to PB is ——.
m

Thus if the gradients of the two perpendicular lines are m,; and m,,then mym, =—1.1It
is also true that if two lines have gradients m; and m,, and if m;m, = -1, then the lines
are perpendicular. To prove this, see Miscellaneous exercise 1 Question 22.

Notice that the condition does not work if the lines are parallel to the axes. However,
you can see that a line x = constant is perpendicular to one of the form y = constant.

Example 1.9.1
Show that the points (0,-5), (-1,2), (4,7) and (5,0) form a thombus.

You could tackle this question in several ways. This solution shows that the points form a
parallelogram, and then that its diagonals are perpendicular.
The mid-points of the diagonals are (% 0+ 4),%(—5 + 7)) ,or (2,1),and
(1((-1)+5),4(2+0)), or (2,1). As these are the same point, the quadrilateral is a

parallelogram.

7——_(_5)=2=3 and 0-2 =_—2=—%.As
_ 4- 4 5-(-1) 6
the product of the gradients is —1, the diagonals are perpendicular. Therefore the

parallelogram is a thombus.

The gradients of the diagonals.are

Example 1.9.2
Find the coordinates of the foot of the perpendicular from A(-2,—4) to the line joining
B(0,2) and C(~1,4).

Always draw a diagram, like Fig. 1.15; it need not be to scale. The foot of the
perpendicular is the point of intersection, P, of BC and the line through A
perpendicular to BC. First find the gradient of BC and its equation.
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The gradient of BC is 42 _2__
-1-0 -1 ‘
The equation of BC is y—2=-2(x-0), Y
which simplifies to 2x+y=2. C(-1,4)
The gradient of the line through A
1 B(0,2)
perpendicular to BC is 5 % A
The equation of this line is x
y=(-4)=}(-(-2), 7

or x-2y=6. : A(—Z»—4.)/

These lines meet at the point P, whose
coordinates satisfy the simultaneous Fig. 1.15
equations 2x+y=2 and x—2y=6.

This is the point (2,-2).

Exercise 1C

1 In each part write down the gradient of a line which is perpendicular to one with the given

gradient.

(a) 2 (b) -3 () 3 @ -3

© -1 ENGIRE! @ -= ®) m

@ 2 @ o ® -m O
q b—c

In each part find the equation of the line through the given point which is perpendicular to
the given line. Write your final answer so that it doesn’t contain fractions.

@ (2,3), y=4x+3 ® (3D, y=-1x+3
© (2,-5), y=-5x-2 @ (7,-4), y=2%

(e) (-1,4), 2x+3y=8 O 4,3), 3x-5y=8
@ (5-3), -2x=3 M) (0,3), y=2x-1

(i (0,0), y=mx+c : G (ab), y=mx+c

k) (c,d), ny—x=p O (-1,-2), ax+by=c

Find the equation of the line through the point (-2,5) which is perpendicular to the line
y=3x+1. Find also the point of intersection of the two lines.

Find the equation of the line through the point (1,1) which is perpendicular to the line
2x —~3y=12.Find also the point of intersection of the two lines.

A line through a vertex of a triangle which is perpendicular to the opposite side is called an

altitude. Find the equation of the altitude through the vertex A of the triangle ABC where A
is the point (2,3),Bis (1,~7) and Cis (4,-1).
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6

10

11

12

P(2,5), 0(12,5) and R(8,-7) form a triangle.

(a) Find the equations of the altitudes (see Question 5) through (i) R and (ii) Q.
(b) Find the point of intersection of these altitudes.

(c) Show that the altitude through P also passes through this point.

Miscellaneous exercise 1
Show that the triangle formed by the points (-2,5), (1,3) and (5,9) is right-angled.
Find the coordinates of the point where the lines 2x+ y=3 and 3x+ 5y —1=0 meet.

A triangle is formed by the points A(—1,3), B(5,7) and C(0,8).

(a) Show that the angle ACB is a right angle.

(b) Find the coordinates of the point where the line through B parallel to AC cuts the
x-axis.

A(7,2) and C(1,4) are two vertices of a square ABCD.

(a) Find the equation of the diagonal BD.

(b) Find the coordinates 6f B and of D.

A quadrilateral ABCD is formed by the points A(-3,2), B(4,3), C(9,-2) and D(2,-3).
(a) Show that all four sides are equal in length.
(b) Show that ABCD is not a square,

P is the point (7,5) and /; is the line with equation 3x + 4y =16.
(a) Find the equation of the line /, which passes through P and is perpendicular to ;.
(b) Find the point of intersection of the lines /; and I,.

(c) Find the perpendicular distance of P from the line /.
Prove that the triangle with vertices (-2,8), (3,20) and (11,8) is isosceles. Find its area.

The three straight lines y =x, 7y =2x and 4x + y = 60 form a triangle. Find the
coordinates of its vertices.

Find the equation of the line through (1,3) which is parallel to 2x +7y = 5. Give your
answer in the form ax +by=c. :

Find the equation of the perpendicular bisector of the line joining (2,—5) and (—4,3).

The points A(1,2), B(3,5), C(6,6) and D form a parallelogram. Find the coordinates of
the mid-point of AC. Use your answer to find the coordinates of D.

The point P is the foot of the perpendicular from the point A(0,3) to the line y = 3x.
(a) Find the equation of the line AP.

(b) Find the coordinates of the point P.

(c) Find the perpendicular distance of A from the line y = 3x.
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15

16

17

18

19

20

21

22

Points which lie on the same straight line are called collinear. Show that the points (—1,3),
(4,7) and (—11,-5) are collinear.

Find the equation of the straight line that passes through the points (3,—-1) and (-2,2),
giving your answer in the form ax + by + ¢ = 0. Hence find the coordinates of the point of
intersection of the line and the x-axis. (OCR)

The coordinates of the points A and B are (3,2) and (4,—5) respectively. Find the
coordinates of the mid-point of AB, and the gradient of AB.

Hence find the equation of the perpendicular bisector of AB, giving your answer in the
form ax+ by +c =0, where a, b and ¢ are integers. (OCR)

crosses the x-axis at the point A and the y-axis at the point B.

1
The curve y=1+
2+x

(a) Calculate the coordinates of A and of B.
(b) Find the equation of the line AB.

(¢) Calculate the coordinates of the pomt of 1ntersect10n of the hne AB and the line
with equation 3y = 4x. : (OCR)

The straight line p passes through the point (10,1) and is perpendicular te the line r with
equation 2x+ y =1. Find the equation of p.

Find also the coordinates of the point of intersection of p and r, and deduce the
perpendicular distance from the point (10,1) to the line r. (OCR)

Show by calculation that the points P(0,7), O(6,5), R(5,2) and S(—1,4) are the vertices of
arectangle.

The line 3x —4y =8 meets the y-axis at A. The point C has coordinates (-2,9). The line
through C perpendicular to 3x —4y = 8 meets it at B. Calculate the area of the triangle
ABC. ‘

The points A(—3,—4) and C(5,4) are the ends of the diagonal of a thombus ABCD.
(a) Find the equation ‘of the diagonal BD.

(b) Given that the side BC has gradlent 3 find the coordmates of B and hence of D.
Find the equations of the medians (see Exércise 1A Question 13) of the triangle with

vertices (0,2), (6,0) and (4,4). Show that the medians are concurrent (all pass through the
same point).

Two lines have equations y = m x +¢, and y = myx +¢c,,and -mym, =—1.Prove that the
lines are perpendicular. )

e e S T U o A AT
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Surds and indices

The first part of this chapter is about expressions involving square and cube roots. The
second part is about index notation. When you have completed it, you should

be able to simplify expressions involving square, cube and other roots
know the rules of indices

know the meaning of negative, zero and fractional indices

be able to simplify expressions involving indices.

Different kinds of number

At first numbers were used only for counting, and 1, 2, 3, ... were all that was needed.
These are natural numbers, or positive integers.

Then it was found that numbers could also be useful for measurement and in commerce.
For these purposes fractions were also needed. Integers and fractions together make up

the rational numbers. These are numbers which can be expressed in the form g where
p and g are integers, and g is not 0.

One of the most remarkable discoveries of the ancient Greek mathematicians was that
there are numbers which cannot be expressed in this way. These are called irrational
numbers. The first such number to be found was /2 , which is the length of the
diagonal of a square with side 1 unit, by Pythagoras’ theorem. The argument that the

‘Greeks used to prove that /2 cannot be expressed as a fraction can be adapted to show

that the square root, cube root, ... of any positive integer is either an integer or an
irrational number. Many other numbers are now known to be irrational, of which the
most well known is 7.

Rational and irrational numbers together make up the real numbers. Integers, rational
and irrational numbers, and real numbers can be either positive, negative or zero.

When rational numbers are written as decimals, they either come to a stop after a
number of places, or the sequence of decimal digits eventually starts repeating in a
regular pattern. For example,

7 _
1=0.6363...,

0.7 5833...,
7
05, 5=0466...,

15 =0.538 461538 46153...,
4375, L=

0.
0.411764 705882 352941176...

R

7 _
7= =0.
7
6= =0
The reverse is also true: if a decimal number stops or repeats indefinitely then it is a

rational number. So if an irrational number is written as a decimal, the pattern of the
decimal digits never repeats however long you continue the calculation.
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Surds and their properties

When you met expressions such as 2, 4/8 and /12 before, it is likely that you used a
calculator to express them in decimal form. You might have written

N2 = 1-414«--.,'0f V2 =1.414 correct to 3 decimal places or 2 ~1414.
Why is the statement ‘2 =1414" incorrect?

Expressions like 2 or 3/9 are called surds. This section is about calculating with surds.
You need to remember that +/x always means the positive square root of x (or zero
when x =0).

The main properties of surds that you will use are:

You can see that as («/;x'\/;)x(x/;x\/;)=(&xﬁ)x(ﬁxﬁ):xxy=xy,énd
as vx X[y is positive, it is the square root of xy. Therefore +/xy = Vx x AJy . Similar

o . Cfx Ax \
reasoning will convince you that |—=— : %
y

b
The following exafnples illustrate these properties:

V8 =Aax2=VaxV2=2v2; V12=V4x3=V4x3=2V3

: 27 [27
V18x+2=+18x2=+36=6; %:E:«@:&
It is well worth checking some or all of the calculations above on your calculator.

Example 2.2.1
Simplify  (a) V28 ++/63, (b) v/5x+/10.

" Alternative methods of solution may be possible, as in part (b).

(8) +28+63 = (VA XT)+ (O x~T) = 24T +37 =57 . o
(b) Method1  +/5x+/10 =+/5x10 =~/50 =+/25x2 =52.

Method 2 ~/5x10 =5 x (x5 x+2) = (5 x5)x 2 = 52

It is sometimes useful to be able to remove a surd from the denominator of a fraction

1x+2 V2

1 . ‘ .
such as — . You can do this by multiplying top and bottom by /2; ——— = ==,
72 y plying top L 0y \/EXN/E 5
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Results which it is often helpful to use are:

X . . 1
=x , and its reciprocal — =

Vx

&

Removing the surd from the denominator is called rationalising the denominator.

Example 22.2 6 ENG
Rationalise the denominator in the expressions (a) —, (b)
7 P

3Ix2
()J’ (_3><J_—3«/—

32 3x42 3 3«/_
N TR R

Similar rules to those for square roots also apply to cube roots and higher roots.

Example 2.2.3
Simplify (a) 16, (b) Y12 x¥18.

@) 16 =38x2=38x32=2x12.
() 312 x318=312x18=3216=6.

Example 2.2.4

Fig. 2.1 shows the vertical cross-section of a roof of a
building as a right-angled triangle ABC, with AB=15m.
The height of the roof, BD, is 10 m. Calculate x and y.

Starting with triangle ADB, by Pythagoras’ theorem
2% +10% =157, 50 72 =225-100 =125 and

' Fig.2.1
=125 =/25% 5 = 5+5. 8

Now notice that the trianglés ADB andABC are
similar. You can see the similarity more clearly by
flipping.triangle ADB over to make the side AB
horizontal, as in Fig. 2.2. The sides of triangles ADB

D
and ABC must therefore be in the same proportion, so
xy1'5‘151533f' zm 10m
— =-=—="_Since s
15 10 z z 55 A5 A B
, 15m
_15x£_9f and —10x£—6«/§.
. Fig.2.2

Use Pythagoras’ theorem in triangle ABC to check that x> =15 + y2.’
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Exercise 2A

Simplify the following without using a calculator.

(@ 3x+3 () 10 x+10 (©) V16 x+16 @ 8x+2
(&) V32xA2 ® 3x12 (8 5V3x+3 (h) 2+/5x35
G) 36 x 46 @ 2v20x3V5 @ (247) M (33)°
m) x4 @ (245) © (232) @ 4125 %45
Simplify the following without using a calculator. ;
(a) /18 () 20 (c) 24 @ 32
) 40 ® /45 (8) 48 (h) 50
i 54 G 72 (k) 135 @ 6715
Simplify the following without using a calculator.
(@) ~8+4/18 (b) 3+12 © ~20-+5
(d) ~32-+8 € ~50-+18-+8 (D 27+~27
(8 V99 +44+-11  (h) 8V2+248 (i) 2~20 +345
G) V52-+13 (k) 20+/5+5+20 (1) 48 ++/24 =~/75 +/96
Simplify the following without using a calculator.
8 V21 /40 /50
D ® 5 © o @ 7
J125 /54 3 /50
(e) —\/g— - ® —\/'g— (@ ﬁ () 7200
Rationalise;the denominator in each of the following expressions, and simplify them.
1 1 4 6
@ 7 ®) = © 7 @ 7=
11 2 12 14
© 77 O ® 7 ® =
. 6 L2 345 4+/6
© 7 O T © 5 O 75
m 12 w B2 212 o 2B
23 V12 2418 P o2
Simplify the following, giving each answer in the form k3. _
@ 75+12 b) 6+3(4-243) (o) %_-m
(d 2,02 (€) V2 x+8x+27 ® (3-+3)(2-+3)-3x+27
V3 e .

- )
ABCD is a rectangle in which AB = 4+/5 cm and BC =10 cm . Giving each answer in
simplified surd form, find

(a) the area of the rectangle, (b) the length of the diagonal AC.
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8 Solve the following equations, giving each answer in the form k2.

@ xV2=10 0 32-3=241 @ wF-16=28-4

9 Express in the form & 3
(2 324, ) 3B1+33, © (B), @) %3000 ~3/375 .

10 Find the length of the third side in each of the following right-angled triangles, giving each
answer in simplified surd form.

@) (b) oo @ em @
e 5J§cm7 Wm 3~Hcm' 3J§cm
8cm

11 You are given that, correct to 12 decimal places, /26 = 5.099 019 513 593.
(a) Find the value of /104 correct to 10 decimal places.
(b) Find the value of /650 correct to 10 decimal places.

13 .
¢) Find the value of — correct to 10 decimal places.
© F 726 P

12 Solve the simultaneous equations 7x —(3v/5)y =9~/5 and (2/5)x +y =34.

13 Simplify the following.

@ (V2-1)(v2+1) *(b) (2-+3)(2++3)
© (V7 +3)(+7-+3) @ (242 +1)(2V2-1)
© (4V3-+2)(a3++2) (® (V10 ++5)10 - 5)

¢ (8) (47 —5)(447++/5) @) (2v6-3+3)(2V6 +3+3)

14 In Question 13, every answer is an integer. Copy and complete each of the following.

@ (V3-1) )=2 (b (V5+1)( )=4
© (V6-2)(  )=4 @ (2V7+43)(  )=25
@ (V11++10)( )=1 o (3526 )=21

The examples in Questions 15 and 16 indicate a method for rationalising the
denominator in cases which are more complicated than those in Question 5.

: 1 1 _3+1 1 3+1
15 (a) Explain wh = X and hence show that = .
(2) Exp Y BT B B+ crcesiowmt BT 2
1 242 -3
* (b) Show that = .
® 24/2++3 5
16 Rationalise the denominators and simplify these fractions.

. 1 1 443
@ TR - ®35E5 © V6+3v2
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23 Working with indices

In the 16th century, when mathematics books began to be printed, mathematicians were
finding how to solve cubic and quartic equations. They found it was more economical to
write and to print the products xxx and xxxx as x® and x*.

This is how index notation started. But it turned out to be much more than a convenient
shorthand. The new notation led to important mathematical discoveries, and mathematics
as it is today would be inconceivable without index notation.

You will already have used simple examples of this notation. In general, the symbol a™
stands for the result of multiplying m as together:

m of these

—_—t——
a®=axaxax ... Xa.

The number a is called the base, and the number m is the index (plural ‘indices’). Notice
that, although a can be any kind of number, m must be a positive integer. Another way of
describing this is “a raised to the mth power’, or more shortly ¢ a to the power m’.
Expressions in index notation can often be simplified by using a few simple rules.

One of these is the multiplication rule,

m of these n of these m+n of these
~ A

a®xa®=axax ...xaxaxax .. xa=axdX ... xa=am""™".

This is used, for example, in finding the volume of a cube of side a:

volume = base area x height = a® xa = a® xa! =a?*! = 4°.

Closely linked with this is the division rule,

m of .these n of these
a™+a" =(axax ... xa)+(axax ... Xa)

m—n of these

—_— .
=axaX ... xa (sincen of the as cancel out)

=a™™", provided that m > n.

Another rule is the power-on-power rule,

n of these brackets

m of these m of these m.of these
r -~ ~ —_——t——
(@™)'=axax ... xaxaxax ... xax..xaxax ... Xa

mxn of these

—_———
=agxax ... xa=a™",

One further rule, the factor rule, has two bases but just one index:

m of these brackets m of these m of these

(axb)™ =(axb)x(axb)x...x(axbl=axax ... Xaxbxbx ... xb=a" xb™.
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In explaining these rules multiplication signs have been used. But, as in other parts of algebra,
- they are usually omitted if there is no ambiguity. For completeness, here are the rules again.

m+n

Multiplication rule: =a

Division rule: a”™ +a" =a™™", providedthatm > n

Power-on-power rule: (@™)' =a™"

Factor rule: (axb)™ =a™ xb™

Example 2.3.1
Simplify (2a%6)* +(4a*b).

(2a%)® + (4a"p) =(2°(a®)*b*) + (4a*b) factor rule
=(8a?*%p*) + (4a*b) power-on-power rule
=(8+4)x(ab+a*)x (@ +b) rearranging
=244 division rule
=2a%?.

24 Zero and negative indices

The definition of @™ in Section 2.3, as the result of multiplying m as together, makes
no sense if m is zero or 4 negative integer. You can’t multiply 3 as or 0 as together.
But extending the meaning of a™ when the index is zero or negative is possible, and
useful, since it turns out that the rules still work with such index values.

Look at this sequence: 2% = 32, 24 = 16, 23 = 8, 2% = 4, ...

On the left sides, the base is always 2, and the indices go down by 1 at each step. On the
right, the numbers are halved at each step. So you might continue the process

221 o3 _

o, 28=4,2122,2=1,27' = T

ST
ool—

and you can go on like this indefinitely. Now compare

2'=2with 27" =2, 2*=4 with 272 = 2’ =8 with 27 = .

y
4
It looks as if 2™ should be defined as 2lm., with the special value in the middle 2° =1.

This observation, extended to any base a (except 0), and any positive integer m, gives
the negative power rule.

Negative power rule: a~
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Here are some examples to show that, with these definitions, the rules established in
Section 2.3 for positive indices still work with negative indices. Try making up other
examples for yourself.

1 1
Multiplication rule: a*xa’ =a’x — ==
a a +da
_ 1 using the division rule
a3 for positive indices
1 -4 3+(-7)
=—=qa =a z
g
Power-on-power rule:  (a™2)™ = -l—)_B SR N S
a’) ~(1/a®)’ 1/(a®)’
= b using the power-on-power
1/a® rule for positive indices
=qb = o3
- 1 1 usipg the factor rule
. 3 _ —
Factor rule: (ab)™ = @)’  a’b’ for positive indices
1 1 53
=—X—= b
Example 2.4.1

If a =5, find the value of 4a2.

The important thing to notice is that the index —2 goes only with the a and not

with the 4. So 42 means 4><i2.When a=5,4a”" =4><% =0.16.
a

Example 2.4.2

-2 -1
Simplify (a) 4a’bx(Bab™)2, (b) [ym;}(m )
L L

(a) Method 1  Turn everything into positive indices.

2
4a’bx (3ab™")* = 4a’b x ;2 =4a’bx —21—7 =4a’b x —b—z
(3ax1/b) 9a? x1/b 9a
4142 _ 443

Method 2  Use the rules directly with positive and negative indices.
4a’bx (3ab™) 2 =4a%x (3702 (67)?) factor rule
=4a’bx (372a7%?) " power-on-power rule
1 - ‘
= (4 X ¥) x (a*a?)x (bb?) =§a%> =5b°.

(b) This is an application in mechanics: M, L, T stand for dimensions of mass,
length and time in the measurement of viscosity. Taking the brackets separately,

MLT -
L 2 J=ML1“2T’2=ML‘1T‘2 and [—L{ ]=L1—1T4=L°T‘1=T‘?,
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MLT LT

L2

Sl

One application of negative indices is.in writing down very small numbers. You
probably know how to write very large numbers in standard form, or scientific notation.
For example, it is easier to write the speed of light as 3.00 x 108 ms™ than as

300000 000 m s~ . Similarly, the wavelength of red light, about 0.000 000 75 metres,
is more easily appreciated written as 7.5 X 1077 metres.

] =(ML'T?)« T =ML T2 =ML T

Computers and calculators often give users the option to work in scientific notation, and
if numbers become too large (or too small) to be displayed in ordinary numerical form
they will switch into standard form, for example 3.00E8 or 7.5E+7. The symbol E
stands for ‘exponent’, which is yet another word for ‘index’. You can write this in
scientific notation by simply replacing the symbol Em by x10™, for any integer m.

Example 2.4.3
gR’

Calculate the universal constant of gravitation, G, from G = where, in SI units,

g=9.81, R=637%10° and M ~597x10%*. (R and M are the earth’s radius and
mass, and g is the acceleration due to gravity at the earth’s surface.)

9.81x(6.37x10%)? 9.81x(6.37)> (10°%)?
G= = X2
597 10

5.97x10%
1012

107~

6.67x10' x10™12 =6.67x10""2 = 6.67x107"1.

Exercise 2B

1" Simplify the following expressions.

(@ a’xa’xa’

@ d°xa*

(@) 5g°x3g¢’

G0 ¢’V x(pg’)
(m) (3m*n?)? x (2mn?)?

® @)

@ ()"

(h) 12h'2 +4n*

&) (4x°y)* x(2x°)
@ (497°5%)? = (7rs)?

3

(©) c+ec
O y*)?

@ (2a%)’x(3a)*

@ (6ac®)? +(9a*c)
© x*2) +(Q2n’2)

2 Simplify the following, giving each answer in the form 2%,

@ 2"x(2°)’ ® @°)x@*) (@ 4 @ 8

2" %2} 22 x2?

(e) e ® oA (g) 4%+24 (h) 2x4%+8
3 Express each of the following as an integer or a fraction.

(@ 27 ® 47 © s @ 37

) 107 ® 17 ® (3)” ® ()7

M (23)" G 27 M 67 O (13)°



e e

26

PURE MATHEMATICS 1

10

12 Solve the equation ~5—

If x =2, find the value of each of the following.

@ 4x7 ®) (4x)7 © 1x7
@ (1) (&) (4+x)7 O (x+4)7
If y =35, find the value of each of the following.
@ (29)" () 2y~ © (5)7

1o 1 , 2
@ 3 © Gy ® =
Express each of the following in as simple a form as possible.
@ a*xa? ® - © @)

. -2
@ d'x2d © e*xe” @ 1;—3
(® 12¢°x(2g*) ONE @ @)
® (i) ® @) O (p*q*r*)*
(m) (4m*)™" x8m’ @ (Bn?)* x(9n)™ @ o) x(4xmy)?
2

@ (a’cY+@2a'?) @ (477 —(%) @ (Bx7y) +(4x)~
Solve the following equations.
@ 3" =1 ®) 5 =1 (©) 27x273=32
@ 77" =45 € 4"x2"=8% 0 3'x9" =27

The length of each edge of a cube is 3x 1072 metres.

' (a) Find the volume of the cube. (b) Find the total surface area of the cube.

An athlete runs 2x 10~ km in 7.5%10™> hours. Find her averagé speed in km ht. -

The volume, V m ,of I metres of wire is givenby V = nrll , Where r metres is the radius
of the circular cross-section.

(a) Find the volume of 80 m of wire with radius of cross-section 2 x 103 m.

(b) Another type of wire has radius of cross-section 5x 107> m . What length of this
wire has a volume of 8 x10™> m??

(c) Another type of wire is such that a length of 61 m has a volume of 6x10™° m".
Find the radius of the cross-section.

11 An equation which occurs in the study of waves is y = % .

(a) Calculate y when A=7x107, d=5x10"" and a=8x107*.
(b) Calculate A when y=10">, d=0.6 and a=2.7x107%.

Sx+2 - ‘274_»+3x

ol=* — 729

|
1
i
!

/
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2.5 Fractional indices

In Section 2.4, you saw that the four index rules still work when m and n are integers,
but not necessarily positive. What happens if m and n are not necessarily integers?

If you put m= % and n =2 in the power-on-power rule, you find that
1 L
(x2)2 =x7%=xl=x.
i Lo
Putting x2 =y, this equation becomes y2 =X,80 y= Nx or y=—+/x, which is
L 1 1
x% =+/x or —vx . Defining x* to be the positive square root of x, you get x> = Jx.

Similarly, if you put m = % and n =3, you can show that x¥ = 3/x . More generally, by

putting m = l, you find that (xj%})" =x %,,X" = x, which leads to the result

1 1
Notice that for the case x? =+/x , you must have x = 0, but for the case x3 = Vx you
donot need x = 0, because you can take the cube root of a negative number.

1
A slight extension of the x* = A/x rule can show you how to deal with expressions of

: 2 .
the form x3. There are two alternatives:
2 iy 1\2 2 oxl 13
x3 =53 =(x3) -=(«./3 x)2 and x5 =x"3=(x2)3 =Vx?.

(If x has an exact cube root it is usually best to use the first form; otherwise the second -
form is better.) In general, similar reasoning leads to the fractional power rule.

Fractional powers can also be written as x'/%, x™/™ and so on.

Example 2.5.1 1 L,
Simplify (a) 92, (b) 32 x3%, (c) 16

(a) 9% =9 =3. () 3tx3P=31"-32-9
(c) Method 1

Method 2
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There are often good alternative ways for solving problems involving indices‘v, and you
should try experimenting with them. Many people prefer to think with positive indices

rather than negafive ones; if you are one of them, writing 16_% = ll ,as in method 2 of
Example 2.5.1(c), makes good sense as a first step. 16*

Example 2.5.2 1
] L
Simplify (a) (21)77,  (b) 2x*x3x7%, (o)

1 _1 1
172 _(o\ 2 _(a)i_ [4_2
@ (24)7=(3)"=(¢) —\/;—3-
() 2xPx3x 1 =6x7"
I S S
(2x3y%)?  27xy
(2x2y2)_%_ 1 y 1 _ 1 y2
-2y3 o3 I3y 9232 443
2xy™) 27xy 27x%y 2%x2y 4x

(c) Method1  The numerator is (2x2y2)_% =

‘ i 3
Method 2  Dividing by (2xy‘2)% is equivalent to multiplying by (2xy’2)_5 )

(25"

—=(2x2?) 2 ?) = @y )R ) =2 2y,
(ny—Z )2 .

Notice that in part (¢) the final answer has been given in different forms for the two
methods. Which is ‘simpler’ is a matter of taste.

Exercise 2C

1 Evaluate the following without using a calculator. .
(@) 25¢ ) 8 © 367 () 32}

(e 81¥ ® 97 ® 16+ ) 4972
() 100073 G (27} ® 64 O (-125)%
2 Evaluate the following without using a calculator.
@ 4 ® (1) © (47 @ 47
-1 1 1
© (3 ® (3)} ® 4 ® (1))
3 Evaluate the fo’llbwing without using a calculator.
@ 8 ) 47 ‘ © 971 @ 27
@ 32% ® 32° @ 647 M) 4

() 100007 0 () G (33)° o (247
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Simplify the following expressions.

(@) a’xa’ (®) 3b%x4apt © (6c%)x (4c)t

@ (@) =(d)? © (@)A1t ® 40+

® (—(255};% M) (@m’n)t x@mn®)t () gfly—y;;
Solve Ehe following equations . ) .

(@ x*=8 ) x¥=3 ) x*=4 d) x*=27
© x3i=8 @ x =9 @ x*=xV2 ) x=2vx

The time, T seconds, taken by a pendulum of length ! metres to complete one swing is
givenby T = 2nl%g_% where g~9.81ms™.

(a). Find the value of T for a pendulum of length 0.9 metres.

(b) Find the length of a pendulum which takes 3 seconds for a complete swing.

The radius, r cm , of a sphere of volume V cm? is given by r = (ﬂ)% Find the
radius of a sphere of volume 1150 cm’. 4n

Solve the following equations.

(a) 4*=32 by 9 = 217 ) 16*=2 (d) 100* =1000
_ 9”
(e) 8 =16 63) Szzﬁ (& @@')Yx4'=16 () W=81

wFs  Miscellaneous exercise 2

Simplify ‘
@ 5(v2+1)-2(4-32), ® (v2)' +(+3) +(v3)",
© (V5-2)" +(¥5-2)(v5 +2), @ (2v2).
Simplify '
(@ V27++12-+/3, (b) /63 -+/28,
(©) /100 000 +~1000 ++10, @ 32 +316.
Rationalise the denominators of the following.

9 1 25 B
(@) B (b) 55 (© 3910 . @ NG
Simplify

4 4 10
(a) NRE (b 7§—+«/§6,

1 J6 3 W15 18
(C) :7—2—(2\/5—1)+\/§(1_‘\/§), (d) 7—54‘7—54‘@4‘@.

p 5 :
— 1 ’ i i R CR

Express 7 in \the form k+/7 where k is a rational number B . | (OCR)

/
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10

11

12

13

14

15

16

17

18
19

20

Justify the result v12 x+/75 =30

(a) using surds, (b) using fractional indices.
A
In the diagram, angles ABC and ACD are right angles. D
Given that AB=CD =2+/6cm and BC =7 cm, show
that the length of AD is between 4+/6 cm and 742 cm. B A
In the triangle POR, Q is a right angle, PQ = (6 - 2\/5) cm and QR = (6 + 2\/5) cm.
(a) Find the area of the triangle. (b) Show that the length of PR is 2+/22 em.

4 .
Simplify 336 x 6\/; x~27 by writing each factor in index notation.

In the triangle ABC, AB = 43 cm, BC = 5+/3 ¢cm and angle B is 60°. Use the cosine rule
to find, in simplified surd form, the length of AC.
Solve the simultaneous equations 5x —3y =41 and (7x/§)x + (4x/§)y =82.

Use the ‘raise to power’ key on your calculator to find, correct to 5 significant figures,

1 5
— b) ¥3.7.
(a) ik b) ¥37

The coordinates of the points A and B are (2,3) and (4,—3) respectively. Find the length of
AB and the coordinates of the midpoint of AB. (OCR)
(a) Find the equation of the line ! through the point A(2,3) with gradient —%.

(b) Show that the point P with coordinates (2 + 2¢,3 —t) will always lie on [
whatever the value of ¢.

(c) Find the values of ¢ such that the length AP is 5 units.

(d) Find the value of ¢ such that OP is perpendicular to ! (where O is the origin).
Hence find the length of the perpendicular from O to /.

P and Q are the points of intersection of the line

Ti2=1  (a>0,b>0)
a b

with the x- and y-axes respectively. The distance PQ is 20 and the gradient of PQ is —3.
Find the values of ¢ and 5.

The sides of a parallelogram lie along the lines y=2x—-4, y=2x-13, x+y=5 and
x+y=—4.Find the length of one side, and the perpendicular distance between this and
the parallel side. Hence find the area of the parallelogram.

Evaluate the following without using a calculator.

— ! _4 3.1 1
@ (3)+(F)7  ©® 27 © (47)7 @ (1)"
Express (9a4)_% as an algebraic fraction in simplified form. (OCR)
By letting y = x% , or otherwise, find the values of x for which x% - 2x_% =1. (OCR)

\

Solve the equation 42* x 8%~ =32.
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21

22

23

24

25

26

27

28

29

1

Express + in the form a”, stating the value of ». (OCR)
(Va)?
Simplify
-1
@ (4p¥a?)h, w 2
(8v°)"
© (2x6y8)% X (8x"2)% , d) (m% n%)zx (m% n%) *x (mn)2.

Given that, in standard form, 32>¢ ~ 4x10'"?, and 377 = 4x107'%  find approximations,
also in standard form, for

@@ 3%, ®) 3%2, © (ﬁ)236, @ (3—376)%‘

The table below shows, for three of the planets in the solar system, details of their mean
distance from the sun and the time taken for one orbit round the sun.

Planet Mean radius of orbit Period of revolution

r metres T seconds
Mercury 5.8x10% 7.6x10°
Jupiter 7.8x10" 3.7x108
Pluto 59%x10" 7.8%10°

(a) Show that r>T2 has approximately the same value for each planet in the table.
(b) The earth takes one year for one orbit of the sun. Find the mean radius of the
~ earth’s orbit around the sun.
Simplify
(a) 273427t 408 40k , giving your answer in the form k~/2 ,
(b) («/5) 34 («/5) 24 («/5) 1y («/5)°+ («/5) L («/5) 2 («/5) 3, giving your answer
in the form a+b+/3.

Express each of the following in the form 2".

@@ 27 +27 (b) 2740 4 =400 € 25 +2%+25 423
(d) 2100 __299 (e) 80.1 +80.1 +80.1 +80.1 +80.1 +80.1 +80.1 +80.1
253 25%72

Solve the equation — = -.
d 5%+ 3125

The formulae for the volume and the surface area of a sphere are V = i3‘-7z'r3 and S = 47r?
respectively, where r is the sphere’s radius. Find expressions for
(@ Sin terms of V, (b) Vintermsof S,

giving your answer in the form (S or V) =2"3"z?(V or S)?.

The kinetic energy, K joules, possessed by an object of mass m kg moving with speed
vms™ is given by the formula K = szvz. Find the kinetic energy possessed by a bullet of
mass 2.5% 1072 kg moving with speed 8x10? ms™,
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Functions and graphs

This chapter introduces the idea of a function and investigates the graphs representing
functions of various kinds. When you have completed it, you should

« understand function notation, and the terms ‘domain’ and ‘range’

know the shapes of graphs of powers of x

know the shapes of graphs of functions of the form f(x) = ax* +bx+c
be able to suggest possible equations of such functions from their graphs
know how to use factors to sketch graphs

be able to find the point(s) of intersection of two graphs.

If you have access to a graphic calculator or a computer with graph-plotting software,
you can use it to check for yourself the graphs whlch accompany the text, and to carry
out further research along similar lines.

The idea of a function

You are already familiar with formulae which summarise calculations that need to be
performed frequently, such as: '

the area of a circle with radius x metres is 7x> square metres;

the volume of a cube of side x metres is x> cubic metres;

. . .k
the time to travel k kilometres at x kilometres per hour is p hours.

You will often have used different letters from x in these formulae, such as r for radius
or s for speed, but in this chapter x will always be used for the letter in the formula,
and y for the quantity you want to calculate. Notice that some formulae also involve
other letters, called constants; these might be either a number like 7, which is irrational
and cannot be written out in full, or a quantity like the distance &, which you choose for
yourself depending on the distance you intend to travel.

. k . .
Expressions such as zx*, x> and — are examples of functions of x.Having chosen a
X .

value for x, you can get a unique value of y from it.

It is often useful to have a way of writing functions in general, rather than always having
to refer to particular functions. The notation which is used for this is f(x) (read ‘ f of

x’, or sometimes just ‘ £ x7), The letter f stands for the function itself, and x for the
number for which you choose to evaluate it.

If you want to refer to the value of the function when x has a particular value, say
x =2, then you write the value as f(2). For example, if f(x) stands for the function x>,
then f(2)=2°=8.
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If a problem involves more than one function, you can use a different letter for each
function. Two functions can, for example, be written as f(x) and g(x).

Functions are not always defined by algebraic formulae. Sometimes it is easier to
describe them in words, or to define them using a flow chart or a computer program. All
that matters is that each value of x chosen leads to a unique value of y = f(x).

Graphs, domain and range

You know how to draw graphs. You set up a coordinate

system for cartesian coordinates using x- and y-axes, and y
h 1 h axi Second First
choose a scale on each axis. quadrant quadrant

(x<0,y>0) | (x>0,y>0)
The axes divide the plane of the paper or screen into four

quadrants, numbered as shown in Fig. 3.1. The first Third Fourth x
. . rt

quadrant is in the top right comer, where x and y are both quadlrram qugzilram

positive. The other quadrants then follow in order going (*x<0,y<0) | &>0,y<0)

anticlockwise round the origin.

Fig.3.1
Example 32.1
In which quadrants is xy>07?

If the product of two numbers is positive, either both are positive or both are
negative. So either x>0 and y>0,o0r x<0 and y <0. The point (x,y)
therefore lies in either the first or the third quadrant.

It is often convenient to describe the direction of the y-axis as ‘vertical’, and the x-axis as
‘horizontal’. But of course if you are drawing the graph on a horizontal surface like a
table, these descriptions are not strictly accurate.

The graph of a function f(x) is made up of all the points whose coordinates (x,y)
satisfy the equation y =f(x). When you draw such a graph by hand, you choose a few .
values of x and work out y =f(x) for these. You then plot the points with coordinates
(x,y), and join up these points by eye, usually with a smooth curve. If you have done
this accurately, the coordinates of other points on the curve will also satisfy the equation
y = f(x) . Calculators and computers make graphs in much the same way, but they can
plot many more points much more quickly.

When you produce a graphof y=mx+c or y = x? you cannot show the whole graph.
However small the scale, and however large the screen or the paper, the graph will
eventually spill over the edge. This is because x can be any real number, as large as you
like in both positive and negative directions. When you have to draw a graph like this,
the skill is to choose the values of x between which to draw the graph so that you
include all the important features.

You have met some functions which can’t be defined for all real numbers. Examples are

—, which has no meaning when x is 0; and ~x , which has no meaning when x is negative.
. :
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Here is another example for which there is a restriction on the values of x you can choose.

Example 3.2.2

Draw the complete graph of f(x)=+4—x? .

You can only calculate the values of the function
f(x)=+4—-x? if x is between —2 and 2 inclusive.

If x>2 or x <~-2,the value of 4 — x? is negative, and
a negative number does not have a square root.

Also y=1f(x) cannot be negative (recall that square

roots are positive or zero by definition) and it can’t be
greater than /4 = 2. So the graph of f(x)=+4-x?,
shown in Fig. 3.2, lies between —2 and 2 inclusive in
the x-direction, and between 0 and 2 inclusive in the y-direction.

Even when you use a function which has a meaning for all real numbers x, you may be
interested in it only when x is restricted in some way. For example, the formula for the
volume of a cube is V = x°. Although you can calculate x> for any real number x, you
would only use this formula for x>0.

Here is an example in which x is restricted to a finite interval.

Example 3.2.3 »

A wire of length 4 metres is cut into two pieces, and each piece is bent into a square. How
should this be done so that the two squares together have '

(a) the smallest:area, (b) the largest area?

Let the two pieces have lengths x metres and —xim—>  <«—@-Hm—
(4 — x) metres. The areas of the squares in Fig. 3.3 O [:I
1,)2 .09 (1 2
are then (Z x) and (Z (4—x)) square metres. So sidedxm g4 Ya-x)m
the total area, y square metres, is given by ‘
y=1(x?+(16-8x+x?)) =} (x> ~4x+8). Fig.33

Notice that, since (x —2)% = x? —4x +4, this can be written as

y= %((xl— 2)2 + 4).

- 3
You can evaluate this expression for any real {-
number x, but the problem only has meaning if

0 < x < 4.Fig. 3.4 shows the graph of the area 0.75
function for this interval. As (x —2)% =0, the .
area is least when x =2, when itis 0.5 m2. 051- »

From the graph it looks as if the largest area is

1 m?, when x =0 and x = 4; but these values 0251

of x are excluded, since. they do not produce

two pieces of wire. You can get areas as near to 0 0 1 2 3 4x
1 m? as you like, but you cannot achieve this

target. There is therefore no largest area. Fig.34
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So two possible reasons why a function' f(x) might not be defined for all real numbers x are
o the algebraic expression for f(x) may have meaning only for some x

e only some x are relevant in the context in which the function is being used.

The set of numbers x for which a function f(x) is defined is called the domain of the
function. For example, the domains of the functidns in Examples 3.2.2 and 3.2.3 are the
intervals —2< x<2 and 0 < x <4.The largest possible domain of the function 1 is

X
all the real numbers except 0, but if the function is used in a practical problem you may

choose a smaller domain, such as all positive real numbersl.f'

Once you have decided the domain of a function f(x), you can ask what values f(x)
can take. This set of values is called the range of the function. K

In Example 322therangeis 0<y=<2.In Example 323 the graph shows that the
range is 7 <y <1. Note that the value y= » is attained when x =2, but the value

y =1 1is not attained if 0 <x < 4.

The function f(x) = l, with domain all real numbers except 0, takes all values except 0.
x

Exercise 3A

1 Given f(x)=2x+35, find the values of

@ £(3), (b) £(0), © f(-4), @ f(-25).
2 Given f(x)=3x?+2, find the values of
@ f(4), (®b) (D), © f(£3), @ £(3).
3 Given f(x)=x2+4x+3, find the values of
@ f(2), ®) (1), © f(z1), @ f(3).
4 Given g(x)=x> and h(x)=4x+1, )
(a) find the value of g(2)+h(2); (b) ‘find the value of 3g(-1)— 4h(-1);
(c) show that g(5) = h(31); (d) find the value of h(g(2)).

5 Given f(x)=x" and f(3) =81, determine the value of n,
6 Given that f(x)=ax+b and that f(2)=7 and f(3)=12,find a and b.

7 Find the largest possible domain of each of the following functions.

(@) ~/x . b —x (c) Vx—4 (d Ja-x
(&) x(x—4) B 2x(x—4) (@ Vx2-Tx+12 () Vx’-8
L1 . 1 1 1
® x=2 0 x=2 ® 1++/x ® (x-1)(x-2)

8 The domains of these functions are the set of all positive real numbers. Find their ranges.
(@ f(x)=2x+7 (b) f(x)=-5x ) f(x)=3x—1
@ f(x)=x*-1 () f(x)=(x+2)*-1 ® f(x)=(x-1)*+2
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9 Find the range of each of the following functions. All the functions are defined for all real

values of x.

(@ f(x)=x*+4 by f(x)= 2(x2 + 5) ¢ fx)=(x-12+6

@ f(x)=-(1-x)2+7 @ f(x)=3(x+5)"+2 ® fx)=2(x+2)*-1
10 These functions are each defined for the given domain. Find their ranges. »

(@) f(x)=2xfor 0<x=<38 (b) f(x)=3-2x for 2<x<2

(¢) f(x)=x*for -1<x<4 @ f(x)=x*for 5<x=<-2

11 Find the range of each of the following functions. All the functions are defined for the
largest possible domain of values of x.

1 1

@ f)=x" () f(x)=x" © f=— @ f(x)=—

© f)=x+5 @ f=ix+l (@ f@W=Va-2 O fx)=+ix

12 A piece of wire 24 cm long has the shape of a rectangle. Given that the width is w cm,
show that the area, A cm?, of the rectangle is given by the function A =36—(6—w)2. Find
the greatest possible domain and the corresponding range of this function in this context.

13 Sketch the graph of y = x(8—-2x)(22 - 2x).

Given that y cm? is the volume of a cuboid with height ‘-
x cm, length (22 —2x) cm and width (8 —2x) cm, state x — (3~

an appropriate domain for the function given above. (22 -2x)

e ey e L e SR T s 1) U e e ot A S A e

Graphs of powers of x

“(i) Positive integer powers

Consider first the graphs of functions of the form f(x) = Jg", where n is a positive
integer. Notice that (0,0) and (1,1) satisfy the equation y= x" for all these values of n,
so that all the graphs include the points (0,0) and‘(1,1).

First look at the graphs wher, x is positive. Then x" is also positive, so that the graphs
lie entirely in the first quadrant. Fig. 3.5 shows the graphs for n=1,2,3 and 4 for
values of x from 0 to somewhere beyond 1.

¥y y

2 2

y=x y=ux*
1 1
(1,1) (LD

0 T T l.L O lv T T >
' 0 1 2x 1 X
N Fig.3.5

Points to notice are: )
e n=11isaspecial case: it gives the straight line y = x through the origin, which
makes an angle of 45° with each axis. '
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e For n>1 the x-axis is a tangent to the graphs at the origin. This is because, when

x is small, x" is very small. For example, 0.1% =0.01, 0.1° =0.001, 0.1* =0.0001.

o For each increase in the index n, the graph stays closer to the x-axis between
x=0 and x =1, but then climbs more steeply beyond x =1. This is because

x™1 = xxx", so that "' < x" when 0< x<1 and x""* > x" when x>1.

What happens when x is negative depends on whether » is odd or even. To see this,
suppose x =—a, where g is a positive number.

If nis even, f(—a)=(-a)" =a” =f(a). So the value of y on the graph is the same for
x=-a and x = g. This means that the graph is symmetrical about the y-axis. This is
illustrated in Fig. 3.6 for the graphs of y = x and y = x*. Functions with the property
that f(—a) = f(a) for all values of a are called even functions.
' YA YA
2 2
y=x
LD

-1 -0

Fig.3.6

LD

(LD

-1

If n is odd, f(—a) = (~a)" = —a" = —f(a). The value of y for x =—a is minus the vald

for' x = a . Note that the points with coordinates (a,a") and (—a,—a") are symmetrically

placed on either side of the origin. This means that the whole graph is symmetrical about -
the origin. This is illustrated in Fig. 3.7 for the graphsof y=x and y= x> . Functions

with the property that f(—a) = —f(a) for all values of g are called odd functions.

Yy y
21 2
3
y=x y=x
" (LD " (LD
'—II 0 I‘ éx —II 0 i ZIX
(—1,—}/_ A 1-nf

Fig.3.7

(ii) Negative integer powers ,
You can write a negative integer n as —m, where m is a positive integer. Then x"

1
moor —

becomes x~ —.
It is again simplest to begin with the part of the graph for which x is positive. Then Lm
x

is also positive, so the graph lies in the first quadrant. Just as when » is positive,
the point (1,1) lies on the graph. But there is an important difference when x =0, since

then x™ =0 and Lm is not defined. So there is no point on the graph for which x =0.
x
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To look at this more closely, take a value of x close to 0, say 0.01. Then for n=—1 the

corresponding value of y is 0.017" = 5& = W =100; and for n=-2itis

will disappear off the top of the page or screen as x is reduced towards zero.

‘What happens if x is large? For example, take x=100. Then for n=—1 the

corresponding value of y is 1007" = ﬁ = W =0.01; and for n=-2 itis
-2 _
100 1002 = 10000 000 =0.0001. So x" becomes very small, and the graph comes very

close to the x-axis.

Now consider the part of the graph for which x is negative. You found in (i) above that,
for positive n, this depends on whether # is odd or even. The same is true when 7 is
negative, and for the same reason. If n is even, x" is an even function and its graph is
symmetrical about the y-axis. If n is odd, x" is an odd functlon and its graph is
symmetrical about the origin.

-5 -

Fig.3.8

All these properties are shown by the graphs of y = x" for n=-1-and n=-2 in Fig. 3.8.

(iii) Fractional powers

When n is a fraction the function x" may or may not be defined for negative values of
x . For example, - x (the cube root of x) and x -4 have values when x <0, but xf (the
square root of x) and x ¢ do not. Even when x” is defined for negative x; some

calculators and computers are not programmed to do the calculation. So it is simplest to
restrict the discussion to values of x=0.

It is easy to sketch the graphs of many of these functions by comparing them with
graphs of integer powers of x. Here are two examples.

The graph of y = x% must lie between the graphs of y = x% and y=x.
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The graph of y = 3‘_‘% is not defined when x = 0; its graph resembles the graph of
y= x7! (see Fig. 3.8), but lies below it when x <1 and above it when x >1.
If you are able to experiment for yourself with other fractional powers using a calculator
or a computer, you will find that:

o  Itis still true that the graph of y = x™ contains the point (1,1).

~ o If nis positive the graph also contains the point (0,0).

e If n>1 the x-axis is a tangent to the graph; if 0 <r <1 the y-axis is a tangent. (To
show this convincingly you may need to zoom in on a section of the graph close to
the origin.)

Much the most important of these graphs is that of
y= x2 or y= /x . The clue to flndlng the shape of
this graph is to note that if y = x2 then x = y

The graph can therefore be obtained from that of
y=x° by swapping the x- and y-axes. This has
the effect of tipping the graph on its side, so that
instead of facing upwards it faces to the right. Fig.3.9

But this is not quite the whole story. If x = y2, then either y =++/x or y=—/x . Since you
want only the first of these possibilities, you must remove the part of the graph lof x=y
below the x-axis, leaving only the part shown in Fig. 3.9 as the graph of y=x7,0r y= \x

The modulus of a number

Suppose that you want to find the difference between the heights of two people. With
numerical information, the answer is straightforward: if their heights-are 90 cm and
160 cm, you would answer 10 cm; and if their heights were 100 cm and 90 cm, you
would still answer 10 cm. But how would you answer the question if their heights were
Hem and h cm?_' The answer is, it depenids which is bigger: if H >k, you would
answer (H - h) cm; if &> H you would answer (h— H) cm; and if k= H you would

“answer 0 cm, which is either (H—h) cm or (h— H) cm.

Questions like this, in which you want an answer that is always positive or zero, lead to
the idea of the modulus.

The meodulus of x, written | x| and pronounced ‘mod x°, is defined by

|x[=x if.gc>0,

|x|=-x ifx<0

Using the modulus notation, you can now write the difference in heights as | H — £/
whether H>h, h>H or h=H.
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Another situation in which the modulus is useful is when you
want to talk about numbers which are large numerically, but
which are negative, such as —1000 or —1000 000. You can
describe these as ‘negative numbers with large modulus’.

For example, for large positive values of x, the value of 1
- X

approaches 0. The same is true for negative values of x with

large modulus. So you can say that, when | x| is large, is

. . Fig.3.10
close to zero; or in a numerical example, when [ x | >1000;

X

<0.001. (See Fig. 3.10.)

Some calculators have a key which converts any number in the display to its modulus.
This key is often labelled [ABS], which stands for ‘absolute value’.

Exercise 3B

If you have access to a graphic calculator, use it to check your answers to Questions 4, 5 and 6.

1 Sketch the graphs of : _
@ y=x°, ®) y=x% © y=x°, @ y=x’.
2 Three graphs have equations  (p) y = x72, @ y= 2, '.-(r) y= x4,
A line x =k meets the three graphs at points P, Q and R, respectively. Give the order of
the points P, Q and R on the line (from the bottom up) when & takes the following values.

(a) 2 ® 1 © -3 @ -2

3 For what values of x are these inequalities satisfied? Sketch graphs illustrating your answers.
@ 0<x2<0001 (b) x2<00004 © x*=100 (d) 8x™*<0.00005

4 Sketch the graphs of these equations for x> 0.

3
2

@ y=x ® y=x © y=-2¢
@ y=4x7 © y=x"* ® y=xt-x7
5 Sketch these graphs, including negative values of x where appropriate.
(@ y= x% ) vy =-x% (© y =-x§
@ y=x} © y=+ ® y=x"
6 Draw sketch graphs with these equations.
(@ y=x*+x" ) y=x+x—2 (c) y=x2’—'_ x7!
@ y=x?-x7! © y=x2-x7 ® y=x2-x"

7 Of the following functions, one is even and two are odd. Determine which is which.
@@ y=x' (b) y=x*+3x2 © y=x(x*-1)
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~ 8 State the values of the following.

NONEVIE ®) |- 5] © [9-4]
@ [4-9| (e) |m-3| ® |m-4]
9 Find the values of ‘x—x2 ‘ when x takes the values
@ 2, ® 3. © 1,
(d) —1a (e) 0.
1

10 You are given that y = —. What can you say about y if
x

@ |x|>100, (b) |x|<0.01?

11 You are given that y = —13— .
x

{(a) What can you say about y if | x|<1000?
. (b) What can you say about x if | y|>1000?

12 The number, N, of people at a football match was reported as ‘37 000 to the nearest
thousand’. Write this statement as an inequality using the modulus sign. ‘

13 The mathematics marks, m and 7, of two twins never differ by more than 5. Write this
"statement as an inequality using the modulus sign.

14 A line has length x cm. You are given that | x —5.23| < 0.005. How would you explain this
in words?

Graphs of the form y=ax’ +bx+c |

In Chapter 1, you found out how to sketch graphs of straight lines, and what the
constants m and ¢ mean in the equation y=mx+c.

Exercise 3C gives you experience of plotting the graphs of functions with equations of
the form y=ax? +bx+c.

If you have access to a graphic calculator, use it and do ail the questions; if not, work in
a group and share out the tasks.

A summary of the main points appears after the exercise.

Exercise 3C

1 Draw, on the same set of axes.,thevgraphs of
(@) y=x2-2x+5,, () y=x2-2x+1, (¢) y=x*-2x.

-. 2 Draw, on the same set of axes, the graphs of
@ y=x*+x-4,7" ®) y=x*+x-1, © y=x+x+2.
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3 The diagram shows the graph of y = ax* -bx.Ona Y
copy of the diagram, sketch the graphs of
(a) y=ax2 ~-bx+4,
(b) y=ax2—bx—6. _ I\/ >
4 What is the effect on the graph of y = ax? +bx +c of changing the value of ¢?
5 Draw the graphs of
(a) y=’x2—4x+l, (b) y=x2—2x+l,
() y=x%+1, (@ y=x>+2x+1.
6 Draw the graphof y = 2x2 + bx + 4 for different values of . How does changing b affect
the curve y = ax? + bx +¢?
7 Draw the graphs of
(a) y=x2+1, ) y=3x2+1,
) y=-3x2+1, (@ y=-x?+1.
8 Draw the graphs of
(a) y=—4x2+3x+1, ®) y=—x2+3x+I,
(€) y=x*+3x+1, (d) y=4x?+3x+1.
10 How does changing a affect the shape of the graph of y = ax? + bx +¢?
11 Which of the following could be the equation of y
the curve shown in the diagram?
(a) y=x2 -2x+5
() y=-x2-2x+5
(c) y=x2+2x+5 : x
(d) y=-x*+2x+5 ‘
12 Which of the following could be the equation of

(b)) y=x*-3x+4

the curve shown in the diagram?
(@ y=-x?+3x+4

(©) y=x>+3x+4
(d y=-x*-3x+4
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3.6 The shapes of graphs of the form y = ax’ +bx +¢

In Exercise 3C, you should have discovered a number of results, which are summarised
in the box below.

All the graphs have the same general shape, which is called a
parabola. These parabolas have a vertical axis of symmetry.
The point where a parabola meets its axis of symmetry is called
the vertex. '

Changing ¢ moves the graph up and down in the y-direction.

Changing b moves the axis of symmetry of the graph in the
x-direction. If @ and b have the same sign the axis of
symmetry is to the left of the y-axis; if a and b have opposite
signs the axis of symmetry is to the right of the y-axis.

If a is positive the vertex is at the lowest point of the graph; if
a is negative the vertex is at the highest point. The larger the
size of I a I the more the graph is elongated, that is, lengthened
in the y-direction.

3.7 The point of intersection of two graphs

The principlé for finding the point of intersection of two curves is the same as that for
finding the point of intersection of two graphs which are straight lines.

Suppose that you have two graphs, with equations y =f(x) and y = g(x). You want the
point (x,y) which lies on both graphs, so the coordinates (x,y) satisfy both equations.
Therefore x must satisfy the equation f(x)=g(x).

Example 3.7.1
Find the points of intersection of the line y =2 with the graph iy ,
y=x?-3x+4 (see Fig. 3.11). 1 Y= 344
Solving these equations simultaneously gives \
x% =3x+4 =2, which reduces to x> ~3x+2=0. 4
3

Factorising gives (x—1)}{(x—2)=0, so

x=lorx=2.

Substituting these values in either equation (y =2 is 7 >
obviously easier!) to find y, the points of intersection are '
(1,2) and (2,2). : Fig.3.11
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Example 3.7.2 _
Find the point of intersection of the line y=2x-1
with the graph y = x* (see Fig. 3.12).

Solving these equations gives 2x —1= x*, which is
x%—2x+1=0. This factorises as (x—1)*> =0,
i ' giving x =1.

Substituting these values in either equation to
find y gives the point of intersection as (1,1).

The reason that there is only one point of intersection is that :
* this line is a tangent to the graph. If you have access to a Fig.3.12
graphic calculator, draw the graph to check this statement. ‘

Example 3.7.3 ]
Find the points of intersection of the graphs y = x*~2x-6 and y=124+x- 2x2.

Solvmg these equatlons simultaneously | glves x?-2x— 6=12+x-2x2, Wthh is
3x? -3x—18 =0. Dividing by 3 gives x% —x—6 =0, which factorises as
(x+2)(x—3)=0, giving. x=-20rx =3.

. Substituting these values in either equation to flnd y gives the points of
" intersection as (-2,2) and (3,-3). :

mprmrnasTEEsyw Exercise 3D

1 Find the point or points of intersection for the following lines and curves.

@ x=3and y=x® +4x—7 ®) y=3 andy;x2—5x+7
() y=8and y=x?+2x (d) y+3=0and y=2x>+5x—6
2 Find the points of intersection for the following lines and curves.
(@. _y=x+1andy=-x2—3x+4 (b) y=2x+3and y=x2+3x—9
(©) y=3x+11and y=2x>+2x+5 (d) y=4x+1and y=9+4x—2x2

(&) 3x+y—1=0 and y=6+10x — 6x>
3 Inboth the following, show that the line and curve meet only once and find the point of
intersection.

(@ y=2x+2and y=x>-2x+6 (b) y=—2x—-7and y=x*+4x+2

4 Find the points of intersection between the curve y = x* — x and the line
( y==x, (b) y=x-1.
If you have access to a graphic calculator, use it to see how the curve and lines are related.

v 5 Find the points of intersection between the curve y = x2 +5x +18 and the lines
(@ y=-3x+2, (b) y=-3x+6.

If you have access to a graphic calculator, use it to see how the curve and lines are related.
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6 Find the points of intersection between the line y = x+ 5 and the curves
(@) y=2x"-3x-1, ®) y=2x>-3x+7.

If you have access to a graphic calculator, use it to see how the line and curves are related.

7 Find the points of intersection of the following curves.

(a) y=x2+5x-_+-1andy=x2+3x+11
() y=x*-3x-7and y=x*+x+1

() y_=7x2+4x+1and y=7x2—4x+1

8 Find the points of intersection of the following curves.
(a) y=%x2 and y=1—%x2 b) y=2x2j+-3x+4 and y=x*+6x+2
(© y=x*+7x+13 and y=1-3x—x2 _ (d y=6x2+2x—9arid y=x*+7x+1
@ y=(x—2)6x+5)and y=(x-5)*+1 () y=2x(x—3)and y=x(x+2)

9 Find the point or points of intersection of these pairs of graphs. Illustrate your answers with

sketch graphs.
(a) )’=8x2,y=-8x_1 (b) y_=x_1,y=3x_2 (C) y=x,y=4x_3
@ y=8x7%,y=2x"" © y=9x7,y=x" ® y=1ix*y=16x7

Using factors to sketch graphs

The graphs of some functions of the form f(x)=ax>+bx+c y :
which factorise can also be drawn in another way. For il y=(x-1)(x-5)
example, take the functions ) )]
f(x)=x*—6x+5=(x-1)(x-53), 0 —
41 5
g(x)=12x~4x? =—4x(x-3). Y *
In the first case, f(1) =0 and f(5) =0, so that the points (1,0) -4
and (5,0) lie on the graph of f(x). This is shown in Fig. 3.13. Fig. 3.13
Similarly g(0) =g(3)=0,sothat (0,0) and (3,0) lieon YAy ax(x-3)
the graph of g(x). This is shown in Fig. 3.14. 8
You can draw the graph of any function of this type which 67 '
can be factorised as 47
2 .
a(x—r)(x-s),

. : 0 1 N
by first noting that it cuts the x-axis at the points (r,0) and \
(5,0). The sign of the constant a tells you whether it ‘bends Fie 314

ig.3.1

upwards’ (like y = x2) or ‘bends downwards’.

In Figs. 8.13 and 8. 14 different scales have been used on the two axes. If equal scales
had been used the elongation in both figures would have been more obvious.
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Example 3.8.1
Sketch the graph of f(x) = 3x —2x-1.

You can factorise the expression as f(x) = (3x+1)(x —1), but
to apply the factor method you need to write it as

£(x)=3(x+ §)x-1).
~ Sothe graph passes through (—%,0) and (1,0) . The constant

: 3 tells you that the graph faces upwards and is elongated. -

f This is enough information to give a good idea of the shape
b ' . of the graph, from which you can draw a sketch like

' Fig. 3.15. It is also worth ﬁoting that f(0) = -1, so that the
graph cuts the y-axis at the point (0,-1).

’IT‘/M)—/ e

Fig. 3.15
Note that the sketch does not have marks against the axes, except to say where the
graph cuts them.

You can extend the factor method to drawing graphs of functions with' more than two
| factors. For example, .

f(x)=alx~r)(x—s)(x—1)
defines a function whose equation, when multiplied out, starts with f(x)= ax®-... .

The graph passes through the points (r,0), (5,0) and (¢,0). The constant a tells you
whether, for large values of x,the graph lies in the first or the fourth quadrant.

This is shown in Figs. 3.16 and
3.17, which show the graphs of y
y=2x(x-1)(x—4) and y=.2x(x—1)(x—-4)/ y1

Notice that, in Fig. 3.17, the

y=_(x+2)(x_1)2' y=—(x +2)(xf1)2
, _ N
factor (x.—1) is squared, sO ’ /
that there are only two points

of the graph on the x-axis.

At (1,0) the x-axisisa Fig. 3.16 ' Fig.3.17
tangent to the graph.

39 Predicting functions from their graphs

‘ You can also use the factor form to predict the equation of a function of the type
| f(x) = ax® + bx + ¢, if you know the points whefe its graph crosses the x-axis and the
coordinates of one other point on the graph.
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Example 3.9.1 . , .
Find the equation of the graph of the type y = ax? + bx + ¢ which crosses the x-axis at
the points (1,0) and (4,0) and also passes through the point (3,—4)..

RTINS $  Exercise 3E S

1

Since the curve cuts the axes at (1,0) and (4,0),asin - Y
Fig. 3.18, the equation has the form

y=a(x-1)(x-4).
Since the point (3,—4) lies on this curve, | | ‘ f\/
—4=qa(3-1)3-4), giving ~4=—2a,s50 a=2. 34
The equation of the curve is therefore - Fig.3.18
y=2(x-1)(x-4), or y=2x>-10x+8.

Sketch the following graphs. |

@ y=(x-2)(x-4) - (b) y=(x+3)(x-1) © y=x(x-2)

@ y=(+)E+) @ y=xx+3) ® y=2x+D(x-D)

Sketch the following graphs. ' _

(@ y=3(x+1)(i-5) ) y=-2(x=1(x-3)  (© y=-(x+3)x+5)
@ y=2(x+1)x-3) ) y=-3(x—4)? S ® y=-5(x~1fx+4)
By first factorising the function, sketch the following graphs:

(a) y=-x2—2x—_8 (5) y=x2—2x (© y=x2+6x+9

(d) y=2x*-7x+3 () y=4x?-1 @ y=—(x*~x-12)

(g y=—x*-4x-4 (h) y=-(x2-7x+12) () y=1lx-4x*-6

Find the equation, in the form y = x2 + bx + ¢, of the parabola which
(a) crosses the x-axis at the points (2,0) and (5,0),

(b)" crosses the x-axis at the points (~7,0) and (-10,0),

(c) passes thi'0ugh the points (-5,0) and (3,0),

(d) passes through the points (—3,0) and (1,—16).

Sketch the following graphs.

@ y=(x+3)(x-2)(x-3) (b) y=x(x—4)x-6)
© y=x*(x-4) @ y=x(x-4)
© y=-(x+6)x+4)(x+2) ® y=-3(x+1)(x-3)’

Find the equation, in the form y= ax® +bx + c,of the parabola which

(a) crosses the x-axis at (1,0) and (5,0) and crosses the y-axis at (0,15),
(b) crosses the x-axis at (~2,0) and (7,0) and crosses the y-axis at (0,—56),
(c) passes through the poirits (-6,0), (-2,0) and (0,-6),

(d) crosses the x-axis at (—3,0) and (2,0) and also passes through (1,16) ,
(e) passes through the points (-10,0), (7,0) and (8,90).

. ‘//-\\‘
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7 Sketch the following graphs.

(@) y=x*-4x-5 ) y=4x?-4x+1 (¢) y=—x*-3x+18
(d) y=2x*-9x+10 (e) y=—(x*—4x+9) ® y=3x2+9x

8 Here are the equations of nine parabolas.
A y=(x-3)(x-8) B y=14+5x—x° C y=6x2-x-70
D y=x(3-x) E y=(x+2)(x-7) F y=-3(x+3)(x+7)
G y=x+2x+1 H y=x*+8x+12 I y=x*-25

Answer the following questions without drawing the graphs of these parabolas.
(a) Which of the parabolas cross the y-axis at a positive value of y?

(b) For which ef the parabolas is the vertex at the highest point of the graph?
(c) For which of the parabolas is-the vertex to the left of the y-axis?

(d) Which of the parabolas pasé through the origin? '

(e) Which of the parabolas do not cross the x-axis at two separate points?

(f) Which of the parabolas have the y-axis as their axis of symmetry?

{g) Which two of the parabolas have the same axis of symmetry?

(h) Which of the parabolas have the vertex in the fourth quadrant?-

9 Suggest a possible equation for each of the graphs shown below.

(a) y

(b)yT : (C)\\/YV
T /(\ >

I Y AL
f TV

Miscellaneous exercise 3

~ 1 The function f is defined by f(x)=7x-4.

(a) Find the values of £(7), f(1) and £(-5).
(b) Find the value of x such that f(x)=10.
(c) Find the value of x such that f(x)=x.
(d) Find the value of x such that f(x) = £(37).

2 The function f is defined by f(x)= x% —3x+5. Find the two values of x for which
f(x)=1£(4).
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12

13

14

15

16

17

18

19

The diagram shows the graph of y = x", where y

n is an integer. Given that the curve passes

between the points (2,200) and (2,2000), ‘ —>
determine the value of n. /‘ ¥
Find the points of intersection of the curves

y=x2—7x+5 and y=1+2x—x2.

Find the points of intersection of the line y =2x + 3 and the curve y = 2x% +3x =7.

Find the coordinates of the point at which the line 3x + y —2 = 0 meets the curve
y=(4x-3)x-2).

Find the coordinates of any points of intersection of the curves y = (x —2)(x — 4) and
y = x(2 — x) . Sketch the two curves to show the relationship between them.

Given that kis a positive constant, sketch the graphs of

@ y=(x+k)(x—-2k), (b) y=(x+4k)(x+2k),
(©) y=x(x—k)x—5k), @ y=(x+k)(x-2k)%

The function f is defined by f(x) = ax® + bx+ c. Given that £f(0)=6, f(-1) =15 and
f(1)=1, find the values of a, b and c.

Find the point where the line y =3 — 4x meets the curve y = 4(4x> +5x+3).

Sketch the graphs of .
(@) y=(x+4)(x+2)+(x+4)(x-5), ®) y=(x+4) (x+2)+(x+4)(5-x).

A function f is defined by f(x) = ax+ b . Given that f(—2) =27 and f(1) =15, find the
value of x such that f(x)=-5.

A curve with equation y = ax? + bx + ¢ crosses the x-axis at (-4,0) and (9,0) and also
passes through the point (1,120) . Where does the curve cross the y-axis?

The curve y = ax” + bx + ¢ passes through the points (—1,22), (1,8), (3,10), (-2,p) and
{g,17). Find the value of p and the possible values of g.

Show that the curves y =2x +5x, y = x2 +4x+12 and y = 3x? + 4x — 6 have one point
in common and find its coordinates.

Given that the curves y = x> —3x+¢ and y =k — x — x> meet at the point (-2,12), find
the values of ¢ and k. Hence find the other point where the two curves meet.

Find the value of the constant p if the three curves y= x> +3x+14, y= x> +2x+11 and
y= px2 + px + p have one point in common.

The straight line y = x —1 meets the curve y = x?—5x-8 at the points A and B. The curve
y=p+gx— 2x? also passes through the points A and B. Find the values of pand q.

The line y =10x —9 meets the curve y = x2. Find the coordinates of the points of

_intersection.
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20 Suggest a possible equation for each of the graphs shown below.

@@ vy

Ax (©) . y
T /‘ N\

N
A

7

Y

Y

ANRYARY
AL

21 Find, in surd form, the points of intersection of the curves y = x%—5x—3 and
y=3-5x- x2.

® .
10

N

X
X

=

()
(2 y

22 Theline y=6x+1 meets the curve y=x%+2x+3 at two points. Show that the
coordinates of one-of the points are (2 -2 13— 62 ) , and find the coordinates of the
other point. :

23 Show that the curves y =2x> —7x+14 and y =2+ 5x — x meet at only one point.
Without further calculation or sketching, deduce the number of points of intersection of

(@ y=2x*-7x+12and y=2+5x-x%, () y=2x>-7x+14 and y=1+5x—x?,
" () y=2x?-7x+34 and y=22+5x-x°.

x ' -
24 What can you say about u if (@ x>0, (b)x<0?:
A x ,




Quadratics

This chapter is about quadratic expressioﬁs of the form ax? + bx + ¢ and their graphs. Wh ----- i
you have completed it, you should o ' ‘

~»  know how to complete the square in a quadratic expression

* know how to locate the vertex and the axis of symmetry of the quadratic. graph
y=ax?+bx+c

e be able to solve quadratic equations

e know that the discriminant of the quadratic expression ax” + bx +c is the value of
b? - 4ac , and know how to use it

e be able to solve a pair of simultaneous equatiors involving a quadratic equation and a
linear equation

e be able to recognise and solve equations which can be reduced to quadratic
equations by a substitution.

Quadratic expressions

You know that the equation y = bx +¢ has a graph which is a straight line. The
expression y =bx + ¢ is called a linear equation. You know from Chapter 3 that if you
add on a term ax?, giving y = ax? + bx +c, the graph is a parabola. The expression
ax’> +bx+c ,where a, b and c are constants, is called a quadratic. Thus x2,
x?—6x+8, 2x? —3x+4 and —3x> -5 are all examples of quadratics.

. You can write any quadratic as ax’ +bx+c ,where a, b and c are constants. The
values of b and ¢ can be any numbers you please, including 0, but a cannot be O (the
expression would not then be a quadratic). The numbers a, b and c are called
coefficients: a is the coefficient of x2, b is the coefficient of x and ¢ is often called
the constant term.

The coefficients of x* and x in 2x? —x+4 are 2 and -1 , and the constant term is 4.

Completed square form

You can write a quadratic expression such as y=x2-6x+8

x2 —6x+8 in a number of ways. These include the
factor form (x — 4)(x —2), useful for finding where
the parabola y = x2—6x+ 8, shown in Fig. 4.1, cuts
the x-axis; and the form (x —3)? —1, useful for
locating the vertex of the parabola and also for finding
the range of the function f(x) = x? - 6x+8, as-shown

in Example 3.2.3.

w 5 6 x
Note that you cannot always write a quadratic "\ Vertex
expression in factor form. For instance, try x2+1 or '
x?+2x+3.
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If you write the equation of the graph y = x> —6x+8 in the form y=(x-3)* -1, you
can locate the axis of symmetry and the vertex quite easily. Since (x — 32 isa perfect
square its value is always greater than or equal to 0, and is 0 only when x = 3. That is,
(x-3)>=0, and since y=(x —3)> —1, it follows that y = —1. Since (x—3)> =0
when x = 3, the vertex is at the point (3,—1). The axis of symmetry is the line x = 3.

The form (x —3)% -1 is called the completed square form. Here are some more
examples of its use.

Example 4.2.1
Locate the vertex and the axis of symmetry of the quadratic graph y=3-2(x+ 2)2.

Since 2(x +2)* = 0,and 2(x+2)® =3 -y, it follows that 3—y=>0,s0 y<3.
As (x+ 2)? =0 when x = -2, the vertex of the graph is the point with coordinates
(-2,3), the greatest value of y is 3 and the axis of symmetry is x =-2.

Example 4.2.2
Solve the equation 3(x—2)* —2=0.

As 3(x-2)*-2=0,3(x-2)*=2 and (x-2)* = 2.

Therefore (x -2)= i\/g ,S0 x =2 ig .

Completing the square

When you try to write the quadratic expression x? + bx + ¢ in completed square
form, the key point is to note that when you square x + %b you get

(x-f—%b)z = x? +bx+%b2,so x2 +-bx=(x+%b)2 —%bz.
Now add c to both sides:.

x2+bx+c=(x2+bx)+c={(x+%b)2 —%b2}+c.

Example 4.3.1
Write x2 +10x +32 in completed square form.

x2 +10x+32 = (x* +10x)+32 = {(x +5)" 25} +32 = (x + 5" +7.

2
Don'’t try to memorise the form xZ+bx+c= (x + %b) —%bz +c. Learn that you halve

.. . 2 ) ,
the coefficient of x, and write 2 +bx= (x + %b) - %bz . Then add c¢ to both s:des._

If you need to write ax” + bx + ¢ in completed squafe form, but the coefficient a of x? is
not 1, you can rewrite ax* +bx+c by taking out the factor a from the first two terms:

. . )
ax2+bx+c=a(x2+—x +c.
a

Then complete the square of the quadratic expression x? + = x inside the bracket.
v a
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Example 4.3.2 _
Express 2x% +10x + 7 in completed square form.

Start by taking out the factor 2 from the terms which involve x:
257 +10x +7 =2(x* +5x)+ 7.
Dealing with the term inside the bracket,

5)2_25

2 —
x +5x—(x+7 o

' 2
so  2x% +10x+7=2(x +5x)+7=2{(x+%) —T}+7
- 5\ 25, 4_ 5% _ 11
—2(x+—) —~2—+7—2(x+7) -7
It's worth checking your result mentally at this stage.

If the coefficient of x? is negative, the technique is similar, as shown in Example 4.3 3.

Example 433
Express 3—4x—2x? in completed square form.

Start by taking out the factor — 2 from the terms which involve x:
3—4x—2x2=3—2(x2+23c). |
Dealing with the térm inside the bracket, x> +2x = (x+ 1)2 -1,
so 3-—4x—2x%= 3—-2(x2 +2x) = 3—2{(x+1)2 —1}
=3-2(x+1)> +2=5-2(x +1)%.

'Example 434
Express 12x* - 7x-12 in completed square form, and use your result to find the factors

of 12x -Tx-12.

122 ~7x-12=12(x* - L x)-12= 12{( AL 576} 12
=12{(x- %)’ ?32} 12f(x~ %) -(Z)}.

You can now use the formula a® —b* = (a—b)(a +b) with a as x - % and b as
2—2 to factorise the expression inside the brackets as the difference of two squares:

2f(x-2) (&)} =120~ - B)x- 5+ B)
R I e
=(3x-4)(4x-3).
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Example 4.3.5 .
Express x?—8x +12 in completed square form. Use your result to find the range of the
function f(x) = x?—8x+12, whichis defined for all real values of x.

x?-8x+12=(x-4)*-4.
As (x—4)? =0 for all values of x, -
¥ -8x+12=(x-4) ~4>—4,50 f(x)=-4.

Writing f(x) as y,therangeis y=—4.

Exercise 4A

1 Find (i) the vertex and (ii) the equation of the line of symmetry of each of the following
quadratic graphs.

(@ y=(x-2)*+3 (b) y;"(}£4'5)2—4 © y=(x+3"-7
@ y=(@2x-3)?%+1 (e y=(5x+3)%+2 ® y=0GBx+7)7?-4
® y=&x=3%+c - ® y=(=x-p’+q - O y=(a+b)’+c

2 Find (i) the least (or, if a_ppropriate, thé greatest) value of each of the following quadratic
expressions and (ii) the value of x for which this occurs. :

(@ (x+2)%-1 ® (x-1%+2 () 5-(x+3)°
@ @x+1%-7.. (e) 3-2(x—4)? ) (x+p)’+q
® (x-p)-¢ M) r—(x-2)? @ c-(ax+b)
3 Solve the following quadratic equations. Leave surds in your answer.
(@ (x-3)>-3=0 () (x+2)2-4=0 © 2x+3°=5
@ (Bx-77%=8 ) (x+p)-g=0 (f) a(x+b)?>-c=0
4 Express the following in completed square form.
(@ x*+2x+2 (b) x*>-8x-3 (©) x*+3x-7
(d) 5-6x+x* (e) x?+14x+49 () 2x2+12x-5
(g) 3x2-12x+3 (h) 7-8x—4x> G 2x*>+5x-3
5 Use the completed square form to factorise the following expressions.
(@) x2-2x-35 ) x*-14x-176 . = (c) x*+6x-432
@ 6x*=5x-6 (e) 14+45x—14x> 0 12x°+x-6

6 - Use the completed square form to find-as appropriate the least or greatest value of each of
the following expressions, and the value.of x for which this occurs.

(a) x2-4x+7 (b) x*-3x+5 (c) 4+6x—x°

T @) 220 -5x+2 (© 3x*+2x-4 ) 3-7x-3
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7 Each of the following functions is defined for all real values of x.By completirig the
. . 2 . .
square write f(x) as (x—p)° +¢,and hence find their ranges.

(@) f(x)=x2—6x+10 (d) f(x)=x2+Tx+1 (©) f(x)=x*-3x+4
8 By completing the square find (i) the vertex, and (ii) the equation of the line of symmetry,
of each of the following parabolas. :
(@) y=x>—4x+6 () y=xl+6x-2 (€) y=7-10x-x*
d y=x*+3x+1 C(e) y=2x*-Tx+2 ) y=3x*-12x+5
9 The domain of each of the following functions is the set of all positive real numbers. Find

the range of each function.
(@ f(x)=(x+2)(x+1) () f(x)=(x-1}(x-2) - © f(x) =(2x—1)(xf2)

4.4 Solving quadratic equations

You will be familiar with solving quadratic equations of the form x?-6x+8=0 by
factorising x — 6x + 8 into the form (x —2)(x — 4), and then using the argument:

if (x-2)(x~-4)=0
then either x—2=0or x—4=0
sox=2or x=4.

The solution of the equation x> —6x+8=0is x =2 or x = 4. The numbers 2 and 4
are the roots of the equation.

If the quadratic expression has factors which you can find easily, then this is certainly
the quickest way to solve the equation. However, the expression may not have factors, _
or they may be hard to find: try finding the factors of 30x2 —11x-30.

If yb_u cannot factorise a quadratic expression easily to solve an equation, then use the
quadratic formula: '

The solution of ax® +bx+c= 0, where a#0,is

_ bt \b? - dac

2a

X

It is useful to know how this formula is derived by expressing ax” +bx +¢ in
completed square form. Start by dividing both sides of the equation by a (which cannot
be zero, othérwise the equation would not be a quadratic equation):

b c
x?+Zx+2=0.
a a
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Completing the square of the expression on the left side, you find that

2 b c bY b ¢ bV b®—4ac
P tSxt—=xt— | ——+=={x+— | ———.
a a 2a 4a° a 2a 4a

So you can continue with the equation

b\ b®—4ac . bV b%-4ac
X +— —————2—=0, WthhlS X +— =———2—.
2a 4a 2a 4q

There are two possibilities,

b b% —4ac b% —4ac
Xt—=+y——F— Oor —4/—>—,
2a 4a 4a

giving

b , Vb’ —4ac _-bEb’ —4ac

x=—-—=
2a 2a 2a

—b+b® —4ac

This shows that if ax®> +bx+c =0 and a#0,then x = 5
a

Example 4.4.1
Use the quadratic formula to solve the equations
@ 2x*-3x-4=0, () 2x*-3x+4=0, (c) 30x*-11x-30=0.

(a) Comparing this with ax® +bx+c=0,put a=2, b=-3 and ¢ =—4. Then

(=332 —4x2%(-4) 3+£0%32 _3+~/41
*= 2%2 T4 T4

Sometimes you will be expected to leave the roots in surd form. At other times you may

3 +;/H ~235 and 3';/4_1 ~—-0.85. Try

be required to give the roots in the form
substituting these numbers in the equation and see what happens.
(b) Putting a=2,b=-3 and c=4,

x_—(—3)&/(—3)2—4><2><4._3J_r«/9—32 3423
2X2 4 4

But —23 does not have a square root. This means that the equation
2x2 —3x+4 =0 has no roots.

Try putting 2x%—3x+4in completed square form; what can you deduce about the
graph of y=2x2 ~3x+47?
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(c) Putting a=30, b=-11 and ¢ =-30,

L —(=11)%+/(-11)* 430 X (-30) _ 11+ ~/121+ 3600

2x30 : 60
_11£+/3721 11161
60 60

This third example factorises, but the factors are difficult to find. But once you know the
roots of the equation you can deduce that 30x* —11x —30 = (6x + 5)(5x — 6).

The discriminant 5% —4ac

If you look back at Example 4.4.1 you will see that in part (a) the roots of the equation
involved surds, in part (b) there were no roots, and in part (c) the roots were fractions.

You can predict which case will arise by calculating the value of the expression under
the square root sign, b? —4ac , and thinking about the effect that

—b+b? - 4ac

this value has in the quadratic formula x = 5
a

e Ifb?—4acisa perfect square, the roots will be integers or fractions.
o If b*—4ac> 0, the equation ax? + bx + ¢ = 0 will have two roots.

e If b* —4ac <0, there will be no roots.
2 . -bx0 b . i
e 1If b* —4ac =0, the roots are given by x = R =53 and there is one root
a a
only. Sometimes it is said that there are two coincident roots, or a repeated root,
-b+0 -b-0
because the root values and are equal.
2a 2a

The expression b% — 4ac is called the discriminant of the quadratic expression
ax? +bx+c because, by its value, it discriminates between the types of solution of the
equation ax* +bx+c=0.

Example 4.5.1

What can you deduce from the values of the discriminants of the quadratics in the
following equations?

(@) 2x2-3x—4=0 () 2x*=3x-5=0

(¢) 2x2-4x+5=0 (d) 2x*—4x+2=0

(a) As a=2, b=-3 and c=-4, b*~4ac = (-3)*-4x2x(-4)=9+32=41.

The discriminant is positive, so the equation 2x* —3x —4 = 0 has two roots. Also,
as 41 is not a perfect square, the roots are irrational.

(b) As a=2,b=-3and c=-5, b*~4ac=(-3)*-4x2x (-5) =9 +40 = 49.
The discriminant is positive, so the equation 2x2 —3x—5=0 has two roots. Also,
as 49 is a perfect square, the roots are rational.

(c) b*~4ac= (—'4)2 —4x2x5=16-40 =-24. As the discriminant is negative,
the equation 2x? — 4x +5=0 has no roots.

-~
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(d) b?-4ac= (—4)2 —4x2x2=16-16=0. As the discriminant is zero, the
equation 2x% —4x+2=0 has only one (repeated) root.

Example 4.5.2
The equation kx? —2x—7 =0 has two real roots. What can you deduce about the value ~
of the constant -k ?

The discriminant is (=2)? — 4 x k X (=7) = 4+ 28k . As the equation has two real
roots, the value of the discriminant is positive, so 4+ 28k >0,and k > —% .
Example 4.53

The equation 3x? +2x +k = 0 has a repeated root. Find the value of k.

The equation has repeated roots if bzv —4ac=0;thatis, if 2> —4x3xk =0. This

: 1
gives k=3.

Notice how, in the above examples, there is no need to solve the quadratic e‘quation. You
can find all you need to know from the discriminant.

Exercise 4B

1 Use the quadratic formula to solve the following equations. Leave irrational answers in
surd form. If there is no solution, say so. Keep your answers for use in Question 8.

(@ x2+3x-5=0 ®) x2—4x—7=0 © x2+6x+9=0
@ x®+5x+2=0 (&) x*+x+1=0 B 3x*-5x-6=0
(g 2x*+7x+3=0 (h) 8-3x-x2=0 (i) 5+4x-6x2=0

2 Use the value of the discriminant. b — 4ac to determine whether the following equations
have two roots, one root or no roots.

() x2-3x-5=0 () x*+2x+1=0 © x*-=3x+4=0
(d) 3x*-6x+5=0 (&) 2x>-7x+3=0 ) 5x2+9x+4=0
(@) 3x2+42x+147=0  (h) 3—Tx—4x2=0

In parts (i) and (j), the values of p and g are positive.

() x*+px—g=0 . G) x*-px—g=0

3 The following equations have a repeated root. Find the value of k in each case. Leave your
answers as integers, exact fractions or surds.

(@ x*+3x—k=0 (b) kx®+5x—8=0 © x*-18x+k=0
d) -3+kc—2x2=0 () 4x*—kx+6=0 6 ke’ -px+q=0

4 The following equations have the number of roots shown in brackets. Deduce as much as
you can about the value of k. '
(@ x*+3x+k=0 (2) () x*-Tx+k=0 (1) (¢) kx*-3x+5=0 (0)
(d) 3x*+5x-k=0 (2) () x*—4x+3k=0 (1) ® kx*-5x+7=0 (0)
@ **-kr+d=0 (2) () x*+kx+9=0 (0) -
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R

Use the value of the discriminant to determine the number of points of 1ntersect10n of the
following graphs with the - x-axis.

(a) y=x -5x-5 ) y=x2+x+1 » ©) y=x2—6x'+9
@ y=x*+4 € y=x*-10 (f) y=3-4x—2x*
® y=3x*-5x+7 (hy y=x*+bx+b? @ y=x*-2gx+g°

If a and c are both positive, what can be said about the graph of y= ax* +bx—c?
If a is negative and c is positive, what can be said about the graph of y = ax? +bx+c?

You will need your answers to Question 1, in rational or surd form, not decimals.

(&) For Question 1(a), (b) and (d), find (i) the sum and (ii) the product of the roots.
What do you notice? What happens if there is only one (repeated) root?

(B) If @ and J are the roots of the quadratic equation x* +bx+c =0 then these
arise from factors (x— ) and (x - f8) of x” +bx +c. Show that the equation
x* +bx + ¢ =0 has roots which have sum —b and product c.

(C) Extend (B) to find expressions in terms of a, b and c¢ for (i) the sum and
(ii) the product of the roots of the equation ax* +bx+c=0.

A RS L T R R A

Simultaneous equations

This section shows how to solve a pair of simultaneous equations such as y = x% and
S5x +4y=21. This takes forward the ideas in Section 3.7.

Example 4.6.1 .
Solve the simultaneous equations y = X%, x+y=6. y
39 ] y=x?

These equations are usually best solved by 8 ‘
finding an expression for x or y from one ' 7
equation and substituting it into the other. In
this case, it is easier to substitute for y from 5
the first equation into the second, giving 44 24
x +x* = 6. This rearranges to x> +x-6=0, 31 Xtys6
s0 (x +3)(x—2)=0,giving x=2 or x=-3. 21
You can find the corresponding y-values from the o ~ S
equation y=x2.Theyare y=4 and y=9 3 2 - 12 3
respectively. ' Fig. 42

The solution is therefore x=2,y=4or x=-3,y=9.

Check that, for each pair of values, x+y=6.

Note that the answers go together in pairs. It would be wrong to give the answer in the form

X

=2 or x=-3 and y=4 or y=9, because the pairs of values x =2, y=9 and x = -3,
y=

4 do not satisfy the original equations. You can see this if you interpret the question as

finding the points of intersection of the graphs y = x? and x+y =6, as in Fig. 4.2.
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Example 4.6.2
Solve the simultaneous equations x*—2xy+3y? =6 and 2x-3y=3.

It is not easy to find expressions for either x or y from the first equation, so begin
with the second equation. You are less likely to make mistakes if you avoid
fractions. From the second equation, 2x = 3+ 3y, so, squaring this equation,

‘4x% = (3+3y)’ =9+18y+9y>.

You now have expressions for 4x? and 2x , so you would like to substitute for
them in the first equation. It is helpful to multiply the first equation by 4. Then

4x2 —8xy+12y* =24, or 4x’-4yx2x+12y*=24;
so  (9+18y+9y%)—4y(3+3y)+12y” =24.

This reduces to 9y* + 6y —15 =0, and, dividing by 3, to 3y? + 2y-5=0.
Solving this equation gives (y —1)(3y +5)=0,s0 y=lor y= —% .

Substituting in the second equation to find x, you obtain x =3 and 1

x=-
respectively. Therefore the solutionis x=3,y=1and x=-1,y=— %

Example 4.6.3

At how many points does the line x +2y =3 meet the curve 2x2 +y? =49

From x+2y =3, x =3—2y. Substituting for x in 2x> +y*> =4, 2(3-2y)* +y* =
SO 2(9—12y+4yz)+y2 =4, which reduces to 9y2 ~24y+14=0.

The discri_minanf of this equation is 242 — 4 x 9% 14 =576 504 =72. As this is
positive, the equation has two solutions, so the line meets the curve at two points.

Equations which reduce to quadratic equations

Sometimes. you will come across equations which are not quadratic, but which can be
changed into quadratic equations, usually by making the right substitution.

Example 4.7.1
Solve the equation * —13r% +36 =0.

This is called a quartic equation because it has a +* term, but if you let x stand for
1%, the equation becomes x> —13x+36 =0, which is a quadratic equation in x.

Then (x—4)(x—=9)=0,s0 x=4 or x=9.

Now recall that x = t2,so t?=4o0rt?=9 ,giving t =12 or t =13.

Exémple 472

" Solve the equation +/x =6—x

(a) by letting y stand for v/x  (b) by squaring both sides of the equation.

—.6=0. Therefore

(a) Letting +/x = y, the equation becomes y =6— y? or :"yz +
(y+3)(y-2)=0,s0 y=2 or y=-3.But, as y=\/;,zi§d‘§
negative, the only solution is y=2, giving x=4.

4,
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(b) Squaring both sides gives x = (6 — x)? =36 —12x + xZor x* —13x+36=0.
Therefore (x —4)(x~9)=0,s0 x=4 or x =9 . Checking the answers shows that
when x = 4, the equation x = 6-x is satisfied, but when x=9, «./_ =3 and_
6 —x=-3,50 x=9 is not a root. Therefore x =4 is the only root.

This is important. If you square you will find the root or roots of the equation

\x = (6~ x) as well as the roots that you are actually looking for. Notice that x = 9
does satisfy this last equation, but x = 4 doesn’tl The moral is that, when you square an
equation in the process of solving it, it is essential to check your answers.

- Exercise 4C

R

1 Solve the following pairs of simultaneous equations.

(@ y=x+1, xt+y? =25 ) x+y=7, . x*+y?=25
© y=x-3,  y=x’-3x-8 @ y=2-x, x*-y2=8
© 2x+y=5  x*+y*=25 ® y=l-x,  y'-xy=0
@) Ty-x=49, x*+y°-2x-49=0 () y=3x-11, x*+2xy+3=0
2 Find the coordinates of the points of intersection of the given straight lines with the given
curves. '
(@ y=2x+1, y=x*—-x+3 () y=3x+2, x*+y*=26
() y=2x-2, y=x*-5 d) x+2y=3, x*+xy=2
() 3y+4x=25 x>+y>=25 () y+2x=3, 2x*-3xy=14
(8) y=2x-12, x®+4xy-3y*=-27 (h) 2x-5y=6, 2xy—4x’-3y=1
3 In‘each case find the number of points of intersection of the straig_ht line with the curve.
@ y=1-2x, x’+y’=1 ® y=1x-1, y=4x?
© y=3x-1, xy=12 (d) 4y-x=16, y>=4x
(e) 3y-x=15 4x*+9y*=36 () 4y=12-x, xy=9

4 Solve the following equations; give irrational answers in terms of surds. .
(@ x*-5x2+4=0 ) x*-10x2+9=0 (© x*-3x>-4=0
(@ x*-5x2-6=0 () x°-7x-8=0 0 +x*-12=0

5 Solve the following equations. (In most cases, multiplication by an appropriate expression
will turn the equation into a form you should recognise.)

(a) x=3+& ) x+5=§ ©) 2t+5=§-
X X 1
12 12
d x=—=2 € i=4+= ® ~i(\r-6)=-9
x+1 \/?
2 1 20 20 . 12 10
— = = h _1= —_ ——
©® x+2 3 ®) x+2 x+3 @ x+1 x-3
. 15 10 55 4 2 1 1 1
+—=2 k -3y* =4 D —- =5
O 55+ =3 (k) y* -3y m Yl 2
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10

11

12

13

Solve the following equations.

(@) x—-8=2Vx (b) x+15=8x (©) t-5Ji—-14=0

) 1=3/r+10 © ¥x2-3x-6=0 ® V2 -33r=4

Miscellaneous exercise 4
Solve the simultaneous equations x +y =2 and x* + 2y? =11. (OCR)

The quadratic polynomial x> —10x+17 is denoted by f(x). Express f(x) in the form
(x—a)®>+b statmg the values of @ and b.

Hence find the least possible value that f(x) can take and the correspondmg
value of x. (OCR)

Solve the simultaneous equations 2x+y =3 and 2x% —xy=10. (OCR)
For what values of k does the equation 2x* — kx + 8 = 0 have a repeated root?

By expressing the function f(x)=(2x+3)(x—4) in completed square form, find the range
of the function f(x).

(a) Solve the equation x* - (6«/— )x +24 =0, giving your answer in terms of surds,
simplified as far as possible.

(b) Find all four solutions of the equation x —(6«/— )x +24 =0 giving your
answers correct to 2 decimal places (OCR)

Show that the line y = 3x -3 and the curve ¥ =Bx+1)(x +2) do not meet.

Express 9x2 —36x+52 in the form (Ax —B)2 +C,where A, B and C are integers.
Hence, or otherwise, find the set of values taken by 9x% —36x +52 forreal x. (OCR)

Find the points of intersection of the curves y = 6x* +4x—-3and y=x 2_3x-1, giving
the coordinates correct to 2 decimal places.

(a) Express 9x% +12x+7 in the form (ax+b)? + ¢ where a, b, c are constants whose
values are to be found.

(b) Find the set of values taken by ~2—1— forreal values of x. (OCR)
Ox° +12x+7 '

Find, correct to 3 significant figures, all the roots of the equation 8x*—8x2 +1= %«/5

(OCR)
Find constants a, b and ¢ such that, for all values of x,
3x2 —5x+1=a(x+b)% +c.
Hence find the coordinates of the minimum point on the graph of y = 3x2-5x+1.
(No;e: the minimum point or maximum point is the vertex.) (OCR, adapted)

Find the points of intersection of the curve xy =6 and the line y =9-3x. (OCR)
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14

15

16

17

18

The equation of a curve is y = ax? —2bx + ¢, where a, b and ¢ are constants with a > 0.
(a) Find,in terms of a, b and c , the coordinates of the vertex of the curve.
(b) Given that the vertex of the curve lies on the line y = x, find an expression for ¢ in

terms of a and b.Show that in this case, whatever the value of b, ¢ = —4L .
a

(OCR, adapted)

(a) The diagram shows the graphs of y=x—1 and y
y = kx*, where k is a positive constant. The
graphs intersect at two distinct points A and B. B
Write down the quadratic equation satisfied by
the x-coordinates of A and B, and
hence show that & < %

0/ x

(b) Describe briefly the relationship between the /
.graphs of y=x—1 and y = kx? in each of the
cases () k=1, Gi)k>1.

(c) Show, by using a graphical argument or otherwise, that when & is a negative constant,
the equation’ x—1= kx? has two real roots, one of which lies between 0 and 1.

Use the following procedure to find the least (perpendicular) distance of the point (1,2)
from the line y =3x + 5, without having to find the equation of a line perpendicular to
y=3x+5 (as you did in Chapter 1).

(a) Let (x y) be a general pomt on the line. Show that its distance, d , from (1,2) i is given
by d* = (x—1)* +(y-2)".

(b) Use the equation of the line to show that d? = (x—1)? +(3x +3)°.

(c) Show tﬁat d?=10x2 +16x+10..

(d) By completing the square, show that the minimum distance required is %\/ﬁ .

Using the technlque of Question 16,

(a) find the perpendicular distance of (2,3) from y=2x+1,

(b) find the perpendicular distance of (~1,3) from y=-2x+5,

(c) find the perpendicular distance of (2,—1) from 3x+4y-7=0.

Point O is the intersection of two roads which cross at right angles; one road runs from
north to south, the other from east to west. Car A is 100 metres due west of O and travelling

east at a speed of 20 ms™', and Car B is 80 metres due north of O and travelling south at
20ms™

(a) Show that after ¢ seconds their distance apart, d metres, is given by
d? = (100 - 20£)% + (80 — 201)?.
(b) Show that this simplifies to d” =400((5—1)” +(4-1)*).

(c) Show that the minimum distance apart of the two cars is 102 metres.
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19 Point O is the intersection of two roads which cross at right angles; one road runs from
north to south, the other from east to west. Find the least distance apart of two motorbikes
A and B which are initially approaching O on different roads in the following cases.

(a) Both motorbikes are 10 metres from O. A is travelling at 20 m s™, Bat 10 ms™".

-1

(b) A is 120 metres from O travelling at 20 m s™*, B is 80 metres from O travelling at

10ms!.

(c) Ais 120 metres from O travelling at 20 m s™*, B is 60 metres from O travelling at

10ms™.

20 (a) Express 2—4x—x” and 24 +8x + x? in their completed square forms.

(b) Show that the graphs with equations y =2 —4x - x? and y =24 + 8x + x* do not
intersect.

(c) By giving an example, show that it is possible to find graphs with equations of the
forms y=A—(x—a)* and y =B +(x-b)? with A > B which do not intersect.

21 A recycling firm collects aluminium cans from a number of sites. It crushes them and then
sells the aluminium back to a manufacturer.
The profit from processing ¢ tonnes of cans each week is $15, where
p=100r-1¢2-200.

By completing the square, find the greatest profit the firm can make each week, and how
many tonnes of cans it has to collect and crush each week to achieve this profit.

R T F S O TR



Inequalities

This chapter is about inequality relationships, and how to solve inequalities. When you
have completed it, you should

o  know the rules for working with inequality symbols
e - be able to solve linear inequalities
e  be able to solve quadratic inequalities.

Notation for inequalities

You often want to compare one number with another and say which is the bigger. This
comparison is expressed by using the inequality symbols >, <, =< and . You have
already met inequalities in Chapters 3 and 4. '

The symbol a > b means that a is greater than ». You can

0 b -a

visualise this geometrically as in Fig. 5.1, which shows

three number lines, with a to the right of 5-. _
Notice that it does not matter whether a and b are positive b oa
or negative. The position of a and b in relation to zero on T o
the number line is irrelevant. In all three lines, a > b . As an

example, in the bottom line, —4 > ~7.. : Fig.5.1

Similarly, the symbol @ < b means that a is less than b. You can visualise this
geometrically on a numiber line, with a to the left of 5.

These four expressions are equivalent.

a>b a is greater than b
b is less than a

The symbol a = b means ‘either a>bora =b’; thatis, a is greater than or equal to,
but not less than, b. Similarly, the symbol a < b means ‘either a <b or a =b’; that is,
-a is less than or equal to, but not greater than, b.

These expressions are equivalent.

a=b a is greater than or equal to b

b<a b is not greater than a

The symbols < and > are called strict inequalities, and the symbols =< and = are called
weak inequalities.
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5.2 Solving linear inequalities
When you solve an inequality such as 3x +10 > 10x —11, you have to write a simpler
statement with precisely the same meaning. In this case the simpler statement turns out
to be x < 3. But how do you get from the complicated statement to the simple one?

Adding or subtracting the same number on both sides
You can add or subtract the same number on both sides of an inéquality. For instance
you can add the number 11 to both sides. In the example you would get

(3x+10)+11>(10x~11)+11,

3x+21>10x.
Justifying such a step involves showing that, for ‘ =3 >
any number c, ‘if a>b then a+c>b+c’. ' b btc a a+c
: C 18 positive
This is saying that if a is to the right of b on the number _ C c
line, then a+ c is to the right of &+ c. Fig. 5.2 shows that btc b atc a

this is true whether c is positive or negative. ¢ 1s negative

. . . . Fig.5.2
Since subtracting c is the same as adding —c, you can also &

subtract the same number from both sides.

In the example, if you subtract 3x from both sides you get

(3x+21)-3x>10x-3x,
21>7x.

Mutltiplying both sides by a positiVe number N

You can multiply (or divide) both sides of an inequality by a positive number. In the
example above, you can divide both sides by the positive number 7 (or multiply both
sides by %), and get:

21x%>7xxl,

3>x.
Here is a justification of the step, 0 b cha ca
‘if ¢>0 and a>b,then ca>ch’. — . :
- cb b 0 a ca
As a>b, a istotheright of  on : ——
- the number line. cb bea a 0
As ¢>0, ca and cb are Fig.53

enlargements of the positions of a
and b relative to the number 0.

Fig. 5.3 shows that, whether a and b are positive or négative; ca is to the right of cb,
soca>ch. * '
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Multiplying both sides by a negative number

If a> b, and you subtract a+ & from both sides, then you get —b > —a, which is the
same as —a < —b . This shows that if you multiply both sides of an inequality by -1,
then you change the direction of the inequality. Suppose that you wish to multiply the
inequality a>b by —2. This is the same as multiplying ~a<—b by 2,50 —2a<-2b.

You can also think of multiplying by —2 as reflecting the points corresponding to a and
b in the origin, and then muitiplying by 2 as an enlargement.

You can summarise this by saying that if you multiply T T
(or divide) both sides of an inequality by a negative

number, you must change the direction of the inequality. Fig.54
Thus if ¢ <0 and a > b, then ca < cb (see Fig. 5.4).

Summary of operations on inequalities

¢ You can add or subtract a number on both sides of an inequality.
¢ You can multiply or divide an inequality by a positive number.
¢ You can multiply or divide an inequality by a negative number, but
you must change the direction of the inequality.

Solving inequalities is simply a matter of exploiting these three rules.

Example 5.2.1
Solve the inequality —3x <21.

In this example you need to divide both sides by —3. Remembering to change the
direction of the inequality, —3x <21 becomes x > 7.

Example 5.2.2
Solve the inequality §(4x +3)—3(2x - 4) = 20.

Use the rule about multiplying by a positive number to multiply both sides by 3, in order
to clear the fractions. In the solution, a reason is given only when an operation is carried
out which affects the inequality.

1(4x+3)-3(2x-4) =20,
(4x+3)-9(2x - 4) = 60, multiply both sides by 3

4x+3-18x+36 = 60,

~14x+39 = 60,

—14x = 21, " subtract 39 from both sides

x<-3. divide both sides by —14, change = to <

Solving inequalities of this type is similar to solving equations. However, when you multiply or
divide by a number, remember to reverse the inequality if that number is negative.
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Exercise SA

Solve the following inequalities.

1 (@ x-3>11 ) x+7<11 © 2x+3<8 () 3x—5=16
) 3x+7>-5 ) 5x+6=<-10 (g 2x+3<-4 (h) 3x-1=<-13
2 @ 3.5 b %<3 0 o B @ Fr2oy
. 2 6 5
4x-3 S5x+1 . 3x-2 4x—-2
=-7 —>-3 <1l - h = -6
@ T==-1 O ® () =
3 (a) —5xr<20 (b) —3x=>-12 © S5-x<—4 () 4-3x<10
€) 2-6x<0 ) 6-5x>1 € 6-5x>-1 () 3-7x<-11
- - - -3
4@ X< ) 22X>1 © =F.3 @ =¥
. 3 5 2
5—-4x 3-2x 3+2x : 7-3x
=-3 >-7 <5 h =-5
@ > M = @ ) =
5 (@) x-4<5+2x (b) x-3=>5-x © 2x+5<4x-7
(@ 3x-4>5-x (&) 4x<3(2-x) () 3x=5-2(3-x)
(g) 6x<8-2(T+x) (h) 5x—3>x-32~x) (i) 6-2(x+1)<3(1-2x)
6 () 1(8x+1)-2(x—3)>10 _ L b)) Fx+D)-2(x-3)<7
© 2x+1‘_4x+5$0 @ 3x—2_x—4<x
3 2 . _ 2 3
x+1 1_ 2x-5 : x 3-2x
R ~® o <1
© 73 ® 33
x—-1 x+1 x X 3x
AL PN hy Z=5-2
® 5 >3 ® 3 4

Quadratic inequalities

In Chapter 4, you saw that a quadratic function might take oné of three forms:

' f(x)=ax? +bx+c the usual form
f(x)=a(x-p)x-q) the factor form
f(x)=a(x—r)* +s the completed square form. .

If you need to solve a quadratic inequality of the form f(x) <0, f(x)>0, f(x)<0 or
f(x)= 0, by far the easiest form to use is the factor form.

Here are some examples which show ways of solving quadratic inequalities.
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Example 5.3.1 »
Solve the inequality (x —2)(x—4)<0.

Method 1  Sketch the graph of y=(x—2)(x—4). y y=(x-2)(x-4)

- The graph cuts the x -axisat x.=2 and x =4. As \ /
the coefficient of x? is positive, the parabola bends
upwards; as shown in Fig. 5.5. | N_+ »

You need to find the values of x such that y<0.
From the graph you can see that this happens when
x lies between 2 and 4, thatis x>2 and x < 4.

Rememb‘eririg that x >2 is the same as 2 < x, you can write thisas 2<x <4,
- meaning that x is greater than 2 and less than 4.’

When you write an inequality of the kind r < x and x <s inthe form r < x <s, itis
essential that r < s . It makes no sense to write 7 < x <3; how can. x be both greater
than 7 and less than 3?7

Aninequalityofthe‘type r<x<s(rr<xssorr<x<sorr=suxs=sgs)iscalled
an interval.. '

Method 2 Find the values of x for which (x —2)(x—4)=0. These values,
x=2 and x =4, are called the critical values for the inequality.

Make a table showing the signs of the factors in the product (x —2)(x —4).

x<2  x=2 2<x<4 x=4  x>4

-2 - 0 + + +

-4 ~ - - 0 +

(x=2)(x—4) + 0 - .0 +
Table 5.6

From Table 5.6 you can see that (x—2)(x - 4y<0 when 2<x<4.

Example 5.3.2 _
Solve the inequality (x + 1)(5 x) 0.

Fig. 5.7 shows the graphof y=(x+1)}(5—x). As - y=(x+1)(5-x)
the coefficient of x? is negative, the parabola has
its vertex at the top. So y < 0 when either X< =-1

or x=5. . /’—1‘ ‘ 5\;
Note that in this case the inequality is also satisfied by the : Fig. 5,7'
critical values —1 and 5. )
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Example 5.3.3
Solve the inequality xt<q? ,where a>0.

2

This is the same as x> —a? <0 or (x+ é)_(x —a)= 0. The critical values are

x=—aand x=a.

x<-a x=-a -a<x<a x=a i>a

x+a - 0 + + +
x-a - - - 0 +
(x+a)(x-a) + 0 - 0 +

Table 5.8

Table 5.8 shows that, if 2 =<q? ,then —a < x < a. It also shows that, if*- -

)
—-a < x <= g,then lesa .

The result of Example 5.3.3 is important. You can write it more shortly as:

. It is usually easiest to solve inequalities by using graphical or tabular methods. If you

have access to a graphic calculator, you can use it to obtain the sketch, which makes the
whole process even easier. '

Example 5.3.4‘ shows how inequality arguments can be expressed in a more algebraic form.

Example 534
Solve the inequalities  (a) (2x+1)(x—3)<0, (b) 2x+1)(x-3)>0.

(a) If the product of two factors is negative, one of them must be negative, and the
other positive. So there are two possibilities to consider.

If 2x+1is negatiVe and x -3 is bdé_i’tive, then x < —% and x>3.This is
obviously impossible. - o

But if 2x+1 is positive and x —3 is negative, then.x > —% and x <3, which
happens if ~§ < x <3. '

(b) If the product of two factors is positive, either both are positive or both are negative.

If both 2x+1 and x -3 are positive, then x > —% and x >3, which happens if x >3.

If both 2x +1 and x — 3 are negative, then. x < —% and x <3, which happens if x < —%

So (2x+1)(x~3)>0if x>3 or x<-1.
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You could solve both parts at once by constructing a table as in Example 5.3.3, and
reading off the sign from the last line. '

There may be times when you don’t have access to a graphic calculator, or when
factorising the given expression is difficult or impossible. In those cases, you should
complete the square, as described in Section 4.3.

Example 5.3.5 ,
Solve algebraically the inequalities  (a) 2x° -8x+11<0, (b) 2x* -8x+5=<0.

(a) By completing the square, 2x* —8x +1 1= 2(x—2)* + 3.
The smallest value of 2(x —2)% +3 is 3, and it occurs when x =2 . So there are no
values of x for which 2x* —8x+11<0.

®) 2x* —8x+5=2(x—2)* -3,
so  2(x-2)*-3=0,
(x-2)°-3=<0,

2.3
(x—2)» <3.

Using the result in the box on page 76,‘_"__-.
v—\/k%s;c—.gs}é, or 2—@s;sz+\é.'

Exercise 5B

1 Use sketch graphs to solve the following inequalities. _—
(@ (x-2)(x-3)<0 ) (x—4)x-7)>0 () (x—1)x-3)<0

@ (x-4)(x+1)=0 € (2x—1)(x+3)>0 ® (Bx-2)(3x+5)<0

@ (x+2)(4x+5)=0 () (1-x)3+x)<0 (i) (3-2x)(5-x)>0

B (x=5)x+5)<0 (k) B3-4x)3x+4)>0 O 2+3x)2-3x)=<0 -
2 Use a table based on critical values to solve the following inequalities.

(@ (x-3)(x-6)<0 (b) (x-2)(x-8)>0 © (x-2)x+5=0

@ (x-3)x+1)=0 (e) 2x+3)(x-2)>0 ) Bx-2)x+5)=<0

@ (x+3)(5x+4)=0 (h) (2-x)(5+x)<0 () (5-2x)(3-x)>0

G) Gx+1)Bx-1)=0 & (2-7x)3x+4)<0 @ (5+3x)(1-3x)<0

3 Use an algebraic method to solve the following inequalities. Leave irrational numbers in

terms of surds. Some inequalities may be true for all values of x, others for no values of x.

(@ x*>+3x-5>0 (b) x*+6x+9<0 () x*=5x+2<0
@ x>-x+1=0 () x*-9<0 f x2+2x+1<0
(@) 2x2-3x-1<0 (h) 8-3x~x2>0 Q) 2x2+7x+1=0

N
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4 Use any method you like to solve the following inequalities.

(@) x2+5x+6>0 (b) x*-7x+12<0 () x2-2x-15<0
@ 2x*-18=0 () 2x*-5x+3=0 ) 6x*-5x-6<0
(8 x*+5x+2>0 ) (h) 7-3x% <0 _ Q) x*+x+1<0

() 2x%-5x+5>0 ® 12x2+5x-3>0. () 3x2-Tx+1<0

Miscellaneous exercise 5

1 Solve the inequality x? —x-42<0.

TR

2 Solve the inequality (x +1)? <9. '
- 3 Solve the inequality x(x+1)<12. ' (OCR)

4 Solve the inequality x—x* <0.

5 Solve the inequality x> = 6x — x2.

Use the discriminant ¢ 5> — 4ac’ in answering Questions 6 to 8. You may need to check
the value k =0 separately.

6 Find the values of k for which the following equations have two separate roots.
(@) kx*+kx+2=0 (b) ke’ +3x+k=0. () x*—2kx+4=0

7 Find the values of k for which the following equations have no roots.
(@) kx?-2kx+5=0 - (b) k*x*+2kx+1=0 (). x*=5kx-2k=0

8 Find the range of values of & for which the equation x+3ke+k =0 has any roots.

9 Find the set of values of x for which 9x2 +12x+7>19. . (OCR)
10 Sketch, on the same diagram, the graphs of y = 1 and y=x —% . Find the solution set of
x
‘ the inequality x '—% > 1 . (OCR)
i X .

\ 11 Solve each of the following inequalities.
x

a) ——<5

(a) -2

(b) x(x-2)<5 _ (OCR, adapted)




Revision exercise 1

10

11

12

13

The line /; passes through the points _A(4,8) ‘and B(10,26). Show that an equation for / is
y=3x—-4. . .

The line / intersects the line l which has equation y=5x+4,at C.Find the
coordlnates of C -

Show that any root of the equation 5+ x—~/3+4x =0 is also a root of the equation
x? +6x+22=0.Hence show that the equation 5+ x —~/3+ 4x =0 has no solutions.

Write x2 +10x + 38 in the form (x + b)* + ¢ where the values of b and « are to be found.
{a) State the minimum value of x? +10x + 38 and the value of x for which this occurs.
(b) Determine the values of x for which x2 +10x +38=22.

. Simplify (4x%y) (2x—1y2)

Solve the inequalities (a) 2x? —5x+2 <0, () '(2x‘~ 3)? <16, (c) %x - %(2x -5)< %

Show that the eqliation 2**1 +2%1 =160 can be written in the form 2.5x2* =160 . Hence
find the value of x which satisfies the equation. :

‘Find the values of k& such that the straight line y =2x+ k& meets the curve with equation

x2 +2xy+2y? =35 exactly once.

Display on the same axes the curves with equatlons y=x3 and y 3/x , and give the
coordinates of their points of intersection. ‘

A mail-order photographic developing company offers a picture-framing service to its
customers. It will enlarge and mount any photograph, under glass and in a rectangular
frame. Its charge is based on the size of the enlargement. It charges $6 per metre of
perimeter for t‘he‘frame and $15 per square metre for the glass. Write down an expression
for the cost of enlarging and mounting a photograph in a frame which is x metres wide and
y metres high.

A photograph was enlarged and mounted in a square frame of side z metres at a cost of
$12. Formulate and solve a quadratic equation for z.

Find the equatioh of the straight line through A(1,4) which is perpendicular to the line
passing through the points B(2,-2) and C(4,0).Hence find the area of the triangle ABC,
giving your answer in the simplest possible form. ‘

Solve the inequalipies
(@) 2(3-x)<4-(2-x), (b) (x—3)* <2, ) (x-2)(x-3)=6.

The quadratic equation (p—1)x? +4x +(p—4) =0 has a repeated root. Find the possible
values of p.
Solve the simultaneous equations

2x+3y=5,
x?2+3xy =4,
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14

15

16

17

18

19

20

Prove that the triangle with vertices at the points (1,2), (9,8) and (12,4) is right-angled,
and calculate its area. '

Find where the line y =5—2x meets the curve y = (3 - x)?. What can you deduce from

your answer?

A rhombus has opposite vertices at (—1,3) and (5,—1) . Find the equations of its diagonals.
One of the other vertices is (0,—2). Find the fourth vertex.

Points A and B have coordinates (—1,2) and (7,—4) réspéctively.
(a) Write down the coordinates of M, the mid-point of AB.
(b) Calculate the distance MB. '

~ (c) The point P lies on the circle with AB as diameter and has coordinates (2,y) where

y is positive. Calculate the value of y, giving your answer in surd form.
Solve the inequalities (2) x> —x~2>0, (b) (x+1)(x—2)(x~3)>0.

Two of the sides of a triangle have lengths 4 cm and 6 cm ,and the angle between them is

120° . Calculate the length of the third side, giving your answer in the form m\/}; , where
m and p are integers, and p is prime.

A triangle has vertices 0(0,0), A(2,6) and B(12,6) . Write down the equation of the
perpendicular bisector of AB, and find the perpendicular bisector of OA . Find the
coordinates of the point C where these lines meet, and calculate the distances of C from
O, A and B.

Write down the area of triangle OAB. Hence find the length of the perpendicular from A

to OB, and deduce that angle AOB is 45°, , ‘ ' (MEI, adapted)

21

22

23

24

25

A quadrilateral has vertices A(~1,1), B(1,2), C(4,1) and D(3,4) . Find the lengths and the

equations of the two diagonals AC and BD . . (OCR) -

The quadratic function f(x) = px? + gx+r has £(0) =35, £(1) =20 and f(2) =11. Flnd
the values of the ‘constants p, g and r.

Express f(x) in the form a(x + b)? + ¢ . Use your answer to fmd the smallest value of
f(x). . (OCR, adapted)

Use the substitution y = 3" to find the values of x which satisfy the equatlon
322 _10x 3 +1=0.

Show that YN +1—+/N = Use this to explain why +/101 is close to, but
N P

slightly less than, 10.05.
Without using a calculator, find the roots of x* + 7x 13 =0, giving your answers correct

to 2 decimal places.

If ab,o'4 =c,express b in terms of a and ¢

(a) in index notation, (b) in surd notation.



Differentiation

This chapter is about finding the gradient of the tangent at a point on a graph. When you
have completed it, you should be able to

e calculate an approximation to the gradient at a point on a curve, given its equation
e calculate the exact gradient at a point on a quadratic curve and certain other curves
o find the equations of the tangent and normal to a curve at a point.

This chapter is divided into two parts. In the first part, Sections 6.1 to 6.5, you will
develop results experimentally and use them to solve problems about tangents to graphs.
In the second part, Sections 6.6 and 6.7, the experimental results are proved. You may,
if you wish, omit the second part of the chapter on a first reading, but you should still
tackle Miscellaneous exercise 6 at the end of the chapter.

Calculating"gi'adients of chords

Think of a simple curve such as the graph of y = x*. As your eye moves along the x-
axis, can you describe, in mathematical terms, how the direction of the curve changes?

Just as a straight line has a numerical gradient, so any y
curve, provided it is reasonably smooth, has a

steepness or gradient which can be measured at any

given point. The difference is that for the curve the

gradient will change as you move along it;

mathematicians use this gradient to describe the

curve’s direction.

In Chapter 1 you saw how to find the gradient of a

straight line through two points when you know their
coordinates. You cannot use this method directly on a
curve because it is not a straight line. Instead you Fig. 6.1
find the gradient of the tangent to the curve at the

point you have chosen, since (as you can see from ¥4
Fig. 6.1) the tangent has the same steepness as the
curve at that point. However, this creates another
difficulty; you can only find the gradient of a line if
you know the coordinates of two points on it.

-Fig. 6.2 shows three chords (straight lines through two
points of the curve) which get closer and closer to the
-tangent line; it turns out that a good way to begin is by

finding the gradient of these chords, because for these

you can use the techniques of Chapter 1.
: ‘ Fig.6.2
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Example 6.1.1
Find the gradient and the equation of the chord joining r4

the points on the curve y = x> with coordinates
(0.4,0.16) and (0.7,0.49).

From the formula in Section 1.3, the gradient of
the chord is

049-0.16 033 _

=——=1.1.
07-04 03

The formula in Section 1.5 then gives the
equation of the chord as

Fig.-6.3

y~0.16=1.1(x—04), which is
y=1.1x-028.

Fig. 6.3 shows that this is the equation of the whole line through the two points, not just
the line segment between the two points which people often think of as the ‘chord’.

At this point it is useful to introduce some new notation. The Greek letter & (delta) is
used as an abbreviation for ‘the increase in’. Thus ‘the increase in x’ is written as &x,
and ‘the increase in y’ as dy.These are the quantities called the ‘ x-step’ and © y -step’
in Section 1.3. Thus in Example 6.1.1 from one end of the chord to the other the x-step
is 0.7-0.4=0.3 and the y-step is 0.49 —0.16 =0.33, so you can write

6x=03, dy=0.33.
With this notation, you can write the gradient of the chord as g—y .
' X

Some people use the capital letter A rather than 8. Either is acceptable.

. . .9 :
Notice that, in the fraction B_y , you cannot ‘cancel out’ the deltas; they do not stand for a
29

number. While you are getting used to the notation it is a good idea to read 8 as ‘the
increase in’, so that you are not tempted to treat it as an ordinary algebraic symbol.
Remember also that &x or dy could be negative, making the x-step or y-step a decrease.

Using this notation for the gradient of the chord, the first line of Example 6.1.1 would read

3y _049-0.16 0.33 _

—= 1.1.
& 07-04 03

Example 6.1.2
Find the gradient of the chord joining the points on the curve y = x% with x-coordinates
04 and 041."

First you need to calculate the y-coordinates of the two points. They are
04% =0.16 and 041% =0.1681.
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‘Working in a similar way to Example 6.1.1,

dx=041-04=001 and & =0.1681-0.16 =0.0081,

so that the gradient of the chord is y
1 .
—6!=0'0081:0.81. .
ox 001 :

-Fig. 6.4 is not very useful as an illustration, because
the two points are so close together. There is a small
triangle there, like the triangle in Fig. 6.3, but you could
be excused for missing it.

0.5+

In Fig. 6.4 it has become difficult to distinguish

between the chord joining'twc-) points close together

and the tangent at the point with x-coordinate 0.4.

This shows the way to find the gradient of the tangent
at the point on the curve with x =0.4 .

In Example 6.1.3, the two points have become even closer together.

Example 6.1.3 ‘
Find the gradient of the chord joining the points on the curve y = x? with x-coordinates
0.4 and 0.400 01.

The coordinates of the two points are (0.4,0:42) and (0.400 01,0.400 Olz)ﬁ
ox=040001-0.4=0.00001 and &y=0.400 01% —0.4% = 0.000 008 000 1,

so that the gradient of the chord is

dy _ 0.000 008000 1
Ox 0.000 01

=0.800 01.

This result, being so close to 0.8, seems to indicate that the gradient of the tangent to the
curve y=x~ at x =04 is 0.8. But it does not prove it, because you are still finding the
equation of the chord joining two points, no matter how close those points are.

Exercise 6A

In Questions 2 and 3 the parts of questions could be divided, so that groups of students
working together have answers to all the parts of each question, and can pool their results.

1 Find the equation of the line joining the points with x-values 1 and 2 on the graph y = x%.
2 In each part of this question, find the gradient of the chord joining the two points with the
given x-coordinates on the graph of y = x2.
(a) land 1.001 (b) 1and 0.9999 (¢) 2and?2.002
_(d) 2and1.999 (e) 3and 3.000 001 (f) 3and 2.999 99

RN
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3 In each part of this question find the gradient of the chord from the given point on the
graph y = x? to a nearby point. Vary the distance between the point given and the nearby
point; make sure that some of the points that you choose are to the left of the given point.

(@ (-L1) () (-2,4) (¢) (10,100)

4 Use the results of Questions 2 and 3 to make a guess about the gradient of the tangent at
any point on the graph of y = x2.

5 (a) Use a similar method to that of Questions 2 to 4 to make a guess about the gradients of
the tangents at points on the graphs of y = x*+1and y= x2-2.

(b) Use the results from part (a) to make a generalisation about the gradient at any point on
the graph of y = x% +c, where ¢ is any real number.

6.2 The gradient of a tangent to the curve y= x*+c

If you collect the results from Exercise 6A; you should suspect that the gradient of the
tangent to the curve y = x* at any point is twice the value of the x-coordinate of the
point. Another way of saying this is that the gradient formula for the curve y = x%is 2x.

For example, at the point (-3,9) on the curve y = x2, the gradient is 2 x (—3) = —6.
This means that the tangent to the curve at this point is the straight line which has
gradient —6 and passes through the point (-3,9).

To find the equation of this tangent, you can use the y
method in Section 1.5. The equation of the line is y=ax

y—9=-6(x—(-3)), whichis
y—9=-6x-18,0or y=—6x-9.

You should also see that the gradient formula holds
for the curve y = x% + ¢ where c is any constant:
the gradient at x is also 2x . After all, the curve

y = x* + ¢ has the same shape as the curve y = x2,
but it is shifted in the y-direction.

12 3 4x

Fig. 6.5

Assume for the moment that these results can be proved. You will find proofs, when you
need them, in Section 6.6.

. 6.3 The normal to a curve at a point

The line passing through the point of contact of the
tangent with the curve which is perpendicular to the
tangent is called the normal to the curve at that point.

Fig. 6.6 shows a curve with equation y =f(x). The
tangent and the normal at the point A have been drawn.
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If you know the gradient of the tangent at A, you can calculate the gradient of the normal
by using the result of Section 1.9. If the gradient of the tangent is m, then the gradient

of the normal is —l , provided that m #0.
m

Example 6.3.1 : o
Find the equation of the normal to the curve y = x? at the point for which
(@ x=-3, (b) x=0.

(a) You found in Section 6.2 that the gradient of the tangent at (—3,9) is —6.

The normal has a gradient of _i6 = % and also passes through (-3,9).

Therefore the equation of the normal is y—9 = %(x —(-3)), which simplifies to
6y=x+57.

(b) At (0,0), the gradient of the tangent is 0, so the tangent is parallel to the
" x-axis. The normal is therefore parallel to the y-axis, so its equation is of the
form x =something. As the normal passes through (0,0), its equation is x =0.

If you have access to a graphic calculator, try displaying the curve y = x%, the tangent
y=—6x—9 and the normal 6y = x+ 57 on it. You may be surprised by the results.

You should realise that if you draw a curve together with its tangent and normal at a
point, the normal will only appear perpendicular in your diagram if the scales are the ‘
same on both the x- and y -axes. However, no matter what the scales are, the tangent
will always appear as a tangent.

At this stage you should recognise that you need to generalise this result to curves with
other equations. In Section 6.2 you saw that the gradient of the tangent at x to the curve
y=x*+cis 2x.

Exercise 6B

For Questions 9 to 12 the parts of questions could be divided, so that groups of students
working together have answers to all the parts of each question, and can pool their results.

1 Find the gradient of the tangent to the graph of y = x?%, at each of the points with the given
x-coordinate. '

(@ 1 (b) 4 © 0 @ -2
(e) -02 ® -35 ® p hy 2p
2 Find the gradient of the tangent to the graph of y = x? -2, at each of the points with the
given x-coordinate. ‘
@ 1 (b 4 () O @ -2
(e) —02 ® =35 (® p ty 2p

3 The y-coordinate of a point P on the graph of y = x* +5is 9. Find the two possible
values of the gradient of the tangentto y=x2+5 at P.
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4 Find the equation of the tangent(s) to each of the following graphs at the point(s) whose
x~or y-coordinate is given.
(a) y=x2wherex=2 (b) y=x2+2wherex=—1
©) y=x2—2 where y = -1 @ y=x2—2wherey=—2

5 Find the equation of the normal to each of the following graphs at the point whose
x-coordinate is given.

(@) y=x*wherex=1 () y==x*+1wherex=-2

(©) y=x2+lwherex=0 (d) y=x*+cwherex=A/c

[

The tangent at P to the curve y = x* has gradient 3. Find the equation of the normal at P.
7 A normal to the curve y = x% +1 has gradient —1. Find the equation of the tangent there.
8 Find the point where the normal at (24) to y= x? cuts the curve again.

9 In each part of this question, find the gradient of the chord joining the two points with the
given x-coordinates on the graphs of y =2x?, y=3x? and y=—x%. ‘
(a) land 1.001 (b) 1and 0.9999 (c) 2and 2.002

(d) 2and1.999 (e) 3and 3.000001 ® 3and2.99999

10 In each part of this question find the gradient of the chord from the point with the given
x-coordinate to a nearby point for each of the curves y = %xz. and y = %xz +2. Vary the
distance between the point given and the nearby point which you choose; make sure that-
some of the points that you choose are to the left of the given point.

@) -1 S b) =2 ) 10

11 Use the results of Questions 9 and 10 to make a guess about the gradient of the tangent at
any point on the graphs of y = ax? and y =ax* +c, where a is any real number.

12 (a) Use a similar method to that of Questions 9 to 11 to make a guess about the gradients
of the tangents at points on the graphs of y = x? +3x and y = x* —2x.

(b) Use the results from part (a) to make a generalisation about the gradient at any point on
the graph of y = x% +bx , where b is any real number.

The gradient formula for quadratic graphs

Chapter 3 introduced the idea of the general quadratic graph, whose equation can be

" written y = ax? +bx +c, where a, b and ¢ are constants. What can you say about the

gradient of the tangent to this curve?

From the results of the questions in Exercise 6B you should have found that the gradient
formula for y= ax? is 2ax.This means, for example, that the graph of y = 3x? is three
times as Steep at any given value of x as the graph of y = x2. You should also have found
that the gradient formula for y = x? + bx is 2x + b. This means that the gradient formula
for y= 22 +4x is 2x+4 , which is the sum of the gradient formulae for x% and 4x .
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You already know that y = x> and y = x> + ¢ have the same gradient formula whatever
the value of c.

So it seems reasonable to expect that:

The gradient formula for the curve with equation

y=ax? +bx+cis 2ax +b.

The importance of this result is that you can find the gradient of a function which is the
sum of several parts by finding the gradient of each part in turn, and adding the results.
You can also find the gradient of a constant multiple of a function by taking the same
multiple of the gradient.

Section 6.6 will show how these results can be proved. Meanwhile here are some
examples of their use. But first it will help to have some new notation.

Let the equation of a curve be y = f(x). Then the gradient formula is denoted by ’(x).
This is'pronounced *f dashed x’.

The process of finding the gradient of the tangent to a curve is called differentiation.
When you find the gradient formula, you are differentiating.

Just as f(2) stands for the value of the function where x =2,so f’(2) stands for the
gradient of y =f(x) at x =2. Thus the dash in f’(x) tells you to differentiate: you then
substitute the value of x at which you wish to find the gradient.

The quantity f'(2) is called the derivative of f(x) at x =2.

Thus to find the gradient at x =2 on the curve with equation y = f(x), find f'(x), and
then substitute x =2 to get f'(2).

Example 6.4.1

(a) Differentiate y = 3x% -2x+5.

(b) Find the equations of the tangent and the normal to the graph of y =3x? —2x+35 at
the point for which x=1.

(a) Let f(x)=3x%—2x+5.For this function a=3, b=-2 and ¢=5. So,
differentiating, f’(x)=2x3xx-2=6x-2.

(b) The y-coordinate of the point on the curve for which x=1is 3-2+5=6.
When x =1 the gradient of the tangentis f'(1)=6x1-2=4.
The equation of the tangent is therefore y~6=4(x—1),0or y=4x+2.

The normal is perpendicular to the tangent, so its gradient is —% . The equation of
the normal is therefore y — 6 = —1(x —1),, which simplifies to x + 4y =25.

A
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Example 6.4.2
Differentiate  (a) £(x)=2(x* ~3x—2), (b) g(x)=(x+2)(2x-3).

(a) Method 1  Multiplying out the bracket,
f(x) = 2(x2 -3x- 2) =2x* —6x-4, so f'(x)=4x-6.

‘Method 2 If a given function is multiplied by a constant, the gradient of
that function is multiplied by the same constant. In this case, the multiple is 2, so
| . f{x)=2(2x-13).

(b) For g(x)=(x+2)(2x—3),you cannot use method 2 of part (a) because the
multiple is not constant. But you can multiply out the brackets to get a quadratic
which you can then differentiate.

‘ () =(x+2)2x-3)=2x*+x-6, so g(x)=4x+1.
] g

If you cannot immediately differentiate a given function using the rules you know, see if
you can write the function in a different form which enables you to apply one of the rules.

Example 6.4.3 N
Find the equation of the tangent to the graph of y = x* —4x+2 which is parallel to the
X -axis.

From Section 1.6, a line parallel to the x-axis has ‘gradient 0.

Let f(x)= x? —4x+2 . Then f'(x)=2x-4.

To:ﬁnd v&;hen the gradient is O you need to solve 2x—4 =0, giving x=2. .
When;;=2,y=22—4x2+2=—2. |

From Section 1.6, the equation of a line parallel to the x-axis has the form y =c.
So the equation of the tangent is y =-2.

Exercise 6C

For Questions 13 to 16 the parts of questions could be divided, so that groups of students
working together have answers to all the parts of each question, and can pool their results.

1 Find the gradient formula for each of tHe following functions.
(@ x> by x*—x (o) 4x? d) 3x*-2x
(e) 2-3x ® x-2-2x* (8) 2+4x-3x2 (h) ~2x~-/3x*
2 For each of the following functions f(x), find f’(x).-You may need to rearrange some of
the functions before differentiating them.
(@) 3x-1 (b) 2-3x2 (c) 4 (d) 1+2x+3x>
() x2-2x? ® 31+2x-x%) (9 2x(1-x) (h) x(2x+1)-1
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10

.11

12

13

14

15

Find the derivative of each of the followiﬁg firictions f(x) at x =-3.

(@) -x2 (b) 3x @ xP+ax d 2x-x*
() 2x*+4x-1 ® —(3-%%) (g) —x(2+x) ) (x-2)2x-1)
For each of the following functions f(x),find x such that f’(x) has the given value.
(@ 2x° 3 () x—2x* -1 (©) 2+3x+x> 0
@ x*+4x-1 2 (& (x-2)(x-1 0 ® 2x(Bx+2) 10
Find the equation of the tangent to the curve at the point with the given x-coordinate.
(a) y=x2 where x =—1 (b) y=2x2—xwhercx=0

(¢) y=x*>-2x+3wherex=2 (d) y=1-x? where x=-3

() y=x(2—x)wherex=1 ® y=(x-1)* wherex=1

Find the equétion of the normal to the curve at the point with the given x-coordinate.
(a) y=—x2wherex=1 ®) y=3x2—2x—1wherex=1

(¢) y=1-2x2 where x=-2 , (d) y=1-x*wherex=0

(e) y=2(2+x+x2)wherex=—1 v ® y=(2x—1)2 wherex=%

Find the equation of the tangent to the curve y = x* which is parallel to the line y = x.
Find the equation of the tangent to the curve y = x* which is parallel to the x-axis.

Find the equation of the tangent to the curve y = x* — 2x which is perpendicular to the line
2y=x-1.

Find the equation of the normal to the curve y = 3x2 —2x—1 which is parallel to the line
y=x-3.
Find the equation of the normal to the curve y = (x — 1)? which is parallel to the y-axis.

Find the equation of the normal to the curve y = 2x% +3x +4 which is perpendicular to the
line y=7x-5.

Use an exploration method similar to that of Exercise 6B Questions 9 and 10 to make a

guess about the gradient formulae for the graphs of y = x*and y=x*.

In each part of this question, find the gradient of the chord joining the two points with the
given x-coordinates on the graph of y = Vx.

(@ 1and1.001 (b) 1and 0.9999 (¢) 4and 4.002
(d) 4 and 3.999 (e) 0.25and 0.250 001 (® 0.25and 0.249 999

In each part of this question find the gradient of the chord from the giveﬁ point to a nearby

. point for the curve y = 1 . Vary the distance between the given point and the nearby point
x

which you choose; make sure that some of the points that you choose are to the left of the
given point. ' ’
(@ (-1,-1) ) (=2,-0.5) (¢) (10,0.1)
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16 Use the results of Questions 14 and 15 to make a guess about the gradient of the tangent at

1
any point on the graphs of y=-/x and y=—.
X

6.5 Some rules for differentiation

You already know the following rules:

If f(x)=ax?+bx+c,then f'(x)=2ax+b.

If you add two functions, then the derivative of the sum is the sum of
the derivatives: if f(x) = g(x)+ h(x), then f'(x)=g’(x)+h"(x).

& If you multiply a function by a constant, you multiply its derivative
3 [# by the same constant: if f(x)=ag(x), then f'(x)=ag'(x)

You will have found from Exercise 6C Question 13 that the derivative of f(x)= x3is
i f'(x) = 3x?, and the derivative of f(x)=x*is f'(x)= 4x3, You already know that if
f(x)= x?, then f'(x)=2x,o0r 2x'. This suggests the rule:

1

If f(x)=x", where n is a positive integer, then f'(x)=nx""".

e

Example 6.5.1
Find the coordinates of the points on the graph of y = x> —3x% — 4x+2 at which the
gradient is 5.

Let f(x)= x> —3x% —4x+2.Then f'(x)=3x> —6x—4.The gradient is 5 when
£/(x) =5, that is when 3x% —6x —4 = 5. This gives the quadratic equation
3x% —6x—9 =0, which simplifies to x> -2x—3=0.

In factor form this is (x+1)(x—3)=0,s0 x=—-1or x = 3.

Substituting these values into y = x> —3x% —4x+2 to find the y-coordinates of
the points, you find y = (-1)’ =3x(~1)? =4 x(~1)+2=-1-3+4+2=2 and

! y=3"-3x32-4x3+2=27-27-12+2 =-10. The coordinates of the
required points are therefore (—1,2) and (3,-10).

The results of Exercise 6C Questions 14 to 16 suggest two more rules:
1

If f(x)=+/x , then f’(x)=2—f.
x

If f(x)= l,then f'(x) = —Lz.
x x
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Example 6.5.3 5
Differentiate each of the functions  (a) x(l + x2), (b) (1 +«/;) , (©)

In index notation, these results take the forms:

Example 6.5.2
Find the equation of the tangent to the graph of y = 2+/x at the point where x =9.

Let f(x)= 2x = 2x,
Then, using results in the boxes,
f'(x) = ZX%x_% =x1,

When x=9, £(9) =974 = = =]

5=
The tangent passes through the point (9,2\/5) =(9,6), so its equation is

y—6=%(x—'9), or 3y-x=9.

P +x+l
. x .

(a) Let f(x)=x(1+x2).
Then f(x) = x+x°,s0 £'(x)=1+3x2.

(b) Let £(x)=(1+x)".

; n 0 1
Then £(x)=14+2Vx +x =1+2x4x,50 £'(x) =2xLx 2 +1=x '1+1=T+1.
X

2
(c) Let f(x)= ux_ﬂ

1
Then, by division, f(x) =x+1+ 1 =x+1+x 50 F'(x)=1+(-)x 2 =1 -—.
x : x

s
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Example 6.54
Find thie equation of the tangent to y = 3/x at the point (8,2).

1,61

1 . . .
In index notation 3/x = x7. So the rule gives the derivative as 3X or %x ,

1 .. 1 1
—— At (8,2),thisis ——=—.
3¢/x)? 33B)° 12

Thus the equation of the tangentis y—2 = %(x ~8),0or x-12y+16=0.

wir

which in surd notation is

The results stated in this section can be assumed for the remainder of this book. Some of
them are proved in Sections 6.6 and 6.7, but if you wish you may omit these final sections
and, after working through Exercise 6D, go straight to Miscellaneous exercise 6.

Exercise 6D

1 Differentiate the following functions.

(@ x>+2x* (b) 1-2x3+3%2 © x*—6x*+11x-6

@ 2x3-3x%+x (e) 2x2(1—3x2) ® (1—x)(1+x+x2) .
2 Find f "(—2) for each of the following functions f(x).

(a) 2x—x° (b) 2x—x* (c) 1-2x—-3x2 +4x°

d 2-x @ x*(1+x) ® (1+x)(1-x+x%)

3 For each of the following functions f(x) find the value(s) of x such that f’(x) is equal to
the given number..

@ x° 12 () 2*-x° 8 © 3x-3x*+x> 108
(d x*-3x%+2x -1 ) x(1+x)* 0 ® x(Q-x)1+x) 2
4 Differentiate the following functions. '
2 : 1Y’
(@ 2x ®) (1++x) © y=x-1vx (d x(l—ﬁj
3, .2 ' 2
© x—l ® x+x°+1 @ (x+1)(x+2) @ («/f/i—xj
X X X X

5 Find the equation of the tangent to the curve y = x> +x at the point for which x =-1.

6 One of the tangents to the curve with equation y = 4x — x* is the line with equation
y = x — 2. Find the equation of the other tangent parallelto y=x-2.

7 Find the equation of the tangent at the point (4,2) to the curve with equation y =+/x .
8 Find the equation of the tangent at the point (2,%) to the curve with equation y = 1 .
x
9 Find the equation of the normal at the point (1,2) to the graph y = x + l
. x

10 The graphs of y = x> —2x and y = x> —3x? - 2x both pass through the origin. Show that
they share the same tangent at the origin.
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11 Find the equation of the tangent to the curve with equation y = x*> —3x* — 2x -6 at the
point where it crosses the y-axis. ‘

12 A curve has equation y = x(x — a)(x + a), where a is a constant. Find the equations of the
tangents to the graph at the points where it crosses the x-axis.

13 Find the coordinates of the point of intersection of the tangents to the graph of y = x% at
the points at which it meets the line with equation y=x+2.

14 Differentiate each of these functions f(x). Give your answers f’(x) in a similar form,
without negative or fractional indices. ' '

() 4L (b) % © x° @ ¥Vx°
X X
3 4 3.1 5
© 63x ® - ® ~+53 ® 16x
. . 1 x=-2 1+x
O xx 0 3= 0 == O 7=

15 Find the equations of the tangent and the normal to y = %/? at the point (8,4) .

. . 1 : . :
16 The tangent to the curve with equation y =— at the point (% ,4) meets the axes at P
Cox

and @ . Find the coordinates of P and Q.

6.6" The gradient formula for any quadratic graph

If you wish, you can omit these final sections and go straight to Miscellaneous exercise 6.
The purpose of this section is to show you how to calculate the gradient of a quadratic graph
without making any approximations.
Example 6.6.1
Find the gradient of the chord of y = x* joining the points with x-coordinates p and p + k.

The y-coordinates of the points are p® and (p + k)?, so for this chord

Sx=h, dy=(p+h)?-p*=p>+2ph+h®-p?=2ph+h*=h(2p+h),
and the gradient is

8 _h(2p+h)

=2p+h.
ox h P

Notice that the gradients found in Examples 6.1.1 to 6.1.3 are special cases of this result,
as shown in Table 6.7.

!
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dy
—=2p+h
4 p+h h o p
Example 6.1.1 04 0.7 03 1.1
Example 6.1.2 04 041 0.01 0.81
Example 6.1.3 04 0.400 01 000001 0.80001
Table 6.7

The advantage of using algebra is that you don’t have to work out the gradients each
time from scratch. Table 6.8 shows some more results for p = 0.4 with different values
of h,some positive and some negative.

Value of & 0.1 0001 0.000001 -0.1 -0.001 -0.000001

Value of g—y 09 0.801 0.800001 0.7 0.799  0.799 999

X

Table 6.8

If you have a graphic calculator, or some computer software for drawing graphs, it is
interesting to produce a display showing the graph of y = x* and the chord through
(0.4,0.16) with each of these gradients in turn. You will find that, when 4 is
“very close to 0, so that the two ends of the chord are very close together, it is almost
impossible to distinguish the chord from the tangent to the curve. And you can see from
Tables 6.7 and 6.8 that, for these chords, the gradient is very close to 0.8.

In fact, by taking % close enough to 0, you can make the gradient of the chord as close
to 0.8 as you choose. From Example 6.6.1, the gradient of the chord is 0.8+ 4. So if you
want to find a chord through (0.4,0.16) with a gradient between, say, 0.799 999 and
0.800 001, you can do it by taking # somewhere between —0.000 001 and +0.000 001 .

The only value that you cannot take for 4 is 0 itself. But you can say that
‘in the limit, as 4 tends to O, the gradient of the chord tends to 0.8”.
The conventional way of writing this is
lim (gradient of chord) = lim(0.8 + ) =0.8.
h—0 R0
There is nothing special about taking p to be 0.4. You can use the same argument for
any other value of p.Example 6.6.1 shows that the gradient of the chord joining

(p,pz) to (p +h,(p+ h)z) is 2p+h.If youkeep p fixed, and let / take different
values, then, by the same argument as before,

lim (gradient of chord) = lim(2p + k) =2p.
h=>0 k50

Therefore the gradient at the point ( D, pz) on the curve y = x*is 2p.
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This shows that:

=
. The gradient formula for the curve y = x is 2x.

i

7

A similar approach can be used for any curve if
you know its equation.

Fig. 6.9 shows a curve which has an equation
of the form y = f(x). Suppose that you want
the gradient of the tangent at the point P, with
coordinates (p,f(p)). The chord joining this
point to any other point Q on the curve with
coordinates (p +h,f(p+ h)) has

dx=h, dy=1=(p+h)—1f(p)
so that its gradient is

S _f(p+h)-£(p)
ox h

Fig. 6.9

Now let the value of & change so that the point Q takes different positions on the curve.
Then, if Q is close to P, so that & is close to 0, the gradient of the chord is close to the
gradient of the tangent at P, where x = p. In the limit, as 4 tends to 0, this expression

tends to f'(p).

lim L2+ ) = (p)
h—0 h

g
|

If the curve y =f(x) has a tangent at (p,f(p)), then its gradient is

The derivative of f(x) for any value of x is f'(x)= Air%

f(x+h)—£(x)
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Example 6.6.2
Find the derivative of the function f(x)=4x-35.

flx+h)—

From the definition, f'(x) = lim ) ith £(x) = 4x—>5.
-0

The top line is
fx+h)—f(x)=(4(x+h)-5)—(4x-5)=4x+4h-5-4x+5=4h.

Therefore

Then in the limit, as A tends to 0,

f(x +h)—1f(x) —lim4=4.

f'(x)=1i
*) P h—0

Of course you could have predicted this result. From the work of Chapter 1, the graph of
f(x) =4x -5 is a straight line with gradient 4. So it should not be a surprise that the
derivative of f(x)=4x-5is 4.

Similarly, you would expect the gradient of the function f(x) = mx + ¢, whose graph is
the straight line y = mx +c, to be given by f'(x)=m.

Example 6.6.3 .
Find the derivative of the function f(x)=3x”.

For this function, f(x+ k) =3(x +h)? =3x? +6xh+3h2, s0
£(x +h) - f(x) = (3x2 +6xh+ 3h2) ~3x% = 6xh + 3h% = h(6x + 3h)

f(x +h}2— f(x) - h(6x +3h) 65430

and

Then in the limit, as 4 tends to 0,

£/(x) = lim SEER B i 6 3m) = 6.
- h—0

Notice that the derivative of f(x) = x* is 2x and the derivative of f(x)=3x" is 6x,
which is 3x 2x . This is an example of a general rule first seen in Section 6.5:

If you multiply a function by a constant, then you multlply its

'derivative by the same constant.
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Example 6.6.4
Find the derivative of the function f(x)=3x> +4x-5.

For the function f(x)=3x* +4x-5,
f(x +h)=3(x + h)> +4(x + h) = 5=3x> + 6xh +3h* + 4x +4h -5,
50 f(x+h)~f(x)=(3x2+6xh+3h2+4x+4h—5)—(3x2+4x—5)

=3x% + 6xh+3h> +4x+4h—5-3x> —4x+5
=6xh+3h% +4h = h(6x +3h+4),

f(x+h)—1f(x) h(6x+3n+4)
h - h -

and 6x+3h+4.

Then in the limit, as % tends to 0,

£(x) = lim f(x+ hlz —f(x)

= lim(6x +3h +4) = 6x + 4.
h—0 h—0

Examples 6.6.2 to 6.6 4 illustrate another general rule. The function in Example 6.6 4 is
the sum of the functions in Examples 6.6.2 and 6.6.3, and the gradient in Example 6.6 4
is the sum of the gradients in Examples 6.6.2 and 6.6.3.

The general rule is:

If you add two functions, then you find the derivative of the resulting

function by adding the derivatives of the individual functions.

6.7* The gradient formula for some other functions

For some functions the method used in Section 6.6 lands you in some tricky algebra, and
it is easier to use a different notation. Instead of finding the gradient of the chord joining
the points with x-coordinates p and p+h (or x and x + k), you can take the points to

have coordinates (p,f(p)) and (g,f(g)), so that

dx=g-p and dy=1(q)-f(p).

Then the gradient is @ = f(q)—_f@ .
8  q-p

To see how this works, here is Example 6.6.3 worked in this notation.

Example 6.7.1
Find the derivative at x = p of the function f(x)= 3x2.

For this function, f(q)—f(p) =3¢ -3p* = ?,(q2 - p2) =3(g-p)lgq+ p)
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so W _fHa)~f(p)_3(a-pNg+p)_ 3

g+ p).
o q-p q-p

Now, in this method, g has taken the place of p+h, so that instead of taking the
limit ‘as A tends to 0’ you take it ‘as ¢ tends to p’. It is easy to see that,
as g tendsto p, 3(g+ p) tendsto 3(p+p)=3(2p)=6p.

Therefore. if £(x)=3x?, f’(p)=6p . Since this holds for any value of p, you can
write f'(x)=6x.

In this notation, the definition of the derivative takes the form:

f
B The derivative of f(x) at x= p is f’(p) = lim

a-op q-p

Example 6.7.2
Find the derivative of the function f(x)=x* at x=p.

At x=p, f(p)=p*,and at x =g, f(g) = ¢*. The chord joining (p,p4) and
(q,q4) has dx=g—p, dy=q*—-p*.

2 2
Notice that you can write Jy as (qz) - ( pz) , 80 you can use the difference of
two squares twice to obtain

dy=(¢*-p*)a*+p*)=(a-pNa+p)a’+p*).

. Therefore

g_yz(q—p)(ﬁ_p)(q +p )=(q+p)(q2+p2).
X q-p

Then in the limit, as ¢ tends to p,

()= 12“ w = lim((g + p)(¢® + p*)) =2p(2p%) = 4p".

Example 6.7.3
Find the derivative of the function f(x)=+/x at x = p.

Atx=p, f(p)=+/p,andat x =g, f(q) = /g . The chord joining (p\/;) and

(¢.4/q) has dx=q-p, dy=1[g-p.

Notice that you can write dx as the difference of two squares in the form

se=-p=(a) (/7)< (727 + )
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o ¥ Ja-+lp 1
& (Ja-+p)a+p) Ja+p

Then in the limit, as g tends to p, y=x

(p) = lim f(q)— f(P)
q-p q—P

‘3%+f |

0 1 2 x

1 l

\/;+\/_ 2\/_ 2P Fig. 6.10

Notice that this does not work when p =0. In this case S_y _ , which does

Sx\/a

not have any limit as ¢ — 0. You can see from the graph of y=+/x in Fig.6.10
that the tangent at x =0 is the y-axis, which does not have a gradient.

Example 6.7.4 )
Find the derivative of the function f(x)=—at x=p.
x

At x=p, f(p):l,andat x=q,f(qg)==-
- p

1 1 - -
The chord joining (p,lj and (qu has bx=g-p, dy=—-—— o =—_g—p,
p q q p

—_ p —

and
' & g-p qp

Then, in the limit as ¢ tends to p,

' fl 1 1
f'(p) = lim—~*—= = lim(~—) =—==-p
9>p 4—p 9-p\ 4P p

If you have access to a graphic calculator, display this curve and see why the gradient is
always negative. ' :

Exercise 6E* |

Use the method of Section 6.7 in this exercise.
1 Find the derivative of the function f(x)=x>at x=p.
(You will need to use either the expansion (p +k)> = p* +3p2h+3ph® + k> or the
product of factors (q— p)(q2 +gp+ p2) =q°-p’)

2 Find the derivative of the function f(x) x® at x=p.(Let p+h g and use the
difference of two squares formula on q - p as often as you can.)
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3 Find the derivative of the function f(x) = iz atx=p.
' X

Miscellaneous exercise 6

+ 1 Find the equation of the tangent to y = 5x* —7x +4 at the point (2,10).

¢ 2 Given the function f(x)= x> +5x* —x -4, find
(a) f'(-2), (b) the values of a such that f’(a)=56.

3 Find the equation of the normal to y = x* —4x3 at the point for which x = %

4 Show that the equation of the tangent to y = 1 at the point for which x=p is
x

p’y+x=2p. At what point on the curve is the equation of the tangent 9y +x+6=0?

5 The tangent to the curve y = 6+/x at the point (4,12) meets the axes at A and B. Show
' that the distance AB may be written in the form k13, and state the value of k.

~ 6 Find the coordinates of the two points on the curve y = 2x3 —5x2 +9x -1 at which the
gradient of the tangent is 13.

7 Find the equation of the normal to-y = (2x —1)(3x +5) at the point (1,8) . Give your answer
in the form ax+by+c=0,where a, b and c are integers.

¢ 8 Thecurve y= x? —3x—4 crosses the x-axisat P and Q.The tangents: to the curve at P
and Q meet at R. The normals to the curve at P and Q meet at S. Find the distance RS.

9 The equation of a curve is y = 2x% —5x+14 . The normal to the curve at the point (1,11)
meets the curve again at the point P. Find the coordinates of P. ‘

10 At a particular point of the curve y= x% +k,the equation of the tangentis y=6x—7. Find
the value of the constant k. ‘

11 Show that the curves y=x> and y=(x+ 1)(x2 + 4) have exactly one point in common, and
use differentiation to find the gradient of each curve at this point. (OCR)

1‘ 12 At a particular point of the curve y=5x% ~12x+1 the equation of the normal is
x+18y+¢=0.Find the value of the constant c.

13 The graphs of y=x" and y = x" intersect at the point P(1,1). Find the connection
between m and n if the tangent at P to each curve is the normal to the other curve.

14 The tangents at x = % to y=+/x and y= 7 meet at P. Find the coordinates of P.
x

15 The normalsat x =2 to y= —17 and y= 13 meet at Q. Find the coordinates of Q.

X X
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7.1

Applications of differentiation

In the last chapter you learnt what differentiation means and how to differentiate a lot of
functions. This chapter shows how you can use differentiation to sketch graphs and
apply it to real-world problems. When you have completed it, you should

understand that the derivative of a function is itself a function

appreciate the significance of positive, negative and zero derivatives

be able to locate maximum and minimum points on graphs

know that you can interpret a derivative as a rate of change of one variable with
respect to another d

be familiar with the notation Ey for a derivative

be able to apply these techniques to solve real-world problems.

Derivatives as functions

In Chapter 6 you were introduced to differentiation by carrying out a number of -
‘explorations’. For example, in Exercise 6A Question 5(a) you were asked to make
guesses about the gradient of the tangent at various points on the graph of y = f(x),
where f(x)=x%—2.Table 7.1 shows the results you were expected to get.

What this suggests is that the gradient is.also a function f(x) 4
of x,given by the formula 2x- In Chapter 6 this
formula was called the derivative. But when you are

for a particular x, it is sometimes called the derived

p 2 -1 1 2 3 10
f(p) 2 -1 - 2 7 98
(p) 4 =2 2 4 6 20

Table 7.1

thinking of it as a function rather than using its value A !/

function. It is denoted by f’(x), and in this example ~
f'(x)=2x. _ £/(x) A

Also, just as you can draw the graph of the function
f(x), so it is possible to draw the graph of the derived
function. f’(x). It is interesting to show these two
graphs aligned one above the other on the page, as in
Fig.7.2. ) '

On the left half of the graph, where x <0, the graph of
£'(x) is below the x-axis, indicating that the gradient

of f(x) is negative. On the right, where the gradient of
f(x) is positive, the graph of f'(x) is above the x-axis.

41 o=

Fig. 72
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“You can now write down what you know about differentiation in terms of the derived
function:

If f(x)=x", where n is a rational number, then f’(x) ="

The derived function of f(x)+g(x) is f'(x)+g’(x).

{ . Example 7.1.1

| Find the derived function of f(x)=x* - 1x°.
| ‘

|

Using the results from the box, the derived function is f’(x) = 2x —x>.
The graphs of f(x) and f’(x) in Example 7.1.1 are drawn y fx)=x" -4
in Fig. 7.3. Here are some points to notice.

When x <0 the gradient of the graph of f(x)=x* - 1x°

is negative, and the values of the derived function are also
negative.

When x =0,the gradient of f(x) is 0, and the value of
f’(0) is 0.

Between x =0 and x =2 the gradient of f(x) is positive,
and f’(x)is positive. _ 1

When x =2, the gradient of f(x) is Q, and 7(2) =0. 2

When x> 2, the gradient of f(x) is negative,and the - Fig. 7.3
values of the derived function are also negative. =

Exercise 7A EEmEmEsE

1 Draw and compare the graphs of y =f(x) and y ={’(x) in each of the following cases.

(@) f(x)=4x () f(x)=3-2x (¢) f(x)==x2
. (@ f(x)=5-x? (e) f(x)=x>+4x . ® f(x)=3x%—6x
2 Draw and compare the graphs of y =f(x) and y =f’(x) in each of the following cases.
@ f(xX)=Q+x)4-x)  (®) f(x)=(x+3) © fx)=x*
(d) f(x)=x*(x-2) (e) f(x)=xforx=0 () f(x)= Lorx#0
Y X
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3 Ineach part of the question, the diagram shows the graph of y = f(x). Draw a graph of the

derived function y = f"(x).

@ y RO "

\
(©) y / (D u/\
/ x. \ x

> LN s

4 In each part of the question, the diagram shows the graph of the derived function y = f’ (x)
Draw a posmble graph of y=1f(x). -

Increasing and decreasing functions

For simplicity, the word ‘function’ in this chapter will f(xl)

mean functions which are continuous within their ,
domains. This includes all the functions you have met so 0" 1 2 3 4 5
far, but cuts out functions such as ‘the fractional part of

x’, which is defined for all positive real numbers but
whose graph (shiown in Fig. 7.4) has jumps in it.

Fig.7.4

You can use the idea that the derivative of a function is itself a function to investigate
the shape of a graph from its equation.

Example 7.2.1

- Find the interval in which f(x) = x* —6x + 4 is increasing, and the interval in which it is

decreasing.

The derivative is f’(x) =2x — 6 = 2(x — 3). This means that the graph has a
positive gradient for x >3. That is, f(x) is increasing for x > 3.

For x <3 the gradient is negative, and the values of y are getting smaller as x
gets larger. That is, f(x) is decreasing for x < 3.

The results are illustrated in Fig. 7.5 on the next page.

6 x-
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What about x = 3 itself? At first sight )
you might think that this has to be left out

of both the increasing and the decreasing 49
intervals, but this would be wrong! If you ]
imagine moving along the curve from left :
to right, then as soon as you have passed .
through x =3 the gradient becomes
positive and the curve starts to climb.
However close you are to x =3, the
value of y is greater than f(3)=-5.So
you can say that f(x) is increasing for
x = 3; similarly, it is decreasing for
x=3.

=Y

Fig.75

You can use the reasoning in Example 7.2.1 for any furiction. Fig. 7.6 shows the graph
of a function y =f(x) whose derivative f’(x) is positive in an interval p < x<q.You .
can see that larger values of y are associated with larger values of x. More precisely, if
x; and x, are two values of x in the interval p=< x =< ¢, and if x, > x;, then
f(x,)>f(x;). A function with this property is said to be increasing over the interval
psxsgq. )

y y
f H .
() f0r,)
0 )
D Xl X2 q x D X] Xz q X
Fig.7.6 : Fig. 7.7

If £(x) is negative in the interval p < x < ¢, as in Fig. 7.7, the function has the opposite
property; if x, > x;,then f(x,)<f(x;). A function with this property is decreasing
over the interval p< x<gq. ’
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If £/(x)> 0 in an interval p < x <gq, then f(x)
is increasing over the interval p<=x=<gq. }

i

£

If f'(x)<0 in p<x<g,then f(x)is %

. Notice that, for f(x) to be increasing for p < x < ¢, the gradient {’(x) does not have to
be positive at the ends of the interval, where x = p or x = g. At these points it may be 0,

or even undefined. This may seem a minor distinction, but it has important consequences.

It is a pay-off from the decision to work only with continuous functions.

The word ‘interval’ is used not only for values of x between finite end points, but also for
values of x satisfying inequalities x > p or x < q, which extend indefinitely in either the
positive or negative direction.

Example 7.2.2

For the function f(x)=x* — 4, find the intervals in
which f(x) is increasing and those in which it is
decreasing.

Begin by expressing f’(x) in factors as
£'(x) = 4x° —12x% = 4x*(x =3).

As x%is always positive (except at x =0), to find
where £'(x) >0 you need only solve the inequality
x—3>0,giving x>3.So f(x) is increasing over
the interval x = 3, now including the end point.

Fig.7.8

‘The solution of x—3<0 is x <3; but to find where f’(x) <0 you have to
exclude x =0,sothat f'(x)<0 if x <0 or 0 <x <3. Therefore f(x) is
decreasing over the intervals x<0 and 0 s x<3. -

However, these last two intervals have the value x =0 in common, so you can
combine them as a single interval x < 3. It follows that f(x) is decreasing over
the interval x <3,

Note also that f’(x) =0 when x =0 and x =3. You can check all these
properties from the graph of y = f(x) shown in Fig. 7.8.

Example 7.2.2 shows that the rule given above, connecting the sign of f’(x) with the
property that f(x) is increasing or decreasing, can be slightly relaxed.

If £'(x) >0 in an interval p < x < g except at isolated points
where f'(x)=0,then f(x) is increasing in the interval p< x <gq.

If £°(x) <0 in an interval p < x < g except at isolated points
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The next example is about a function which involves fractional powers of x for x <0.
Fractional powers sometimes present problems, because some of them are not defined
when x is negative. But the indices in this example involve only cube roots. There is no
difficulty in taking the cube root of a negative number.

Example 7.2.3 ,
Find the intervals in which the function f(x)= x*(1 — x) is increasing and those in
which it is decreasing.

2 5
To differentiate, write the function as f(x)= x> —x?, so that
(x)= 253 5.3 '
f'(x)=5x 3%, P

which you can write as

f(x)=1x3(2-5x).

In this last expression, s positive when
x >0 and negative when x < 0. The factor
2 —5x is positive when x < 0.4 and negative
when x >0.4.Fig. 7.9 shows that

Fig.79

f(x) is increasing in the interval 0 < x < 04,

f(x) is decreasing in the intervals x =<0 and x=04.

Maximum and minimum points

Example 7.2.1 showed that, for f(x)= x%* —6x+4, f(x) is decreasing for x < 3 and
increasing for x = 3. It follows from the definition of decreasing and increasing functions
that, if x; <3, then f(x;)> f(3); and that, if x, >3, then f(x,)> f(3). That s, for every
value of x other than 3, f(x) is greater than f(3) =-5. You can say that f(3) is the
minimum value of f(x), and that (3,-5) is the minimum point on the graph of y =f(x).

A minimum point does not have to be the lowest point on the whole graph, but is the
lowest point in its immediate neighbourhood. In Fig. 7.9, (0,0) is a minimum point;
this is shown by the fact that f(x) > 0 for every number x <1 except x =0 although
f(x)<0 when x>1.

This leads to a definition, which is illustrated,by Fig. 7.10.

}’r )’r

minimum

maximum

y=1f(x) , I(q.f(q))

;(q,f(q))

Fig. 7.10
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A function f(x) has a minimum at x = g if there is an interval p<x <r
containing ¢ in which f(x)> f(g) for every value of x except g.

It has a maximum if f(x) < f(q) for every value of x in the interval except q.

The point (g,f(g)) is called a minimum point, or a maximum point.

Thus, in Example 7.2.3, f(x) has a minimum at x =0, and a maximum at x =0.4.
Minimum and maximum points are sometimes also called turning peints.

You will see that at the minimum point in Fig. 7.8 and the maximum point in Fig. 7.9 the
graph has gradient 0. But at the minimum point (0,0) in Fig. 7.9 the tangent to the graph
is the y-axis, so that the gradient is undefined. These examples illustrate a general rule:

If (g,f(g)) is a minimum or maximum point of the graph of y = f(x),
then either £’(g) =0 or £’(g) is undefined.

Notice, though, that Fig. 7.8 has another point at which the gradient is 0, which is
neither a minimum nor a maximum, namely the point (0,0). A point of a graph where
the gradient is O is called a stationary point. So Figs. 7.8 and 7.9 illustrate the fact that
a stationary point may be a minimum or maximum point, but may be neither.

A way to decide between a minimum and a maximum point is to find the sign of the
gradient f’(x) on either side of x = g.To follow the details you may again find it
helpful to refer to the graphs in Fig. 7.10.

If f’(x) <0 in an interval p<x <gq,and f’(x)>0 in an
interval g < x <r,then (g,f(g)) is a minimum point.

If f(x)>0in p<x<gqg,and f’(x)<0in g<x<r,
then (g,f(g)) is a maximum point.

‘You may be happy to accept this on the evidence of the graphs, but it can also be argued
from statements which you have already met. Consider the minimum case.

Suppose that x; is a number in p < x < g. Then, since f’(x) <0 in that interval, it
follows from Section 7.2 that f(x;) > f(q).

Now suppose that x, is a number in g < x <r. Since f'(x)>0 in that interval,
f(q) <f(x,).

This shows that, if x is any number in the interval p < x <r other than ¢, then
f(x)> f(g) . From the definition, this means that f(x) has a minimum at x = g.

e
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- All these results can be summed up as a procedure.

To find the minimum and maximum points on the graph of y =f(x):
Step1 Decide tlie domain in which you are interested.
Step 2 Find an expression for f(x).

Step 3 List the values of x in the domain for which f’(x) is either O or
undefined.

Step 4 Taking each of these values of x in turn, find the sign of f’(x) in intervals
immediately to the left and to the right of that value.

Step 5 If these signs are — and + respectively, the graph has a minimum point. If
they are + and — it has a maximum point. If the signs are the same, it has
neither.

Step 6 For each value of x which gives a minimum or maximum, calculate f(x).

Example 7.3.1 . A
Find the minimum point on the graph with equation y = Nx+—.
x

Let £(x)=x + .
X

Step1 As +/x is defined for x = 0 but 1 is not defined for x =0, the largest
x

possible domain for f(x) is the positive real numbers.

ol

x2—8
2x%

Step 2  The derivative f'(x) = %x_% —4x72 can be written as f’(x) =

Step3  The derivative is defined for all positive real numbers, and is 0 when

3 .. . Y .
x? = 8. Raising both sides to the power % and using the power-on-power rule,

x=(x?)3=85=4.

Step4 If 0 < x<4,the bottom line, 252 ,1s positive, and

Nlw
e

x?-8<4?-8=8-8=0,sothat f'(x)<0.

If x> 4, 2x? is still positive, but x7 ~8> 47 —8=0, s0 that '(x)> 0.

Step 5 The sign of f’(x) is — on the left of 4 and + on the right, so the function
: has a minimum at x = 4.

Step 6 Calculate f(4)=/4 +% =2+1=3. The minimum point is (4,3).
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If you have a graphic calculator, it is interesting to use it to display y = f(x) together with
y=+x and y = 4 , from which it is made up. You will find that y = f(x) is very flat around
.’x o . .
" the minimum; it would be difficult to tell by eye exactly where the minimum occurs.

Notice that this theory gives you another way to find the range of some functions. For the
function in Example 7.3.1 with domain x >0, the range is y= 3.

e Exercise 7B ESSniETTaTs

1 For each of the following functions f(x), find £’(x) and the interval in which f(x) is

increasing.
(a x*=5x+6 (b) x*+6x—4 (c) 7-3x—x*
@d) 3x*-5x+7 ) 5x*+3x-2 (f) 7-4x-3x*
2 For each of the following functions f(x),find f’(x) and the interval in which f(x) is
decreasing. ‘ '
(@ x*+4x-9 () x*-3x-5 () 5-3x+x°
@ 2x*-8x+7 (€) 4+7x—2x" ) 3-5x-7x
3 For each of the following functions f(x), find f*(x) and any intervals in which f(x) is
increasing. ,
(@) x°—12x (b) 2x°-18x+5 (¢) 2x°—9x*—24x+7
(d) 1 -3x2 +3x+4 (e) x*—2x? (f) x*+4x°
(8) 3x—x° () 2x>-5x*+10 (i) 3x+x°

4 For each of the following functions f(x), find f’(x) and any intervals in which f(x)' is
decreasing. In part (i), » is an integer,

(@ x>-27x for x=0 ®) x*+4x*-5Sfor x=0 () x*-3x*+3x-1
@ 12x-2x° () 2x*+3x2-36x-7 H 3x*-20x>+12
(g) 36x*-2x* © (h) x°-5x @ x"-nx (n>1)

5 For each of the following functions f(x),find f’(x), the intervals in which f(x) is
decreasing, and the intervals in which f(x) is increasing. '

@ x?(x-1),for x>0 M) xi-2x% forx>0 © x(x+2)

@ #¥(x*-13) ©) x+2, forx#0 ® \/;+%,forx>0
o x x
6 For the graphs of each of the following functions:
(i)  find the coordinates of the stationary point;’
(ii) say, with reasoning, whether this is a maximum or a minimum point;
(iii) check your answer by using the method of ‘completing the square’ to find the vertex;
(iv). state the range of values which the function can take.

(@) x*—8x+4 *(b) 3x2+12x+5 «(c) 5x*+6x+2
(d) 4-6x-=x° )  x2+6x+9 ) 1-4x—4x?
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7 Find the coordinates of the stationary points on the graphs of the following functions, and
find whether these points are maxima or minima.

@ 2x°+3x%-T2x+5  (b) x°—3x>—45x+7 (© 3x*—8x%+6x°
(@ 3x°-20x°+1 (&) 2x+x*—4x° ® x*+3x2+3x+1
@ x+- w22 i x-t
x L Cox ) x
(G) x-+x,forx>0 &) l—% 0)) x2—5+5-
. . X X ’ X
m) x*(4—x). 4 - M) x3(X+6) ©) x*(1-=x)

'8 Find the ranges of each of these functions f(x), defined over the largest possible domains.

(@) x2+x+1" (b) x*—8x% © x+L
) X

74 Derivatives as rates of change

The quantities x and y in a relationship y = f(x) are often called variables, because x
can stand for any number in the domain and y for any number in the range. When you
draw the graph you have a free choice of values of x, and then work out the values of
y.So x is called the independent variable and y the dependent variable.

These variables often stand for physical or economic quantities, and then it is convenient
to use other letters which suggest what these quantities are: for example, ¢ for time, V
for volume, C for cost, P for population, and so on. ‘

To illustrate this consider a situation familiar to deep sea divers, that pressure increases with
depth below sea level. The independent variable is the depth, z metres, below the surface.

It will soon be clear why the letter d was not used for the depth. The lefter 7 is often
used for distances in the vertical direction.

The dependent variable is the pressure, p, measured in bars. At the surface the diver
experiences only atmospheric pressure, about 1 bar, but the pressure increases as the .
diver descends.

At off-shore (coastal) depths the variables are connected approximateiy by the equation

i R p=1+0.1z.

offshore

The (z.p) graph is a straight line, shown in Fig. 7.11. depths

1 The constant 0.1 in the equation is the amount that the
| pressure goes up for each extra metre of depth. This is
the ‘rate of change of pressure with respect to depth’.

0 100
If the diver descends a further distance of 8z metres, the . ¢
pressure goes up by Op bars; this rate of change is 2—1) . Fig. 7.11
Z
It is represented by the gradient of the graph.
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But at ocean depths the (z,p) graph is no longer a straight

line: it has the form of Fig. 7.12. The quantity g_P now
4

ocean
depths

represents the average rate of change over the extra depth
0z . It is represented by the gradient of the chord in Fig. 7.12.

The rate of change of pressure with respect to depth is the 104 ¢

limit of 2—1) as.8z tends to 0. The () notation, which has : Fig.7.12
4

so far been used for this limit, is not ideal because it does not mention p; it is useful to
have a notation which includes both of the letters used for the variables. An alternative

symbol % was devised, obtained by replacing the letter & in the average rate by d in
the limit. Formally,

b = lim §B .

dz 3z-0 52

There is no new idea here. It is just a different way of writing the definition of the derivative
given in Chapter 6. The advantage is that it can be adapted, using different letters, to express
the rate of change whenever there is a function relationship between two variables.

If x and y are the independent and dependent variables respectlvely
in a functional relationship, then the derivative,

(—iX = lim Q R
dx 5x>0.8x

measures the rate of change of y with respect to x.

dy
If y=1f(x),then —— =1f"(x).
y=1(x), then > =£(x)

it

oy
e

Although % looks like a fraction, for the time being you should treat it as one

inseparable symbol made up of four letters and a horizontal line. By themselves, the
symbols dx and dy have no meaning. (Later on, though, you will find that in some

ways the symbol % behaves like a fraction. This is another of its z:ldvantages overthe =

f’( ) notation.)

The notation can be used in-a wide variety of contexts. For example, if the area of burnt

grass, ¢ minutes after a fire has started, is A square metres, then d_ measures the rate
t
at which the fire is spreading in square metres per minute. If, at a certain point on the

Earth’s surface, distances of x metres on the ground are represented by distances of

d .
y metres'on a map, then Ey represents the scale of the map at that point.
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Example 74.1

A sprinter in a women’s 100-metre race reaches her top speed of 12 metres per second
after she has run 36 metres. Up to that distance her speed is proportional to the square
root of the distance she has run. Show that until she reaches full speed the rate of change
of her speed with respect to distance is inversely proportional to her speed.

Suppose that after she has run x metres her speed is S metres per second. You are
told that,up to x =36, S= kx ,and also that S=12 when x =36. So

12=k36, giving k=12=2.
The (x,S) relationship is therefore

S =2+/x for 0 < x<36.

The rate of change of speed with respect to distance is the derivative %, and the
derivative of /x (from Section 6.5) is —1— . Therefore

d—S—Zx—1 - L
24x Vx”

Since x = E, d—S can be written as z
. 2 d&x N

The rate of change is therefore inversely
proportional to her speed. . 12

If she maintains her top speed for the rest of the
race, the rate of change of speed with respect to
distance drops to O for x >36.Fig. 7.13 shows that
the gradient, which represents the rate of change, %6 100 x
gets smaller as her speed increases, and then
becomes zero once she reaches her top speed.

Fig.7.13

Example 7.4.2

A line of cars, each 5 metres long, is travelling along an open road at a steady speed of
S km per hour. There is a recommended separation between each pair of cars given by
the formula (0 185+0 00652) metres. At what speed should the cars travel to maximise
the number of cars that the road can accommodate?

Itis a good idea to write the separation formula as (aS + sz), where a=0.18 and
b=0.006. This gives a neater formula, and will also enable you to investigate the effect
of changing the coefficients in the formula. But remember when you-differentiate that a
and b are simply constants, and you can treat them just like numbers.

A ‘block’, consisting of a car’s length and the separation distance in front of it,
5+ aS+bS*

occupies 5+ aS + bS* metres of road, or 1000 km . For the largest number
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of blocks passing. a checkpoint in an hour, the time 7 (in hours) for a single block
to pass the checkpoint should be as small as possible. Since the block is moving at
speed S km per hour,

_5+aS+bS”

T ’
5 1000

_5+aS+bS?

=0001(557" +a+5S).
10008
Now follow the procedure for finding the minimum value of T'.

Step1  Since the speed must be positive, the domain is §>0.
.o dT 2
Step 2 The derivative is s =0.00 1(—55 + b) .

Step 3  This derivative is defined everywhere in the domain, and is 0 when

—%+b=0,whichisat S=\E.
S b

Step4 As S increases, Siz decreases, so —':957 + b increases. Since % is0

when S=\/§,thesignof£is—when S<\E,and+when S>\E.
b ds b b

Step5  Since % changes from —to +, T is a minimum when § = \E .

Step 6  Substituting @ =0.18 and b =0.006 gives S= % =~ 28.87 and
T =~ 0.000 526 4 at the minimum point. 00

This shows that the cars flow best at a speed of just under 29 km h™!. (Bach block
then takes approximately 0.000 526 hours, or 1.89 seconds, to pass the
checkpoint, so that the number of cars which pass in an hour is approximately

1 ~
0000526 1900.)

Example 74.3
A hollow cone with base radius @ cm and height b cm is placed on a table. What is the
volume of the largest cylinder that can be hidden underneath it?

The volume of a cylinder of radius r cm and'height # cmis V cm®, where
V=nr’h.

You can obviously make this as large as you like by choosing r and % large -
enough. But in this problem the variables are restricted by the requirement that the
cylinder has to fit under the cone. Before you can follow the procedure for finding
a maximum, you need to find how this restriction affects the values of r and 4.
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Fig.7.14 Fig.7.15

Fig. 7.14 shows the three-dimensional set-up, and Fig. 7.15 is a vertical section
through the top of the cone. The similar triangles picked out with heavy lines in
Fig. 7.15 show that  and % are connected by the equation

h b bla-r)

=—,sothat A=
a-—-r a a

Substituting this expression for 4 in the formula for V then gives

! Ve nrb(a—r) _ (—@)(arz —r3).

a

Notice that the original expression for V contains two independent variables r
and 4. The effect of the substitution is to reduce the number of independent
variables to one; A has disappeared, and only r remains. This makes it possible to
14 apply the procedure for finding a maximum.

The physical problem only has meaning if 0 <r < a, so take this interval as the
domain of the function. Differentiating by the usual rule (remembering that 7, a
and b are constants) gives

av _ (”_b)(gar ~3r2)= (’fﬁ)r(za ~3).

dr a a
. . ., dV . 9 .
The only value of r in the domain for which il 0 is a.ltis easy to check
. r
that the sign of ((iil is + for 0<r<%a and — for %a<r<a.
r

So the cylinder of maximum volume has radius 2 a, height %b and volume

3
%nazb . (Since the volume of the cone is %nazb , the cylinder of maximum

volume occupies % of the space under the cone.)
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Exercise 7C

In each part of this question express each derivative as ‘the rate of change of ... with
respect to ...”, and state its physical significance.

(a) jx—h, where h is the height above sea level, and x is the horizontal distance travelled,
along a straight road

) % , where N is the number of people in a stadium at time ¢ after the gates open

dM . . .
©) d_ , where M is the magnetic force at a distance r from a magnet
r

dv . . . . Lo .
(d) O where v is the velocity of a particle moving in a straight line at time #
t

(e) ﬁ , where g is the rate at which petrol is used in a car in litres per km, and S is the

speed of the car in km per hour

Defining suitable notation and units, express each of the following as a derivative.
(a) the rate of change of atmospheric pressure with respect to height above sea level
(b) the rate of change of temperature with respect to the time of day

(c) the rate at which the tide is rising

(d) the rate at which a baby’s weight increases in the first weeks of life

(a) Find %; where z=3t>+7:-5. (b) Find g where 8 =x—+/x.

. dx 3 ., dr 2 1
c) Find — where x=y+ . d) Find — where r=1"+—.
© dy 7 y? @ dt r N
(e) Find —(il—r? where m = (¢ +3)2. - () Find jl where f=2s°-3s%.

$
.3
(g) Find d_w where w=5¢. (h) Find dr where R =1 2r
ds dr F

A particle moves along the x-axis. Its displacement at time ¢ is x = 6¢—¢2.

(a) What does % represent?

) Is x increasing or decreasing when (i) t=1, (ii) t=47? -

(c) Find the greatest (positive) displacement of the particle. How is this connected to your
answer to part (a)?

Devise suitable notation to express each of the following in mathematical form.

(a) The distance travelled along the motorway is increasing at a constant rate.

(b) The rate at which a savings bank deposit grows is proportional to the amount of money
deposited.

(c) The rate at which the diameter of a tree increases is a function of the air temperature.
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At a speed of S km per hour a car will travel y kilometres on each litre of petrol, where

y=5+15-b5s%.
Calculate the speed at which the car should be driven for maximum economy.

A ball is thrown vertically upwards. At time ¢ seconds its heighf' h metres is given by
h =20z -5¢ . Calculate the ball’s maximum height above the ground.

The sum of two real numbers x-and y is 12. Find the maximum value of their product xy.

The product of two positive real numbers x and y is 20 Find the minimum possible value
of their sum. ‘ ‘

The volume of a cylinder is given by the formula V = nr*h. Find the greatest and least
values of V if r+h=6.

A loop of string of length 1 metre is formed into a rectangle with: one pair of opposite sides
each x cm. Calculate the value of x which will maximise the area enclosed by the string.

One side of a rectangular sheep pen is formed by a hedge The other three s1des are made
using fencing. The length of the rectangle is x metres; 120 metres of fencmg is avallable
(a) Show that the area of the rectangle is 2 x(120 x) m? '

(b) Calculate the maximum possible area of the sheep pen.

A rectangular sheet of metal measures 50 cm by 40 cm. Equal squares of s1de xcm are

“cut from each corner and discarded. The sheet is then folded up to make a tray of depth

x cm . What is the domain of possible values of x? Find the value of x,_whlch maximises
the capacity of the tray.

An open rectangular box is to be made with a square base, and its capacity is to be
4000 cm®. Find the length of the side of the base when the amount of material used to
make the box is as small as possible. (Ignore ‘flaps’.)

An open cylindrical wastepaper bin, of radius 7 cm and capacity V cm®, is to have a
surface area of 5000 cm?. '

(2) Show that V =1r(5000-7r?).

(b) Calculate the maximum possible capacity of the bin.

A circular cylinder is to fit inside a sphere of radius 10 cm. Calculate the maximum

possible volume of the cylinder. (It is probably best to take as your 1ndependent variable
the height, or half the height, of the cylinder.)

@y Miscellaneous exercise 7
Use differentiation to find the coordinates of the stationary points on the curve

4
. y =X + —_
x
and determine whether each stationary point is a maximum point or a minimum point.

Find the set of values of x for which y increases as x increases. : (OCR)
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_The rate at which a radioactive mass decays is known to be proportional to the mass

remaining at that time. If, at time 7, the mass remaining is m, this means that m and ¢

- satisfy the equation

dm

dr _ . .
where k isa positive constant. (The negative sign ensures that d— is negative, which
indicates that m is decreasing.) !

=—km

Write down similar equations which represent the following statements.

(a) The rate of growth of a populatlon of bacten_a is proport10na1 to the number, 7, of
bacteria present. ' C

(b) Whena bowl of hot soup is put in the freézer, the rate at which itstemperature, 0°C,
decreases as it cools is proportional to its current temperature. '

(c) The rate at which the temperature, 8 °C, of a cup of coffee decreases as it cools is
proportional to the excess of its temperature over the room temperature, 3 °C

A car accelerates to overtake a truck. Its initial speed is u,andina time ¢ after it starts to

accelerate it covefs a distance x, where x =uz + kt*.

Use differentiation to show that its speed is then u+ 2kt , and show that its acceleratlon is
constant. ‘
A car is travelling at 20 m s~ when the driver applies the brakes. At a time ¢ seconds later
the car has travelled a further distance x metres, where x = 20¢ - 212 Use differentiation
to find expressions for the speed and the acceleration of the car at this time. For how long
do these formulae apply?

A boy stands on the edge of a cliff of height 60 m. He throws a stone vertically upwards so
that its distance, & m, above the cliff top is given by &= 20f—5¢2.
(a) Calculate the maximum height of the stone above the cliff top.

(b) Calculate the time which elapses before the stone hits the beach, (It just misses the boy
and the cliff on the way down.)

(c) Calculate the speed with which the stone hits the beach.

Find the least possible value of x2 + y? given that x+y=10.

The sum of the two shorter sides of a right-angled triangle is 18 cm . Calculate

(a) the least possible length of the hypotenuse,

(b) the greatest possible area of the triangle.

(2) Find the stationary points on the graph of y =12x+3x2 —2x3 and sketch the graph.

(b) How does your sketch show that the equation 12x + 3x2 —2x3 = 0 has exactly three
real roots?

(c) Use your graph to show that the equation 12x +3x% —2x% =5 also has exactly three

real roots.

(d) For what range of values of k does the equation 12x +3x2 ~2x3 =k have

(i) exactly three real roots, (i) only one real root?
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9

10

11

13

14

15

Find the coordinates of the stationary points on the graph of y = x* —12x -12 and sketch
the graph.

Find the set of values of k for which the equation x* —12x —12 = k has more than one real
solution. (OCR)

Find the coordinates of the stationary points on the graph of y = x° + x*. Sketch the graph
and hence write down the set of values of the constant k for which the equation
x* + x? = k has three distinct real roots.

Find the coordinates of the stationary points on the graph of y=3x* —4x%-12x +10, and
sketch the graph. For what values of & does the equation 3x* —4x3 —12x? +10 =k have

(a) exactly four roots, (b) exactly two roots?

Find the coordinates of the stationary points on the curve with equation y = x(x — 1)%.
Sketch the curve.

Find the set of real values of k such that the equation x(x —1)> = k? has exactly one real
root. (OCR, adapted)

The cross-section of an object has the shape of a
quarter-circle of radius r adjoining a rectangle of
width x and height r, as shown in the diagram.

(a) The perimeter and area of the cross-section
are P and A respectively. Express each of
P and A interms of r and x, and hence ; x
show that A= %Pr—rz. ‘

(b) Taking the perimeter P of the cross-section as fixed, find x in terms of r for the case
when the area A of the cross-section is a maximum, and show that, for this value of x,
A is a maximum and not a minimum. (OCR)

. 1 1 T .
A curve has equation y =—~—; . Use différentiation to find the coordinates of the
X X

-stationary point and determine whether the stationary point is a maximum point or a

minimum point. Deduce, or obtain otherwise, the coordinates of the stationary point of
each of the following curves.

1 1 2 -2
a =——=—+5 b =~
@y x x? ®) J x-1 (x=1)%

The manager of a supermarket usually adds a mark-up of 20% to the wholesale prices of all
the goods he sells. He reckons that he has a loyal core of F customers and that, if he
lowers his mark-up to x % he will attract an extra k(20 — x) customers from his rivals.
Each week the average shopper buys goods whose wholesale value is £A4 . Show that with
a mark-up of x% the supermarket will have an anticipated weekly profit of

£ 735 Ax((F +20k) - kx).

Show that the manager can increase his profit by reducing his mark-up below .20%
provided that 20k > F. (OCR)
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16

17

The costs of a firm which makes climbing boots are of two kinds:
Fixed costs (plant, rates, office expenses): £2000 per week;
Production costs (materials, labour): £20 for each pair of boots made.

Market research suggests that, if they price the boots at £30 a pair they will sell 500 pairs a
week, but that at £55 a pair they will sell none at all; and between these values the graph of
sales against price is a straight line.

If they price boots at £x a pair (30 < x < 55) find expressions for

(a) the weekly sales, (b) the weekly receipts, (c) the weekly costs
(assuming that just enough boots are made).

Hence show that the weekly profit, £P, is given by
P =—20x? +1500x — 24 000
Find the price at which the boots should be sold to maximise the profit. (OCR)

Sketch the graph of an even function f(x) which has a derivative at every point.

Let P be the point on the graph for which x = p (where p >0). Draw the tangent at P on
your sketch. Also draw the tangent at the point P’ for which x =—p.

(a) What is the relationship between the gradient at P’ and the gradient at P? What can
you deduce about the relationship between f(p) and f'(—p)? What does this tell you
about the derivative of an even function?

(b) Show that the derivative of an odd function is even.

o S AT SRR S R S
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8.1

Sequences

This chapter is about sequences of numbérs. When you have completed it, you should

e know that a sequence can be constructed from a formula or an 1nduct1ve def1n1t1on
*  be familiar with triangle, factorial, Pascal and arithmetic sequences
¢ know how to find the sum of an anthmetlc series.

Constructing sequences

Here are six rows of numbers, each forming a pattem of some kind. What are the next
three numbers in each row?

- L 2 3 4 s
(© 99 97 95 93 91.. (@ 1 1.1 121 1331 14641 ...
e 2 4 8 14 22.. ® '3 1 4 1 5.

Rows of this kind are called sequences, and the separate numbers are called terms.

The usual notation for the first, second, third, ... terms of a sequence is u;, u,, 43, and
so on. There is nothing special about the choice of the letter u, and other letters such as
v, x, t and I are often used instead, especially if the sequence appears in some
application. If r is a natural number, then the rth term willbe «,, v,, x,, ¢, or I,.

Sometimes it is convenient to number the terms ug,u,,u,, ..., starting with r =0, but
you then have to be careful in referring to ‘the first term’: do you mean ug or u; ?

In (a) and (b) you would have no difficulty in writing a formula for the rth term of the
sequence. The numbers in (a) could be rewritten as 12, 22 32, 42,' 52 , and the pattern
could be summed up by writing

u.=r .
The terms of (b) are —, —, —, —, ——,s0u, =——.

1+1°2+1° 341" 441" 5+1° r+l

In (¢), (d) and (e) you probably expect that there is a formula, but it is not so easy to find
it. What is more obvious is how to get each term from the one before. For example, in
(c) the terms go down by 2 at each step,sothat u, =u; =2, uz3 =uy —2, uy =u; -2,
and so on. These steps can be summarised by the single equation

Upp) = U, — 2.
The terms in (d) are multiplied by 1.1 at each step, so the rule is
U, =1.1u,.

Unfortunately, there are many other sequences which satisfy the equation u,,; =u, —2.
Other examples are 10,8,6,4,2,... and -2,~4,-6,—-8,-10,... .
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The definition is not complete until you know the first term. So to complete the
definitions of the sequences (c) and (d) you have to write

© wu;=99and u,,,=u, -2,
(@ w=1and u,,;=11u, . -~
Definitions like these are called inductive definitions.

-Sequence (e) originates from geometry. It gives the greatest number of regions into
which a plane can be split by different numbers of circles. (Try drawing your own
diagrams with 1,2, 3, 4, ... circles.) This sequence is developed as u, =u; +2,

Uz =u, +4, uy =u, +6, and so on. Since the increments 2, 4, 6, ... are themselves
given by the formula 2r, this can be summarised by the inductive definition

w=2and u,.  =u, +2r .

For (f) you may have given the next three terms as 1, 6, 1 (expecting the eveh-placed
terms all to be 1, and the odd-placed terms to go up by 1 at each step). In fact this
sequence had a quite different origin, as the first five digits of z in decimal form! W1th
this meaning, the next three terms would be 9, 2, 6.

This illustrates an important point, that a sequence can never be uniquely defined by
giving just the first few terms. Try, for example, working out the first eight terms of the
sequence defined by

u, =r2 +(r=10)(r-2)(r-3)r-4)r- 5).

You will find that the first five terms are the same as those given in (), but the next
three are probably very different from your original guess.

A sequence can only be described unambiguously by giving a formula, an inductive
definition in terms of a general natural number r, or some other general rule.

Exercise 8A

1 Write down the first five terms of the sequences with the following definitions.

@ u =17, Uy = Uy +7 by u =13, wu., =u. -5
() u =4, u, =3u @ u=6 u,=xu
€ u =2, u,;=3u +1 O =1, u,=u2+3

2 Suggest inductive definitions which would produce the following sequences.

(@ 2 4 6 8 10 ... ® 11 9 7 5 3
() 2 6 10 14 18 .. @ 2 6 18 54 162

1 1 1 1 1 1 1 1
(e) § 5 —27 —1 (f) 30 -Za ga —lga
(g) b-2¢c b-c b b+c ... h 1 -11 -11

3 2

N~ P PP . & a
i) 5 5 = . — — a b
() q3 qz q (J) bz b .
& x* 5x% 25x ... M 1 1+x (1+x)* (1+x)°

N
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3 Write down the first five terms of each sequence and give an inductive definition for it.

(a) u, = 2r+3 (b) u, = r2 © u = %r(r +1)
) w=3rr+D@r+1) (€ u,=2x3 () wu, =3x5""
4 For each of the following sequences give a possible formula for the rth term.
@ 9 8 7 6 .. (by 6 18 54 162
© 4 7 12 19 ... d 4 12 24 40 60 ...
1 3 5 1 2 5 10 17
© 75567 - ® 37 3 1%

E e e T e

82 The triangle number sequence

The numbers of crosses in the triangular patterns in : - X
Fig. 8.1 are called triangle numbers. If 7, denotes the X §>< v §§X
rth triangle number, you can see by counting the X XX XXX XXXX
numbers of crosses in successive rows that h Iz I3 I4
=1 t,=14+2=3, t3=1+2+3=6, Fig.8.1
X
and in general f, =1+2+3+...+r, where the dots §§X
indicate that all the natural numbers between 3 and r X X X X
. . . . x x x x x
have to be included in the addition. XXX %
. X XXX XX X
Fig. 8.2 shows a typical pattern of crosses forming a XXXXXXXX
i .. a XXX X XXX XX
iangle number ¢, . (It is in fact drawn for r =9, but :
any other value of 7 could have been chosen.) An ’
easy way of finding a formula for ¢, is to make a Fig. 8.2
similar pattern of ‘noughts’, and then to turn it upside
down and place it alongside the pattern of crosses, as
in Fig. 8.3. X000000000
in Fig 8.3. The noughts and crosses.togethfer then XX OOOOOAOD
make a rectangular pattern, » + 1 objects wide and XXX0000000
K ; ] ; ; XXXXO00000 |.
r objects high. So the total number of objects is XXX O0000 »
r(r+1), half of them crosses and half noughts. The XXXXXX0O00O0
. XXXXXXXO0O0
number of crosses alone is therefore CRXIEINIXOO
. XXXXXXXXXO
tr=7r(r+l). ‘ r+1
This shows that: Fig.8.3

The sum of all the natural numbers from 1 to r

is %r(r+1).
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You can put this argument into algebraic form. If you count the crosses from the top
downwards you get

=1 + 2 + 3 + ... +(@=-2+@-D+ r,

but if you count the noughts from the top downwards you get
t,= r +(@r-D+0r-2)+ ... + 3 + 2 + 1.

Counting all the objects in the rectangle is equivalent to adding these two equations:
2t, =(r+ D)+ +D+(r+D)+ ... +@F+D+F+D)+(+1).

with one (r +1) bracket for each of the r rows. It follows that 2¢, = r(r + 1), so that

It is also possible to give an inductive definition for the sequence ¢, . Fig. 8.1 shows that
to get from any triangle number to the next you simply add an extra row of crosses
underneath. Thus ¢, =, +2,t, =t, + 3,1, =t; +4, and in general

t

r

a =L+ (r+1).

You can complete this definition by specifying either #; =1 or t; = 0.If you choose
to =0, then you can find £, by putting r =0 in the general equation, as
5 =t,+1=0+1=1.So you may as well define the triangle number sequence by

to=0 and ¢, =t +(r+1), wherer=0,1,2,3,....

r

The factorial sequence

If, in the definition of ¢, , you go from one term to the next by multiplication rather than
addition, you get the factorial sequence

fou=f.x(r+1), wherer=0,1,2,3,....

There would be little point in defining f; to be 0 (think about why this is); instead take f; to
be 1. (This may seem strange, but you will see the reason in the next chapter.) You then get

f=fox1=1x1=1, f,=/ix2=1x2=2, f=f,x3=2x3=6,
and if you go on in this way you find that, for any r=1,
[ =1x2x3x...xr.

This sequence is so important that it has its own special notation, r!, read as ‘factorial r’
or ‘ r factorial’ (or often, colloquially, as ‘ » shriek’).

Factorial ris defined by 0'=1and (r +1)1=r! x(r+1), wherer=0,1,2,3,... .

For r=1, r!is the product of all the natural numbers from 1 to r.

N ‘
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Many calculators have a special key labelled [r!]. For small values of -n the display
gives the exact value, but the numbers in the sequence increase so rapidly that from
about n =14 onwards only an approximate value in standard form can be displayed.

Pascal sequences

Another important type of sequence based on a multiplication rule is a Pascal sequence.
You will find in the next chapter that these sequences feature in the expansion of
expressions like (x +y)". A typical example has an inductive definition

po=1 and 'p,+1=—_1p,, where r =0,1,2,3,... .

r+l1

Using the inductive definition for r =0,1,2,... in turn produces the terms
p1=6’ p3=%p2=4’
( 1)

“%-ps =0, andsoon.

“You will see that at a certain stage the sequence has a zero term, and because it is formed

by multiplication all the terms after that will be zero. So the complete sequence is
.1,4,6,4,1,0,0,0,0,0,....

This is only one of a'family of Pascal sequences, and its terms also have a special

4 4
notation, (‘:) . For example, ( 0) =1, (1) =4, G) =6, and so on. Other Pascal

sequences have numbers different from 4 in the multiplying factor.

The general definition of a Pascal sequence, whose terms are denoted by (:lj, is

‘n n n-r(n
(0)—1 and (r+1)_m(r1’ where r =0,1,2,3,... .

Check for yourself that the Pascal sequences for n=0,1,2,3 are

0, 0, 0, O,

I

]
W N = o

1, 0, 0, O,
2, 1, 0, 0O,
3, 3,1, 0

IS - T T
e e

s ’ ) 3 PR B i

The complete pattern of Pascal sequences, without the trailing zeros&"is called Pascal’s
triangle. Its earliest recorded use was in China, but Blaise Pascal (a French
mathematician of the 17th century, one of thé originators of probability theory) was one
of the first people in Europe to publish it. It is usually presented in isosceles form

(Fig. 8.4),-drawing attention to the symmetry of the sequénce. But for its algebraic
applications the format of Fig. 8.5 is often more convenient, since each column then
corresponds to a particular value of r.



CHAPTER 8: SEQUENCES 119

1 1
1 1 1 1
1 2 1 1 2 1
1 3 3 1 1 3 3 1
1 4 6 4 1 1 4 6 4 1
Fig. 8.4 Fig.85

You may be surpriséd to notice that every number in the pattern in Fig. 8.4 except for
- the 1s is the sum of the two numbers most closely above it.

You have seen these numbers before: look back at sequence (d) in Section 8.1.

Exercise 8B

1 Using Fig. 8.3 as an example,

(a) draw a pattern of crosses to represént the rth triangle number ¢, ;

(b) draw another pattern of noughts to represent £,_;;

(c) combine these two patterns to show that ¢, +7,_; = r”.

(d) Use the factthat ¢, = %r(r-+ 1) to show the result in part (c) algebraically.

2 (a) Find an expression in terms of r for ¢, —¢,_; forall r=1.

(b) Use this result and that in Question 1(c) to show that #,2 —¢,_;% = r>,

(¢) Use part (b) to write expressions in terms of triangle numbers for 13, 23, 33, vy 13 -

Hence show that 1° +23+3% + ... +n® = L 4% (n+1)%.
4

3 Without using a calculator, evaluate the follbwing.

8! o
@ 7 ® 3 , 9

4 Write the following in terms of factorials.

(a) 8xTx6x%5 (b) 9x10x11x12 () n(n-DH(n-2)
(d) n(n2 - 1) _ . (e) n(n+1)(n+2)(n+3) @ (r+6)(n+5)(n+4)
(g 8x7! : ) nx(n—1)
5 Simplify the follow_ing..
@ 2 () 231- 22! © rl) @ (n+Di-n!
1 : : : n!
6 Show that (Z—n')!=2”(1><3><5><...><(2n—1)).
n.

7 Use the inductive definition in Section 8.4 to find the Pascal sequences for
‘ (@) n=5, ®d) n=6, (c) n=8.
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8 Use the inductive definition for (’:) to show that (

9)_9><8><7
!

= , and show that this can be
6) 1x2x3

written as

6!x3!

Use a similar method to write the following in terms of factorials.

11 b 11 10 4 12 ' © 12
(@) 4 (b) - © 5 (@ 3 9 |4
n!

————— . Assuming this
rIx (n—r)! &

9 The answers to Question 8 suggest a general result, that (n) =
to be true, show that (;l) = ( " ) .

n—r
10 Show by direct calculation that

6) (6 7 (8 8 9
o GHE-E o B
Write a general statement, involving »n and r, suggested by these results.

11 The Pascal sequencefor n=2is 1 2 1.
The sum of the terms in this sequence is 1+2+1=4.

Investigate the sum of the terms in Pascal sequences for other values of 7.

Arithmetic sequences

An arithmetic sequence, or arithmetic progression, is a sequence whose terms go up
or down by constant steps. Sequence (c) in Section 8.1 is an example. The inductive
definition for an arithmetic sequence has the form

wy=a, u,=u+d.
The number 4 is called the common difference.
Sequence (c) has first term a =99 and common difference d =-2.

Example 8.5.1

Senne would like to give a sum-of money to a charity each year for 10 years. She
decides to give $100 in the first year, and to increase her contribution by $20 each year.
How much doés she give in the last year, and how much does the charity receive from
her altogether?

Although she makes 10 contributions, there are only 9 increases. So in the last
year she gives $(100+ 9x 20) = $280.

If the total amount the charity receives is $ .5, then

$=100+120+140 +...+7240 + 260 + 280.

With only 10 numbers it is easy enough to add these up, but you can also find the
sum by a method similar to that used to find a formula for ¢,. If you add up the
numbers in reverse order, you get
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S =280 +260 + 240 + ... +140 + 120 + 100. 100

XX XXX
XXXXXX
. . . XXX XXXX
Adding the two equations then gives ooRoSeloRoleol
XXXXXXXXXX
. XXXXXXXXXXX
—_ . X XXX X
25 =380 +380+380 +...+ 380 + 380 + 380, oReRoRoleleRolobeleRoRol
’ XXXXXXXXXXXXXX

where the number 380 occurs 10 times. So 280
! Fig. 8.6
25 =380x10=3800, giving S =1900.
Over the 10 years the charity receives $1900. 100 280

XXXXX00000000000000
XXXXXX0000000000000
XXXXXXX000000000000

This calculation can be illustrated with diagrams similar to XXXXXXXX00000000000
. N . . . XXXXXXXXX0000000000
Figs. 8.2 and 8.3. Senne’s contributions are shown by Fig. 8.6, XXXXXXXXXX000000000
) . K . XXXXXXXXXXXO0O0000000
with the first year in the top row. (Each cross is worth $20.) LXXXXXXXXXXX 90000

X000
XXXXXXXXXXXXXO000000
XXXXXXXXXXXXXXO0O0000

In Fig. 8.7 a second cop'y, with noughts instead of crosses, is 230 100

put alongside it, but turned upside down. There are then 10
rows, each with 19 crosses or noughts and worth $380. Fig.8.7

Two features of Example 8.5.1 are typical of arithmetic progressions.

e  They usually only continue for a finite number of terms.
e Itis often interesting to know the sum of all the terms. In this case, it is usual to
describe the sequence as a series.

In Example 8.5.1, the annual contributions
100,120,140,... ,240, 260,280

* form an arithmetic sequence, but if they are added as
100 +120 +140 +...+240 + 260 + 280

they become an arithmetic series.

If the general arithmetic sequence
a,a+d,a+2d,a+3d,...

has » terms in all, then from the first term to the last there are n—1 steps of the
~ common difference d . Denote the last term, u,, by /. Then

I=a+(n-1)d.

From this equation you can calculate any one of the four quantities a,,n, d if you
know the other three.

Let S be the sum of the arithmetic series formed by adding these terms. Then it is
possible to find a formula for S in terms of @, n and either d or [.
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Method 1  This generalises the argument used in Example 8.5.1.
The series can be written as

S= a +(@+d)+(a+2d)+...+(1-2d) +(I-d) +1.
Turning this back to front,

S= [ +(-d)+(-24d) +...+(a+2d)+(a.+d)+a.
Adding these,

2S=(a+D+(a+ D+ (a+D +...+ (a+1) +(a+) +{a+]),
where the bracket (a+ 1) occurs 7 times. So

1

28 =n(a+1), which gives S=:n(a+1).

N

Method 2  This uses the formula for triangle numbers found in Section 8.2.
In the series

S=a+(a+d)+(a+2d)+...+(a+(n-1)d)
you can collect separately the terms involving a and those involving d:
S=(a+a+..+a)+(1+2+3+...+(n-1)).

In the first bracket a occurs n times. The second bracket is the sum of the natural
numbers from 1to n—1,or #,_;; using the formula z, = %r(r +1) with r=n~1 gives
this sum as

f,y = %(n—l)((n—1)+1) = %(n—l)n .
Therefore
S=na +%(n —nd = %n(2a +(n—1)d).

Sincé [ =a+(n—1)d, this'is the same answer as that given by method 1.

Here is a summary of the results about arithmetic series.

An arithmetic series of n terms with first term a
and common difference d has last term

I=a+(n-1)d

and sum

S=%n(a+l) =%n(2a+(n—1)d).
ZUEE e
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Example 8.5.2
Find the sum of the first » odd natural numbers.
Method 1  The odd numbers 1,3, 5,... form an arithmetic series with first term
a =1 and common difference d =2.So
S= %n(2a+(n—1)d) = %n(2+(n—1)2) = %n(2n) =n*.
Method 2  Take the natural numbers from 1 to 2n, and remove the # even
numbers 2,4,6,...,2xn. You are left with the first » odd numbers.
The sum of the numbers from 1 to 2n is ¢, where r =2n, that is
by = %(2n)(2n +1)=n(2n+1).
. The sum of the n even numbers is
2+4+46+...+2n=2(1+2+3+...+n)=2t, =n(n+1).
So the sum of the first # odd numbers is
n(2n+1)—n(n+1)=n(2n+1)-(n+1))= n(n) =n?. X XXX XXX
X XXX IX XX
Method 3  Fig. 8.8 shows a square of n rows with n crosses X X XIXIXIXIX
in each row (drawn for n = 7). You can count the crosses in the X X X XIXIXiX
square by adding the numbers in the ‘channels’ between the X X X X XXX
dotted L-shaped lines, which gives XXX XX XX
XX XX X X X
2
n"=1+3+5+... (to n terms). Fig. 8.8
Example 8.5.3 ,
A student reading a 426-page book finds that he reads faster as he gets into the subject.
He reads 19 pages on the first day, and his rate of reading then goes up by 3 pages each
day. How long does he take to finish the book?
You are given that a=19, d = 3 and S=426. Since S = %n(2a+ (n—-1)d),
426 = 2n(38+(n—-1)3),
852 = n(3n+35),
3n® +35n-852=0.
Using the quadratic formula,
. 353352 —4x3%(-852) —35+107
2x3 6
Since n must be positive, n= M = B =12. He will finish the book in 12 Fdays.

6 6
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Exercise 8C

1 Which of the following sequences are the first four terms of an arithmetic sequence? For
those that are, write down the value of the common difference.

(@ 7 10 13 16 ... ®) 359 15 .. (¢ 1 0.1 001 0.001

d 4 2 0 -2 .. ) 2 -3 4 -5 ... (® p-29gp-qpptq..
@ 4a 3a ta ta ... () x 2x 3x 4x

2 Write down the sixth term, and an expression for the rth term, of the arithmetic sequences
which begin as follows.

(@ 2 4 6 ... (b) 17 20 23 ... © 5 2 -1
d 13 17 21 .. e 1 13 2 .. ® 73 67 61
@ x x+2 x+4 ... (h) 1-x 1 l+x

3 In the following arithmetic progressions, the first three terms and the last term are given.
Find the number of terms. '

(@ 4 5 6 .. 17 () 3 9 15 ... 525

() 8 2 -4 ... —202 @ 2§ 31 43 132

(e) 3x 7x llx ... 43x " -3 -1 0 ... 12

@® 1 33 22 (h) 1-2x 1-x 1 ... 1+25x
4 Find the sum of the given number of terms of the following arithmetic series.

(a) 2+5+8+... (20 terms) (b) 4+11+18+... (15 terms)

(©) 8+5+2+.... (12 terms) () F+1+13+.. (58 terms)

(e) T+3+(-D+... (25 terms) ® 1+3+5+... (999 terms)

(g) a+5a+9a+... (40 terms) (hy -3p—-6p—-9p—... (100 terms)
5 Find the number of terms and the sum of each of the following arithmetic series.‘

(@ S5+7+9+...+111 (b) 8+12+16+...+84

(c) 7+13+19+...+277 d) 8+5+2+...+(-73)

() -14-10-6—-...+94 ) 157+160+163+...+529

(g) 10+20+30+...+10000 (h) 18+12+06+...+(-342)

6 In each of the following arithmetic sequences you are given two terms. Find the first term
and the common difference. i

(a) 4thterm=15, O9thterm =35 (b) 3rdterm =12, 10thterm =47

(¢) 8thterm=3.5, 13thterm=5.0 (d) Sthterm=2, 1lthterm=-13

(e) 12thterm=-8, 20thterm=-32 -(f) 3rdterm=-3, 7thterm=5 *

(g) 2ndterm=2x, llthterm=-7x (h) 3rdterm=2p+7, 7thterm= 4};+ 19
7 Find how many terms of the given arithmetic series must be taken to reach the given sum. ‘

(@) 3+7+11+..., sum =820 (b) 8+9+10+..., sum=162

(¢) 20+23+26+..., sum =680 (d) 27+23+19+..., sum=-2040

() 1.1+13+15+..., sum=1017.6 () -11-4+3+..., sum=2338
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10

11

A squirrel is collecting nuts. It collects 5 nuts on the first day of the month, 8 nuts on the
second, 11 on the third and so on in arithmetic progression.

(a) How many nuts will it collect on the 20th day?
(b) After how many days will it have collected more than 1000 nuts?

Kulsum is given an interest-free loan to buy a car. She repays the loan in unequal monthly
instalments; these start at $30 in the first month and increase by $2 each month after that.
She makes 24 payments.

(a) Find the amount of her final payment. (b) Find the amount of her loan.

(a) Find the sum of the natural numbers from 1 to 100 inclusive.
(b) Find the sum of the natural numbers from 101 to 200 inclusive.

(c) Find and simplify an expression for the sum of the natural numbers from n+1 to 2n
inclusive.

An employee starts work on 1 January 2000 on an annual salary of $30,000. His pay scale
will give him an increase of $800 per annum on the first of January until 1 January 2015
inclusive. He remains on this salary until he retires on 31 December 2040 . How much will
he earn during his working life?

Miscellaneous exercise 8

A sequence is defined inductively by u,.; =3u, —1 and u, =c. ,
(a) Find the first five terms of the sequence if (i) ¢ =1, (ii) ¢ =2,(1ii) ¢ =0,(@1v) c = %

(b) Show that, for each of the values of ¢ in part (a), the terms of the sequence are given
by the formula u, = %— +bx 3" for some value of b.

(c) Show that,if u, =1 +bx3" for some value of r, then u,,, =5 +bx3""".
The sequence u;,u,,us,... is defined by
w =0, Uy =(2+u).
Find the value of u,.
The éeéuence Uy, Uy, Us, ..., where u, is a given real number, is defined by

f 2
Uy = (4—u,,) . :
(a) Given that =1, evaluate u,, u; and u,, and describe the behaviour of the sequence.
(b) Given alternatively that u, =6, describe the behaviour of the sequence.

(c) For what value of u will all the terms of the sequence be equal to each other?
(OCR, adapted)

The sequence u;,U,,us,..., where u; is a given real number, is defined by
Uns1 = ”n‘2 -1
(a) Describe the behaviour of the sequence for each of the cases u; =0,u; =land y; =2.
(b) Given that u, =u,, find exactly the two possible values of .
(c) Given that us =u;, show that u,* — 2u,> —u, =0. ' (OCR)
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5§ The rth term of an arithmetic progression is 1+ 4r. Find, in terms of », the sum of the
first n terms of the progression. (OCR)

6 The sum of the first two terms of an arithmetic progression is 18 and the sum of the first
four terms is 52 . Find the sum of the first eight terms. (OCR)

7 The sum of the first twenty terms of an arithmetic progression is 50, and the sum of the
next twenty terms is —50 . Find the sum of the first hundred terms of the progression.
(OCR)

8 An arithmetic progression has first term ¢ and common difference —1. The sum of the first
n terms is equal to the sum of the first 3n terms. Express a in terms of 7. (OCR)

1 9 Find the sum of the arithmetic pfo'gression 1,4,7,10,13,16,...,1000.
§

Every third term of the above progression is removed, i.e. 7,16, etc. Find the sum of the
remaining terms. (OCR)

10 The sum of the first hundred terms of an arithmetic progression with first term a and
common difference d is T. The sum of the first 50 odd-numbered terms, i.e. the first,
third, fifth, ... , ninety-ninth, is %T —1000 . Find the value of 4. (OCR)

11 Inthe sequence 1.0,1.1,12,...,99.9,100.0, each number after the first is 0.1 greater than
the preceding number. Find
(a) how many numbers there are in the sequence,

(b) the sum of all the numbers in the sequence. ' (OCR)

12 The sequence u,,u,,us,... is defined by u, =2n*.
(a) Write down the value of u,.
(b) Express u,,, —u, in terms of », simplifying your answer.

(c) The differences between successive terms of the sequence form an arithmetic
progression. For this arithmetic progression, state its first term and its common
difference, and find the sum of its first 1000 terms. (OCR)

13 A small company producing children’s toys plans an increase in output. The number of
toys produced is to be increased by 8 each week until the weekly number produced reaches
1000. In week 1, the number to be produced is 280; in week 2, the number is 288 ; etc.
Show that the weekly number produced will be 1000 in week 91.

From week 91 onwards, the number produced each week is to remain at 1000. Find the
total number of toys to be produced over the first 104 weeks of the plan. (OCR)

14 1In 1971 a newly-built flat was sold with a 999 -year lease. The terms of the sale included a
requirement to pay ‘ground rent’ yearly. The ground rent was set at £28 per year for the
first 21 years of the lease, increasing by £14 to £42 per year for the next 21 years, and
then increasing again by £14 at the end of each.subsequent period of 21 years.

» (a) Find how many complete 21;year periods there would be if the lease ran for the full
| 999 years, and how many years there would be left over.

{(b) Find the total amount of ground rent that would be paid in all of the complete 21-year
periods of the lease. (OCR)
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15

16

17

An arithmetic progression has first term a and common difference 10. The sum of the first
n terms of the progression is 10 000. Express a in terms of r, and show that the nth term
of the progression is

10090, 5(5-1y.
n

Given that the »nth term is less than 500, show that n* —101n+2000 < 0 and hence find
the largest possible value of 7. (OCR)

Three sequences are defined inductively by - -

(@) wup=0and u, 4 =u +(@2r+l),

®) uy=0,uyy=1and u,  =2u, ~u,_, for r=1,

© uy=1,u =2and u,,; =3u, -2u,_, for r=1.

For each sequence calculate the first few terms, and suggest a formula for u, . Check that
the formula you have suggested does in fact satisfy all parts of the definition.

A sequence F; is constructed from terms of Pascal sequences as follows:

) () - () Qo
Fn=(g)+(”1‘1)+...+(n1_1)+(2)

Show that terms of the sequence F, can be calculated by adding up numbers in Fig. 8.5
along diagonal lines. Verify by calculation that, for small values of n, F, ., =F, + F,_;.
(This is called the Fibonacci sequence, after the man who introduced algebra from the
Arabic world to Italy in about the year 1200.)

Use the Pascal sequence property (rrz) + (r :l_ 1) = (n " 1) (see Exercise 8B Question 10} to

explain why F, + F, = F; and F, + F; = F;.




9

9.1

The binomial theorem

This chapter is about the expansion of (x+y)", where n is a positive integer (or zero).
When you have completed it, you should

e be able to use Pascal’s triangle to find the expansion of (x +y)" when n is small
e know how to calculate the coefficients in the expansion of (x +y)" when n is large

e Dbe able to use the notation (r) in the context of the binomial theorem.

Expanding (x + y)"

The binomial theorem is about calculating (x +y)” quickly and easily. It is useful to
start by looking at (x +y)" for n=2,3and 4.

The expansions are:

(x+_y)2=x(x+y)+y(x+'y)=x2+2xy+y2,

G+yP =+ +y) =@ +y) (2 + 20 +57)

x(x2+2xy+y2)+y(x2+2xy+y2)
= x + 2x2y + xy2

+ x2y + 2xy2 + y3

2+ 3x%y + 3x?% + 3,

(x+)" = (x4 Dx+9)° = (x+2)(x* +3x% + 30 +5°)
=x(x3+3x2y+3xy2+y3)+y(x3+3x2y+3xy2+y3)
= x* + 3% + H? +

+ x3 o+ xH? o+ 3y o+ oyt

= x* + 43y + 6&xH? + 4xy® + yh

You can summarise these results, including (x + y)1 , as follows. The coefficients are in
bold type.

(x+y)' =1x + 1y
(x +y)2 =1x2 +2xy +1y?
(x+ y)3 =1x" + 3)62y+3xy2 +1y3
(x+y) =1x* + 4x3y- +6xzy2 +4xy3 +1y*
Study these expansions carefully. Notice how the powers start from the left with x”.

The powers of x then successively reduce by 1, and the powers of y increase by 1 until
reaching the term y”.
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Notice also that the coefficients form the pattern of Pascal’s triangle, which you saw in
Section 8.4 and which is shown again in Fig. 9.1.

A simple way of building up Pascal’s Row 1 1 1

triangleis as follows: start with 1; then add Row 2 1 2 1

pairs of elements in the row above to get the Row 3 1 3 3 1
entry positioned below and between them Row 4 1 4 \6/ 4 1

(as the arrows in Fig. 9.1 show); complete

the row with a 1. This is identical to the way

in which the two rows are added to give the

final result in the expansions of (x +y)® and (x+ y)* on the previous page.

You should now be able to predict that the coefficients in the fifth row are
1 5 10 10 . 5 1
and that

(x+ y)5 =5 + 5x4y + 10;\¢3y2 + 10x2y3 + 5xy4 + y5.

Example 9.1.1
Write down the expansion of (1+y)°.

Use the next row of Pascal’s triangle, continuing the pattern of powers and
replacing x by 1: >

1+ =(°+6(1)°y +15(1)*y* +20(1)°y* +15(1)2y* + 6(1)y° + ¥°

=1+ 6y +15y> +20y3 +15y% + 6y° + °.

Example 9.1.2
Multiply out the brackets in the expression (2x +3)*.

Use the expansion of (x +y)*, replacing x by (2x) and replacing y by 3:
(2x+3)* = (2x)* +4x (2x)* x3+6 % (2x)? x 3% + 4 x (2x) x 3% +3*

=16x* +96x> +216x% +216x +81.

Example 9.1.3
‘Expand (x2 + 2)3.

(x2 +2)3= (Jc2)3+3><(J\¢2)2><2+3><x2 x22+23 = x5 +6x* +12x2 +8.
Example 9.1.4
Find the coefficient of x* in the expansion of (3x — 4)°.
The term in x* comes third in the row with coefficients 1, 5,10,... . So the term is
10 % (3x)° x (—4)* =10 %27 X 16x° = 4320x>.

The required coefficient is therefore 4320.
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Example 9.1.5
Expand (l +2x+ 3x2)3 .

To use the binomial expansion, you need to write 1+2x+ 3x? in a form with two
terms rather than three. One way to do this is to consider (1 + (2x +3x2 ))3 Then

(1+ (2x+3x2))3= 1P+3%1% x (22 +3x%) + 3x 1 (22 +3x%) % (20 + 322)°.
Now you can use the binomial theorem to expand the bracketed terms:
(1+2x+32°)°=1+3(2x +3x7) + 3((2x52=+éx(2x)x (3x7)+ (3x2)2)
+ ((2x)3 +3%(2x)2 x (3x%)+3% (20) x(3x%) 2+ (322)%)
=1+(6x+9x%) +(12x% +36x° +27x*)
+(8x +36x* +54x° +27x°)
=1+6x +21x% + 44x> + 63x* +54x° + 275,

In this kind of detailed work, it is useful to check your answers. You could do this by
expanding (1 +2x+ 3x2)3 in the form ((1 +2x)+ 3x2)3 to see if you get the same
answer. Rather quicker is to give x a particular value, x =1 for example. Then the left
side is (1+2+3)> =6° = 216; the right is 1+6+21+44 +63+54+27 =216. Itis
important to note that the results are the same, it does not guarantee that the expansion
is correct; but if they are different, it is certain that there is a mistake. '

Exercise 9A

1 Write down the expansion of each of the following.

@ (x+y) () (5x+3y)’ © (4+7p)’ @ (-8
© (1-5x%)? @ (2+x°)? @ (*+y*)° O (32> +2y°)°
2 Write down the expansion of each of the following. o o
@ (x+2)° ® (p+3q)° © (1-4x)’ @ (1-x%)’
3 Find the coefficient of x in the expansion of
(@ (Gx+7)?, () (2x+5)°.

4 Find the coefficient of x? in the expansion of
(@) (4x+5)°, (b (1-3x)*

5 Expand each of the following expressions.
@ (1+2x)° ® (p+29)° © (2m=3n) @ (t+1x)

6 Find the coefficient of x? in the expansion of
(@ (1+3x)°, (b) (2-5x)*.

7 Expand (1 +x+2x° ) 2 Check your answer with a numerical substitution.

8 Write down the expansion of (x +4)° and hence expand (x +1)(x +4)*.
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9 Expand (3x+2)2(2x+3)°.
10 In the expansion of (1+ax)*, the coefficient of x? is 1372. Find the constant a.
11 Expand (x+y)".

12 Find the coefficient of x6y6 in the expansion of (2x + y)'2.
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9.2 The binomial theorem

The treatment given in Section 9.1 is fine for finding the coefficients in the expansion of
(x+y)" where n is small, but it is hopelessly inefficient for finding the coefficient of
x!'y* in the expansion of (x + y)15 . Just think of all the rows of Pascal’s triangle which
you would have to write out! What you need is a formula in terms of » and r for the
coefficient of x”~"y” in the expansion of (x+y)".

Fortunately, the nth row of Pascal’s triangle is the ath Pascal sequence given in

Section 8.4. It was shown there that

n n n-r(n
(0)—'1 and (r+1)_r+1(r)’ where r =0,1,2,... .

In fact, you can write Pascal’s triangle as

Row 1 (é)

5 0 0
S N
e (B O 0

and so on.

This enables you to write down a neater form of the expansion of (x +y)”".

The binomial theorem states that, if 7 is a natural number,

(x+ }’)n = (g)x" + (T)x"‘ly + (;)x"—zyz +o.t (Z)y".

To calculate the coefficients, you can use the inductive formula given at the

- . Lo 4
beginning of this section to generate a formula for (’Z) For example, to calculate (2) ,
start by putting n =4 . Then

4 4\ 4-0(4) 4 4 4 4-1(4\ 3 4 4x3
=1,s0 = =—x1=—,and =— =—X—=—",
0 1) 04110/ 1 1 2) 1+1\1) 271 1x2
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In the general case,

n ny n-0 n () n-1/n) n-1_n n{n-1)
:1, = X1=—-, = = X — = s
0 1 0+1 1 2) 1+1Q1 2 1 1x2

n)z n(n—l)..'.(n—(r—l)).

r I1X2X...Xr

Continuing in this way, you find that (

. (nY.
You can also write (r) in the form

(n)_ n(n—l)...(n—(r—l))x(n——r)x(n—r—l)x...x2><1 . .n
r) I1X2x%...xr (n—r)><(n—r—1)><...x2><1_r!(n—r)!'

Notice that this formula works for r =0 and r = n as well as the values in between,
since (from Section 8.3) 0!'=1.

The binomial coefficients are given by

(n)zn(n—l)...(n—(r—l))’ or (

r IX2X...xr

When you use the first formula to calculate any particular value of (’:), such as (lf) or
12 . . .

( - ) , it is helpful to remember that there are as many factors in the top line as there are

in the bottom. So you can start by putting in the denominators, and then count down

from 10 and 12 respectively, making sure that you have the same number of factors in
the numerator as in the denominator.

10y 10x9x8x7 12} 12x11x10X9X8XT%6
=—— =210, = =792.
4 1x2x3x4 7 I1X2%x3X4X5%6x7
Many calculators give you values of (’:), usually with a key labelled [,,C,]. To find (1‘?)

you would normally key in the sequence [10, .C,, 41, but you may need to check your
calculator manual for details. ’

Example 9.2.1 ,
Calculate the coefficient of x''y* in the expansion of (x +y)*°.

=1365.

The coefficient is (15) = H—XM

4 1x2%x3%x4
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. . n
One other step is required before you can be sure that the values of (r) are the values

that you need for the binomial theorem. In Fig. 9.1 you saw that each term of Pascal’s
triangle, except for the 1s at the end of each row, is obtained by adding the two terms
immediately above it. So it should be true that

BIRGAN

For example:

6 6) 6x5x4 6x5x4x3 6xX5x4x4+6x5x4x3
(J+(4)_1x2x3+1x2x3x4= I1x2x3%x4
_ 6x5x4
T 1x2x3x4
_Ix6x5%x4
T 1x2x3x4

)

1
The proof that (" + " ]isnot easy. You may wish to accept the result and
r+1 r r+1

omit the proof, and jump to Example 9.2.2.

x{4+3)

To prove this result, start from the right side.

(n]_,_( n J:"("_l)"'(”_(r_l))+» n(n—-1)...(n—r)

r) \r+l Ix2x..xr Ix2x...xrx(r+1)

_ n(n=1)...(n—(r-1))x(r +)+n(n-1)...(n—r)

IX2x...Xrx(r+l)

_n(n-1)...(n-

I1x2x..xrx(r+1)

(n+Dn(n-1)...(n+1)-r)

I1x2x...xrx(r+1)
n+l
“r+l)
This completes the chain of reasoning which connects Pascal’s triangle with the binomial
coefficients.

The following example is one in which the value of x is assumed to be small. When this is
the case, say for x = 0.1, the successive powers of x decrease by a factor of 10 each time
and become very small indeed, so higher powers can be neglected in approximations.
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In Example 9.2.2 you are asked to put the terms of a binomial expansion in order of
ascending powers of x.This means that you start with the term with the smallest
power of x,then move to the next smallest, and so on.

Example 9.2.2

Find the first four terms in the expansion of (2—3x)' in ascending powers of x. By

putting x = ﬁ, find an approximation to 1.97'° correct to the nearest whole number.

(2-30)19 =2+ (110)3 2% x (=3x) + (lé))x 28 % (-3x)2 + (130) x 27 x (-3x)é +..

10x9

: 8
= 1024 ~10x 512 3x + - x 256 x 93 _10x9x8

1x2x3
=1024 —15 360x + 103 680x2 — 414 720x3 +....

x128% 27x% +...

The first four terms are therefore 1024 — 15 360x + 103 680x% — 414 720x>.

. _ 1 .
Putting x = 155 gives

10 1 1)2 133
1.97° = 1024 —15 360X 135 + 103 680 x (745) — 414 720x (1})
=880.35328.

" Therefore 1.97'° ~880.

The next term is actually (If) %25 x (3x)* =1088 640x* = 0.010 886 4 and the rest are
very small indeed. ’ '

Exercise 9B

1 Find the value of each of the following.

ol ) el el
© @ ® (f)  ® G(l)j o () (520 )

2 Find the coefficient of x* in the expansion of each of the following.

@ (1+x)° ® (1-x»° © 1+ @ (-
3 Find the coefficient of x3 in the expansion of each of the following.

@ 2+x) ®) (3-x)° © (@+2x)° @ (1-1x)
4 Find the coefficient of x%y® in the expansion of each of the following.

, 14

(@ (x+y)" b Q2x+y)* © (Bx-2y)* @ (4x + %}’)
5 Find the first four terms in the expansion in astending powers of x of the following.
@ (1P ® (1-x" © (1+30)"° @ -52)
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w7

2 9

10

11

12

13

EREEETsEnnsnEnsy $ Miscellaneous exercise 9

~ 1

2

Find the first three terms in the expansion in ascending powers of x of the following.
@ (1+x)7? ® (-2 (© (1-4x)" @ (1+6x)"”

Find the first three terms in the expansion, in ascending powers of x,of (1+2x)®. By
substituting x = 0.01, find an approximation to 1.028,

Find the first three terms in the expansion, in ascending powers of x, of (2+ 5x)'2. By
substituting a suitable value for x, find an approximation to 2.005'? to 2 decimal places.
Expand (1+2x)' up to and including the term in x3. Deduce the coefficient of x% in the
expansion of (1+3x)(1+2x)™.

Expand (1-3x)'° up to and including the term in x2. Deduce the coefficient of x2 in the
expansion of (1+3x)%(1-3x)'°

Given that the coefficient of x in the expansion of (1+ ax)(1+5x)* is 207, determine the
value of a. ‘

Simplify (1-x)® +(1+ x)®. Substitute a suitable value of x to find the exact value of
0.99% +1.018.

Given that the expansion of (1+ax)" begins 1+ 36x +576x2, find the values of @ and n.

Expand (3+4x)>.

Find the first three terms in the expansions, in ascending powers of x, of
(@ (1+4x)9°, (b) (1-2x)',

Find the coefficient of @>b” in the expansions of

(@ (3a-2b), ® (5a+1p).

Expand (3+ 5x)" in ascending powers of x up to and including the term in x2. By putting
x =001, find an approximation, correct to the nearest whole number, to 3.057.

Obtain the first four terms in the expansion of (2 + %x)g in ascending powers of x. By
substituting an appropriate value of x into this expansion, find the value of 2.0025%
correct to three decimal places. (OCR)

Find, in ascending powers of x, the first three terms in the expansion of (2 - 3x)8 . Use the
expansion to find the value of 1.9978 to the nearest whole number. (OCR)

3 .
Expand (x2 + l) , simplifying each of the terms.
x

3\4
Expand (2x——2) .
x



136 PURE MATHEMATICS 1

6 6
9 Expand and simplify (x + L) + (x - L) . (OCR)
2x 2x

13
10 Find the coefficient of x? in the expansion of (x“ + i) .
X

6
11 Find the term independent of x in the expansion of (2x + é) .
x

12 Find the coefficient of y* in the expansion of (1+ y)lz - Deduce the coefficient of

(a) y* in the expansion of (1+3y)"%,

(b) y® in the expansion of (1-2y? )?,
(¢) x%y* in the expansion of (x + %y)lz.
13 Determine the coefficient of p*q” in the expansion of (2p—g)(p +¢)".

14 Find the first three terms in the expansion of (1+2x)?° . By substitution of a suitable value

of x in each case, find approximations to
(a) 1.002%, (b) 0.996%.

10
15 Write down the first three terms in the binomial expansion of (2 - 2—2) in ascending
x

powers of x. Hence find the value of 1.995'0 correct to three significant figures. ~ (OCR)

16 Two of the following expansions are correct and two are incorrect. Find the two expansions
which are incorrect. )

A: (3+4x)° =243+1620x +4320x2 + 57603 + 3840x* + 1024x°

B: (1-2x+3x2)" = 1+6x—3x% +28x3 — 9x* + 54x° — 27

C: (A-x)(1+4x)* =1+15x +80x% +160x* — 256x°

D: (2x+ y)2(3x + y)3 =108x5 +216x%y +171x3y? + 67x2y3 +13xy* + y°

. 8
17 Find and simplify the term independent of x in the expansion of (% + x3) . (OCR)
X
1y
18 Find the term independent of x in the expansion of (2x +‘—2) .
. X

16
19 Evaluate the term which is independent of x in the expansion of (xz - 51—2) . (OCR)
x

24
20 Find the coefficient of x~!2 in the expansion of (x3 - l) ) (OCR)
. .

21 Expand (1+3x+ 4)\:2)4 in ascending powers of x as far as the term in x2. By substituting
a suitable of x, find an approximation to 1.03044.

22 Expand and simplify (3x+5)° —(3x—5)*.
Hence solve the equation (3x +5)> —(3x - 5)* =730.

23 Solve the equation (7—6x)° + (7 +6x)* = 1736.
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24

25

26

27

28

29
30

31

32

33

(¢) Use the definition (n) = ———— to prove that (:) = ( " ) .

Find, in ascending powers of ¢, the first three terms in the expansions of

@ (+ar), ®) (1-pBr).

Hence find, in terms of & and S, the coefficient of 2 in the expansion of

(1+ o)’ (1= Br)°. (OCR)
6 6 .. (10 10 ..o (15 15 . 13
o (6} @ ()0} @ ()-(5) o ()-6)
(b) State the possible values of x in each of the following.

o () 0 (909w (B w (90

n!

(@) Show that

N

r) ri(n—r) n-r

nor (n) was given in Section 8.4. Use
r+1\r

. . n n n+1
this to prove the Pascal triangle property that (r) + (r + J = (r + 1).
(a) Show that

0 ool w Q)

(b) State numbers @, b and ¢ such that

0 ax@;bx@:cx@, (i) ax(_g):bx@:cx@.

(g) Prove that (n—r)x(;l)=(r+1)x(r:1)=nx(n:l).

Prove that " +2n+ " =n+2.
r—-1 r r+1 r+1

Find the value of 1.0003'® correct to 15 decimal places.

The inductive property (r i 1) =

(a) Expand (fof +\/§)4 in the form a+ b6, where a and b are integers.
(b) Find the exact value of (22 ++/3)’,
(a) Expand and simplify («/7 + «/5)4 + (xﬁ - «/3)4 . By using the fact that
. AR . 4.
0 <~7-+/5 <1, state the consecutive integers between which («/7 + «/g) lies.
(b) Without usﬁing a calculator, find the consecutive integers between which the value of
(\/5 +2 ) lies.
Find an expression, in terms of #, for the coefficient of x in the expansion
(1+4x)+(1+4x)* +Q+4x)° +...+ (1 +4x)".

Given that
a+b(1+x)? +c(l+2x)° +d(1+3x)} = 53

for all values of x, find the values of the constants a, b ,cand d.




10 Trigonometry

This chapter develops work on sines, cosines and tangents. When you have completed it,

you should

o know the shapes of the graphs of sine, cosine and tangent for all angles

e  know, or be able to find, exact values of the sine, cosine and tangent of certain
special angles

e  be able to solve simple trigonometric equations

e know and be able to use identities involving sin6°, cos8° and tan6°.

10.1 The graph of cos8°

- Letters of the Greek alphabet are often used to denote angles. In this chapter, 8 (theta)

and ¢ (phi) will usually be used.

You probably first used cos6° in calculations with right-angled triangles, so that

0 <8 <90.Then you may have used it in any triangle, with 0 < 8 <180. However, if
you have a graphic calculator, you will find that it produces a graph of cos8° like that

in Fig. 10.3. This section extends the definition of cos8° to angles of any size, positive

or negative. _ S

Fig. 10.1 shows a circle of radius 1 unit with centre O;
the circle meets the x-axis at A. Draw a line OP b
at an angle O to the x-axis, to meet the circle at P,
Draw a perpendicular from P to meet OA at N.

Let ON = x units and NP = y units, so that the
coordinates of P are (x, y)'

P(x,y)

Look at triangle ONP. Using the definition 0

cos@° = O—N,you find that cos8°=2 = x.
OP 1

This result, cos8° = x, is used as the definition of
cos 8° for all values of 6.

. N Fig. 10.1
You can see the consequences of this definition £

whenever 0 is a multiple of 90,

Example 10.1.1
Find the value of cos@° when (a) 6=180, (b) 8=270.

(a) When 6 =180, P is the point (—1,0). As the x-coordinate of P is -1,
0s180°=-1. .

(b) When 6 =270, P is the point (0,—1),s0 c0s270°=0.

-
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As 0 increases, the point P moves round the circle. When 6 =360, P is once again at A,
and as 8 becomes greater than 360, the point P moves round the circle again. It follows
immediately that cos(@ ~360)° = cos8°, and that the values of cos@° repeat themselves

every time @ increases by 360. y

If 8 <0, the angle 8 is drawn in the opposite

direction, starting once again from A. Fig. 10.2 shows

the angle —150° drawn. Thus, if 8 =-150, P is in

the third quadrant, and, since the x-coordinate of P N o
is negative, cos(—150)° is negative. Z y Al x

A calculator will give you values of cos6° for all P(x.y)
values of 8. If you have access to a graphic
calculator you should use it to display the graph of
cos6°, shown in Fig. 10.3.

Fig. 102
You will have to input the equation of the graph of

cos8° as y=cosx into the calculator, and make sure that the calculator is in degree mode.

f(e)w

‘ £(8) = cos@®
ﬂj\ /—\ b
T T L T T T L T T T T T T T 145
isy-bo 05 90 180 270 360

Fig. 10.3

Note that the range of the cosine function is —1 =< cos8° =< 1. The maximum value of 1
is taken at 8 =0, +360,+ 720, ... , and the minimum of -1 at 8 = £180, #540, ... .

' -
The graph of the cosine function keeps repeating itself. Functions with this property are

called periodic; the period of such a function is the smallest interval for which the
function repeats itself. The period of the cosine function is therefore 360 . The property
that cos(6 £360)° = cos 6° is called the periodic property. Many natural phenomena
have periodic properties, and the cosine is often used in applications involving them.

Example 10.1.2

The height in metres of the water in a harbour is given approximately by the formula
d=6+3cos30:° where  is the time in hours from noon. Find (a) the height of the
water at 9.45 p.m., and (b) the highest and lowest water levels, and when they occur.

(a) At945pm., t=9.75,50 d =6+3c0s(30%9.75)° =6 +3c08292.5°=7.148... .
Therefore the height of the water is 7.15 metres, correct to 3 significant figures.

(b) The maximum value of d occurs when the value of the cosine function is 1, and is
therefore 6 +3x1=09. Similarly, the minimum value is 6 +3 X (1) = 3. The highest
and lowest water levels are 9 metres and 3 metres. The first times that they occur after
noon are when 307 =360 and 307 =180 ; that is, at midnight and 6.00 p.m.
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10.2 The graphs of sin8° and tan 6°
Using the same construction as for the cosine (see Fig. 10.1), the sine function is defined by

P
:—:y‘

sinf° = —
OP 1

Like the cosine graph, the sine graph (shown in Fig. 10.4) is periodic, with period 360 .
It also lies between —1 and 1 inclusive.

£(6)4
el - £(6)=sin6°
057
AN -
T LR T - vt 7T T 1 -« 1 T 71 T L
-180 -90 | 90 180 - 270 360 6
-1

Fig. 10.4

. . NP .
If you return to Fig. 10.1, you will see that tan 6° = ON = X; this 1s taken as the
x

definition of tan8°. The domain of tan8° does not include those angles for which x is
zero, namely 6 = +£90,+270,... . Fig. 10.5 shows the graph of tan§°.

£(6)4 . .
4 1 i
':» £(6)= tan°

i -3 1 i

Fig. 105

Like the graphs of cos8° and sin 6°, the graph-of tan8° is periodic, but its period is
180. Thus tan{@ +180)° = tan 6°.
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. . sin 6°
As cos@°=x, sinB° =1y and tan0° = 2 , it follows that tan8° = ———. You could use
Y x cos6°

this as an alternative definition of tan6°.

10.3 Exact values of some trigonometric functions

There are a few angles which are a whole number of degrees and whose sines, cosines’
and tangents you can find exactly. The most important of these are 45°, 60° and 30°.

To find the cosine, sine and tangent of 45°, draw a right-angled
isosceles triangle of side 1 unit, as in Fig. 10.6. The length of the c
hypotenuse is then 2 units. Then

1 .
cos45°=—, sin45°=—, tan45°=1. 1
V2 V2
If you rationalise the denominators you get A 1 g

cos 45° =g, sin45° =—?, tan45°=1.

To find the cosine, sine and tangent of 60° and 30°, draw an
equilateral triangle of side 2 units, as in Fig. 10.7. Draw a

~ perpendicular from one vertex, bisecting the opposite side. This
perpendicular has length /3 units, and it makes an angle of 30°

with AC. Then

cos 60° = % s sin60° = iz_é s tan 60° = \/3;

3 1 1 3

cos30°=§, sin30°=5, tan30°=ﬁ=—§.
You should learn these results, or be able to reproduce them quickly.
Example 10.3.1 ' »
Write down the exact values of  (a) cos135°, (b) sinl20°, (c) tan495°.
(a) From Fig. 10.3, c0s135° =—-co0s45° = —% V2.

(b) From Fig. 10.4, sin120° =sin60° =1 /3.

(c) From Fig. 10.5, tan495° = tan(495 — 360)° = tan135° = —tan45° = 1.

Exercise 10A

1 For each of the following values of 6 find, correct to 4 decimal places, the values of
(i) cos6°, (ii) sin6°, (iii) tanB°.
(a) 25 () 125 (c) 225 (d) 325
(e) -250 ) 674 (g) 1249 (h) 554
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2 Find the maximum value and the minimum value of each of the following functions. In
each case, give the least positive values of x at which they occur.

(a) 2+sinx® (b) 7-4cosx® (¢) 5+8cos2x°
8 . 30
d —— (e) 9+sin(4x—20)° ® 5
@ 3—sinx® ( ) 11-—500s(%x—45)

3 (Do not use a calculator for this question.) In each part of the question a trigonometric
function of a number is given. Find all the other numbers x, 0 < x < 360, such that the
same function of x is equal to the given trigonometric ratio. For example, if you are given
sin 80°, then x =100, since sin100° = sin 80°.

(a) sin20° (b) cos40° (c) tan60° ' (d) sin130°
(e) cosld0® (f) tanl160° (g) sin400° (h) cos(-30)°
(i) tan430° () sin(—260)° (k) cos(-200)° () tan1000°

4 (Do not use a calculator for this question.) In each part of the question a trigonometric
function of a number is given. Find all the other numbers x, —180 =< x <180, such that the
same function of x is equal to the given trigonometric ratio. For example, if you are given
sin 80°, then x =100, since sin 100° =sin80°.

(a) sin20° (b) cos40° () tan60° (d) sin130°
(e) cosl40° ) tanl60° (g) sin400° (h) cos(-30)°
(i) tan430° G) sin(~260)° (k) cos(—200)° () tan1000°
5 Without using a calculator, write down the exact values of the following.

(a) sinl35° (b) cosl20° (c) sin(-30)° (d) tan240°
(e) - cos225° ( tan(-330)° (g) cos900° (h) tan510°
() sin225° () cos630° (k) tan405° @) sin(-315)°
(m) sin210° (n) tan675° (o) cos(—120)° (p) sin1260°

6 Without using a calculator, write down the smallest positive angle which satisfies the
following equations.
(a) cosg°=1 ®) sing°=-1v3 () tan6°=-3 @ cosg°=13
(e) tang°=1+3 () tang®=-1 (g) sin@°=-3 (h) cos@°=0

7 Without using a calculator, write down the angle with the smallest modulus which satisfies
the following equations. (If there are two such angles, choose the positive one.)

(a) cos@°= —% (b) tang¢° =3 (c) sing°=-1 (d) cos@°=-1

(e) sin¢°=%'«/§ ® tan9°=—%«/§ 1€9) sin¢°=—%«/§ (h) tan¢°=0

8 The water levels in a dock follow (approximately) a twelve-hour cycle, and are modelled
by the equation D= A+ Bsin30¢°, where D metres is the depth of water in the dock, A
and B are positive constants, and ¢ is the time in hours after 8§ a.m.

Given that the greatest and least depths of water in the dock are 7.80 m and 2.20 m
respectively, find the value of A and the value of B.

Find the depth of water in the dock at noon, giving your answer correct to the nearest cm.
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10.4 Symmetry properties of the graphs of cos 8°, sin 8° and tan 6°

If you examine the graphs of cos@°, sinf° and tan°, you can see that they have many
symmetry properties. The graph of cos8° is shown in Fig. 10.8.

The graph of cos8° is symmetrical about the

vertical axis. This means that if you replace 8 by £(6) £(6)= cos6°
—6 the graph is unchanged. Therefore 1 /—\
-6)° = cos 6°. 1 50 60 6

cos(—6)° = cos \W —1j 180 360

This shows that cos8° is an even function of &
(as defined in Section 3.3).

Fig. 10.8

There are other symmetry properties. For example, from Fig. 10.8 you can see that if
you decrease (or increase) 6 by 180 you change the sign of (8). Therefore

cos (6 —180)° = —cos8°.
This is called the translation property.
There is one more useful symmetry property. Using the even and translation properties,

cos(180 — 8)° = cos(6 — 180)° = —cos 6°.
You may have met this property in using the cosine formula for a triangle.

There are similar properties for the graph of

sin8°, which is shown in Fig: 10.9. You are £(6) £(6)=sin6°
asked to prove them as part of Exercise 10B. 1 ' '
Their proofs are similar to those for the cosine. N\ /.
— : 0
ISM 180\__/360
Fig. 10.9

The functions cos@° and sin 8° have the following properties.
Periodic property: cos(8£360)°=cosB°  sin(f +360)° =sin6°

0Odd property: cos(—6)° = cos 6° sin(—6)° = —sin 6°

(
(-

Translation property:  cos(6 —180)° =—cos6° s1n(9 180)° = —sin6°
(

cos(180 - 6)° = —cos6°  sin(180 - 9) = sin 6°
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If you refer back to the graph of tan8° in Fig. 10.5, and think in the same way as with

" the cosine and sine graphs, you can obtain similar results:

The function tan 8° has the following properties.
Periodic property:  tan(6 +180)° = tan 6°
Odd property: tan(—60)° = —tan 6°

tan(180 — 6)° = — tan 6°

ot s

STEIES

Note that the period of the graph of tan8° is 180, and that the translation property of
tan 6° is the same as the periodic.property.

There are also relations between cos6° and sin8°. One is shown in Example 10.4.1.

Example 10.4.1
Establish the property that cos(90 —6)° =sin6°.

This is easy if 0 <0 < 90: consider a right-angled triangle. But it can be_shown for any
value of 0.

If you translate the graph of cos8° by 90 in the direction of the positive §-axis,
you obtain the graph of sin6°, so cos(6 —90)° = sin 68° . And since the cosine is an
even function, cos(90 —8)° = cos(@ —90)°. Therefore cos(90 —6)° =sin6°.

Another property, which you are asked to prove in Exercise 10B, is sin(90 — 0)° = cos6°.

Exercise 10B

1 Use the symmetric and periodic properties of the sine, cosine and tangent functions to
establish the following results.

(a) sin(90 —0)° = cos6° (b) §in(270+6)° = —cos6°
©) sin(90 + 8)° = cos §° (d) cos(90 + 6)° = —sin6°
(e) tan(6-180)°=tan@° (f) <os(180 —0)° = cos(180 + 9)°
(g) tan(360 ~6)° = —tan(180 +6)° (h) sin(—8-90)° = —cos6°
2 Sketch the graphs of y=tan0° and y= g on the same set of axes.
Show that tan(90 —8)° = .\1 . ’
: tan 8°
3 Ineach of the following cases find the least positive value of ¢ for which
(2) cos(ox—6)° =sin6°, _ (b)" sin(a —8)° =cos(a +0)°,
(c) tan8°=tan(8+a)°, - (d) sin(8+2a)° =cos(c —0)°,

(e) cos(2a—8)° =cos(@—a)°,

TR Ry

) sin(5

o +0)° = cos(
NESETRS. s g T 23 T T
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10.5. Solving equations involving the trigonometric functions

Solving the equation cos8°=k

To solve the equation cos8° =k, you need to assume that ~1 < k < 1. If this is not true,
there is no solution. In Fig. 10.10, a negative value of k is shown. Note that, in general,
there are two roots to the equation cos6° =k in every interval of 360°, the exceptions

being when k ==1.
y
] y=cos8°
o _\ . /\

T T T T T

T T T
-180 ~90 90 180 270 360 6

-1 y=k
Fig. 10.10

To find an angle 6 which satisfies the equation you can use the | cos™'] key on your
calculator (or, on some calculators, the [ARCCOS] key), but unfortunately it will only
give you one answer. Usually you want to find all the roots of cos0° =k in a given
interval (probably one of width 360). The problem then is how to find all the other roots
in your required interval.

There are three steps in solving the equation of cos8° =k.

Find cos k.

Use the symmetry property cos(—g)° =cos8° to
find another root.

Use the periodic property cos(6 £ 360)° = cos 6°
to find the roots in the required interval.

Example 10.5.1
Solve the equation cos8° = % , giving all roots in the interval 0 < 8 < 360 correct to
1 decimal place.

Step1 Use your calculator to find cos™ 4 =70.52... . This is one root in the
interval 0 < @< 360.

o

Step2  Use the symmetry propérty cos(—0)° = cos6° to show that —70.52... is
another root. Note that —70.52... is not in the required interval.

Step3  Use the periodic property, cos(6 +360)° = cos 6°, to obtain
—70.52...+360 =289.47... , which is a root in the required interval.

Therefore the roots in the interval 0 = @ < 360 are 70.5 and 289.5, correct to
1 decimal place.
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Example 10.5.2 .
Solve the equation cos36° =— %, giving all the roots in the interval —180 < 6 =< 180,

This example is similar to the previous example, except for an imporitant extra step at the
beginning, and another at the end.

Let 30 = ¢. Then you have to solve the equation cos ¢° = —% .But,as 30=9,if
-180=< 0 =<180,then 3x(-180)=<30=<3x180 so —540 < ¢ =< 540. So the
original problem has become: solve the equation cos¢° = —% giving all the roots
in the interval —540 < ¢ =< 540. (You should expect six roots of the equation in
this interval.)

Step 1 cos'l(— %) =120.
Step2  Another rootis —120.

Step3  Adding and subtracting multiples of 360 shows that —120 — 360 = ~480,
-120 +360 = 240, 120 — 360 = —240 and 120 +360 = 480 are also roots.

Therefore the roots of cos¢° =~ in —540 < ¢ < 540 are —480, —240, 120,
120, 240 and 480.

Returning to the original equation, and using the fact that 6 = %q;, the roots are
-160,-80,—40, 40, 80 and 160.

Solving the equation sin 6°=k
The equation sin8° =k, where —1 =<t k=<1 is solved in a similar way. The only
difference is that the symmetry property for sin6° is sin(180 —)° =sin6°.

Find sin' k.

Use the symmetry property

sin(lggt;ggi: sin 6° to find another root.

Use the periodic property sin(@ + 360)° = sin 6°
to find the roots in the required interval.

Example 10.5.3 '
Solve the equation sin 8° = -0.7, giving all the roots in the interval —180 < 0 < 180
correct to 1 decimal place. ‘ ' ;

Step1 Use your calculator to find sinfl(—0.7) =-44.42... . This is one root in
the interval —180 <6 =<180.
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Step 2  Use the symmetry property sin(180 — 8)° =sin 6° to show that
180 — (—44.42...)=224.42... is another root. Unfortunately it is not in the
required interval.

Step3  Use the periodic property, sin(@ £ 360)° =sin8°, to obtain
22442 ...-360 =—-135.57... , which is a root in the required interval.

Therefore the roots in the interval —180 < 6 < 180 .are —44 .4 and —135.6,
correct to 1 decimal place.

Example 10.5.4
Solve the equation sin 5 (9 30 = «/5 , giving all the roots in the interval 0 < 6 =< 360.

Let %(9 —30) = ¢, so that the equation becomes sin ¢° = %«/3 , with roots required
in the interval ~10=< ¢ <110.

Stepl sin™ (% «/3) = 60 . This is one root in the interval —-10=< ¢ <110.

Step2  Another root is 180 — 60 =120, but this is not in the required interval.

Step3  Adding and subtracting mu1t1p1es of 360 will not give any more roots in
the interval -10 < ¢=<110.

Therefore the only root of sin¢° =1 \/_ 3in -10=<¢=<1101is 60.

Returning to the original equation, since 8 =3¢ + 30, the root is 6 =210,

Solving the equation tan8°=k

The equation tan 8° = k is also solved in a similar way. Note that there is generally one
root for every interval of 180 . Other roots can be found from the periodic property,
tan(180 + 6)° = tan 6°. '

Stepl  Find tan™ %.

(o)

Step2  Use the periodic property .tan(188+4)° = tan6°
to find the roots in the required interval.

Example 10.5.5 ) .
Solve the equation tan8° = -2, giving all the roots correct to 1 decimal place in the
interval 0 < 6=<360.

Step1 Find tan™(-2)=—63.43... . Unfortunately, this root in not in the
required interval.

Step‘2 Add multiples of 180 to get roots in the required interval. This gives
116.56... and 296.56... ..

Therefore the roots of tan8°=-2 in 0 =< 8 < 360 are 116.6 and 296.6, correct to
1 decimal place.
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Revisiting Example 10.1.2, here is an application of solving equations of this type.

Example 10.5.6

The height in metres of the water in a harbour is given approximately by the formula

d =6 +3cos30:° where ¢ is the time measured in hours from noon. Find the time after
noon when the height of the water is 7.5 metres for the second time.

To find when the height is 7.5 metres, solve 6+3cos30z° = 7.5. This gives
3cos C’aOt{o =75-6=1.5,0r cos30:° =0.5. After substituting ¢ = 30¢, the
equation reduces to cos¢°=0.5.

Now cos™ 0.5'= 60, but this gives only the first root, =2 So, using the
symmetry property of the cos function, another root is —60. Adding 360 gives
¢ =300 as the second root of cos¢°=0.5. Thus 30t =300, and r=10.

The water is at height 7.5 metres for the second time at 10.00 p.m.

s Exercise 10C

‘1 Find, correct to 1 decimal place, the two smallest positive values of 8 which satisfy each of
the following equations.

(a) sin@°=0.1 (b) sin8°=-0.84 (c) sinB8°=0.951

(d) cos@°=0.38 (e) cos8°=-0.84 () cos8°= \E

(g) tan8°=4 (h) tan8°=-0.32 (i) tan8°=0.11

() sin(180+6)° = 0.4 () cos(90-6)°=-0571 (1) tan(90-6)°=-3
(m) sin(20+60)°=03584 (n) sin(30-6)°=0.5 (©) cos(30-120)°=0

2 Find all values of @ in the interval —180 < 6 =< 180 which satisfy each of the following
equations, giving your answers correct to 1 decimal place where appropriate.

(@) sin6°=038 (b) cos6°=025 (c) tanf°=2
(d) sin8°=-0.67 (e) cosf0°=-0.12 " 4tanb6°+3=0
() 4sin6° =5cos6° (h) 2sinB° = (i) 2sinB8°=tan®®

sin 8°

3 Find all the solutions in the interval 0 <& =< 360 of each of the following equations.

(a) cos26°=1 _ (b) tan36°=2 (c) sin20°=-06

(d) cos40°=-1 (e) tan26°=04 (f) sin36°=-042
4 Find the roots in the interval —180 < x < 180 of each of the following equations.

(@) cos3x®=2 (b) tan2x°=-3 (¢) sin3x°=-02

(d) cos2x°=0.246 (e) tan5x°=0.8 (f) sin2x°=-0.39
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10

11

12

Find the roots (if there are any) in the interval —180 << 8 <180 of the following equations.

(@) coslee=2 (b) tanZ6°=-3 () sinio°=-1
(d) cos36°=1% (e) tan30=05 () sin26°=-03

Without using a calculator, find the exact roots of the following equations, if there are any,
giving your answers in the interval 0 < ¢ < 360.

(a) sin(2r-30)°=13 (b) tan(2r—45)°=0 (c) cos(3r+135° =143
@ tn3r-45P=—V3 (&) cos(2r-50)°=-1 ® sin(1z+50)°=1

(® cos(1r-50)°=0 (h) tan(3z —180)° =1 @ sin(1r-20°=0
Find, to 1 decimal place, all values of z in the intervak-—188=<< 7 180 satisfying -

(a) sinz®=-0.16, (b) cosz°(1+sinz%) =0, (¢) (1—tanz®sinz° =0,
(d) sin2z°=0.23, () cos(45—2z)°=0.832, (f) tan(3z-17)°=3.

Find all values of 8 in the interval 0 < 0= 360 for which
(a) sin26°=cos36°, (b) c0s50° =sin70°, (c) tan360°=tan60°.

Find all values of 0 in the interval 0 < 8 < 180 for which 2sin08°cos8° = %tan 6°.

For each of the following values, give an example of a trigonometric function involving
(i) sine, (ii) cosine and (iii) tangent, with that value as period.

(a) 90 (b) 20 (c) 48
(d) 120 (e) 720 ) 600

Sketch the graphs of each of the following in the interval 0 < ¢ < 360. In each case, state
the period of the function.-

(@) y=sin3¢° (b) y=cos2¢° (c) y=sin4¢°
@ y= tan%¢° (e) y= cos%¢° ® y= sin(%(/) + 30)°
() y=sin(3¢—20)° (h) y=tan2¢° @ y=tan(l¢+90)°

At a certain latitude in the northern hemisphere, the. number d of hours of daylight in each

day of the year is taken to be d = A+ Bsinkt®, where A, B, k are positive constants and

t is the time in days after the spring equinox.

(a) Assuming that the number of hours of daylight follows an annual cycle of 365 days,
find the value of k, giving your answer correct to 3 decimal places.

(b) Given also that the shortest and longest days have 6 and 18 hours of daylight
respectively, state the values of A and B. Find, in hours and minutes, the amount of
daylight on New Year’s Day, which is 80 days before the spring equinox.

(c) A town at this latitude holds a fair twice a year on those days having exactly 10 hours
of daylight. Find, in relation to the spring equinox, which two days these are.
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10.6 Relations between the trigonometric functions

In algebra you are used to solving equations, which involves finding a value of the
unknown, often called x,in an equation such as 2x+3—x—6=7. You are also used to
simplifying algebraic expressions like 2x + 3 — x — 6, which becomes x —3. You may
not have realised, however, that these are quite different processes.

When you solve the equation 2x+3—x—6=7, you find that there is one solution,
x=10. But the expression x —3 is identical to 2x +3 —x —6 for all values of x.
Sometimes it is important to distinguish between these two situations.

If two expressions take the same values for every value of x, they are said to be identically
equal. This is written with the symbol =, read. as ‘is identically equal to’. The statement

2x+3-x-6=x-3
is called an identity. Thus an idenfity in x is an equéﬁon which is true for all values of x.
Similar ideas occur in trigonometry. At the end of Section 10.2, it was observed that
sin B°

tan 8° = ———, provided that cos6° # 0. Thus "
cos :

8°’

sin6°

tan@° = .
cos8°

The identity symbol is used even when there are some exceptional values for which
neither side is defined. In the example given, neither side is defined when @ is an odd
multiple of 90, but the identity sign is still used.

There is another relationship which comes immediately from the definitions of cos8° = x
and sin6° =y in Sections 10.1 and 10.2. As P lies on the circumference of a circle with
radius 1 unit, Pythagoras’ theorem gives x* + y2‘ =1,o0r (cos6°)% +(sin6°)?* =1.

Conventionally, (cos8°)* is written as cos® 6° and (sin 6°)° as sin” 6°, so for all
values of @, cos® 6°+sin® #°=1. This is sometimes called Pythagoras’ theorem in
trigonometry. ' ' T

For all values of 0:

tan g° = 212 0 ,  provided that cos8° # 0;
cos 6°

cos? ° +sin%@°=1.

The convention of using cos™ 8° to stand for (cos8°)" is best restricted to positive
powers. In any case, it should never be used with n = -1, because of the danger of
confusion with cos™! x, which is used to stand for the angle whose cosine is x. If in
doubt, you should write (cos8°)" or (cos@°)™", which could only mean one thing.
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You can use the relation cos® 8°+sin? 6° =1 in the process of proving the cosine
formula for a triangle.

Let ABC be a triangle, with sides BC =a, CA=b and AB = c. Place the point A at the
origin, and let AC lie along the x-axis in the positive x-direction, shown in Fig. 10.11.

The coordinates of C are (b,0), and those of Bare Y BlccosA®, csinA°)
(ccos A°,csin A°), where A stands for the angle BAC. Then,
using the distance formula (Section 1.1),

a? =(b—c cos A°)? +(csin A°)2 y N
=b% —2bc cos A° +c? cos?® A° + ¢ sin? A°
=b% = 2bc cos A° + cz(cos2 A° +sin? A°) h >
, A b Cbo) *
=b"+c¢“ —2bccos A°, Fig.10.11

using cos® A°+sin® A° =1 at the end.

Example 10.6.1
Given that sin 6° =% , and that the angle 6° is obtuse, find, without using a calculgtor,
the values of cos6° and tan6°. '

. ‘ 2
Since cos®6°+sin?0°=1, cos?6°=1- (%) = % giving cos0° = :I:% . As the
angle 6° is obtuse, 90 < 0 <180, so cos6° is negative. Therefore cos.6° = —%.
> _ Sinf° ﬁ
cos@° -4

As sin9°=%and c059°=—%,tan9 —%.

Example 10.6.2
Solve the equation 3cos? 8° + 4sin° = 4, giving all the roots in the interval
~180 < 6 = 180 correct to 1 decimal place.

As it stands you cannot solve this equation, but if you replace cos? 6° by
1-sin® 6° you will obtain the equation 3(1—sin” §°) + 4sing° = 4, which
reduces to

3sin® 6°—45in@°+1=0.
This is a quadratic equation in sin6°, which you can solve using factors:
(3sin6° —1)(sinB° - 1) =0, giving sin6° = % or sin@°=1.

One root is sin”! % =1947..., and the other root, obtained from the symmetry of
“'sin@°,is (180-19.47...)=160.52... .

The only root for sin6°=1is 8 =90, so the roots are 19.5, 90-and 160.5,
correct to 1 decimal place. N
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Exercise 10D

1 For each triangle sketched below,
(i) use Pythagoras’ theorem to find the length of the third side in an exact form;

(ii) write down the exact values of sin6°, cos8° and tan 6°.

(@)
90
~ 2
A
6° '
" '

2 (a) Given that angle A is obtuse and that sin A° = 5 «/— find the exact value of cos A°.
(b) Given that 180 < B <360 and that tan B° = 20 R
(c) Find all possible values of sinC° for which cosC®= 7.

(d) Find the values of D for which —180 < D <180 and tan D° =5sin D°.

!

fmd the exact value of cos B°.

3 Use tan@°= Sin

l09° , c0s8°#0,and cos? 8° +sin? 6° =1 to establish the following.

cos
_ o ;.2 no
@ — 11 - 1 -cose (b) sin“ @ =14 cosd°
sin@° tan#° sin 8° 1—cos8°
o 0 oia OO
© 1 +tang° = cosf) @ tan 8°sin 8 —1+ 1
s 6° 1-sin8° 1-cos8° cos 6°

4 Solve the following equations for 8, giving all the roots in the interval 0 <8 <360 correct
to the nearest 0.1.

(a) 4sin’6°-1=0 (b) sin?6°+2cos?g°=2 .
() 10 sin? @° — 5cos? 8° +2 = 4sin6° @ 4sin% 6°cos§° = tan? 6°
2

5 Find all values of 8, —180 < 8 <180, for which 2tan9°—3=t 7
an

#®  Miscellaneous exercise 10

1 Write down the period of each of the following.

“(a) sinx® (b) tan2x°® (OCR)
2 By considering the graph of y = cosx®, or otherwise, express the following in terms of
cosx°.
(a) cos(360—x)° (b) cos(x+180)° (OCR)

3 Draw the graph of y = cos%9° for 6 in the interval —3605 0 < 360 . Mark clearly the
coordinates of the points where the graph crosses the 8- and y-axes.

4 Solve the following equations for 8, giving your answers in the interval 0< 6 <360.
(a) tan6°=04 (b) sin26°=04 (OCR)
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10

11

12

13

(© y=

Solve the equation 3cos 2x°=2 , giving all the solutions in the interval 0 < x =180
correct to the nearest 0.1. (OCR)

(a) Give an example of a trigonometric function which has a period of 180.

(b) Solve for x the equation sin3x° =0.5, giving all solutions in the interval 0 < x <180.
(OCR)

Find all values of 6°, 0 <6 =< 360, for which 2cos(6+30)°=1. (OCR)

(a) Express sin2x°+cos(90 —2x)° in terms of a single trigonometric function.
(b) Hence, or otherwise, find all values of x in the interval 0 < x <360 for which
sin2x°+cos(90 - 2x)° =-1. (OCR)

Find the least positive value of the angle A for which
(a) sinA°=0.2 and cos A° is negative; (b) tan A°=-0.5 and sin A°® is negative;
(¢) cosA°=sin A° and both are negative; (d) sinA°=-0.2275 and A>360.

Prove the following identities.

(a)y

o-

. cos 8° 1-sin6° cos §°
- —sin@°= —— (b) = -
sin 6° tan 68° cos 6° 1+sin8°
2 o
! +tan6° = —1— (d) —lﬂ = co0s0° —sinf°
0° sin 6° cos 6° cos 8° + sin 6°

©

For each of the following functions, determine the maximum and minimum values of y
and the least positive values of x at which these occur.

(@) y=1+cos2x° (b) y=5—4sin(x+30)°
(¢) y=29-20sin(3x—45)° (d) y=8-3cos?x°

S 12 60
3+cosx® P y—1+sin2(2x—15)°

Solve the following equations for 6, giving solutions in the interval 0 <6 <360 .

Jo) sin6°=tan@° AB) 2~-2c0s>9° =sin6°

(¢) tan’.6°—2tan@°=1 (d), sin26° — /3 c0s26° =0

The function t is defined by t(x)=tan3x°.
(a) State the period of t(x).
(b) Solve the equation t(x)= % for 0<x=<180.
(c) Deduce the smallest positive solution of each of the following equations.
G t(x)=-1
) t(x)=2 (OCR)



154

PURE MATHEMATICS 1

14

15

16

17

In each of the following, construct a formula involving a trigonometric function which
could be used to model the situations described.

(a) Water depths in a canal vary between a minimum of 3.6 metres and a maximum of
6-metres over 24 -hour periods.

(b) Petroleum refining at a chemical plant is run on a 10-day cycle, with a minimum
production of 15000 barrels per day and a maximum of 28 000 barrels per day.

(c) At a certain town just south of the Arctic circle, the number of hours of daylight varies
between 2 and 22 hours during a 360 -day year.

A tuning fork is vibrating. The displacement, y centimetres, of the tip of one of the prongs
from its rest position after ¢ seconds is given by

y = 0.1sin(100 000z)° .
Find
(a) the greatest displacement and the first time at which it occurs,
(b) the time taken for one complete oscillation of the prong,
(c) the number of complete oscillations per second of the tip of the prong,

(d) the total time during the first complete oscillation for which the tip of the prong is
more than 0.06 centimetres from its rest position.

One end of a piece of elastic is attached to a point at the top of a door frame and the other
end hangs freely. A small ball is attached to the free end of the elastic. When the ball is
hanging freely it is pulled down a small distance and then released, so that the ball
oscillates up and down on the elastic. The depth d centimetres of the ball from the top of
the door frame after ¢ seconds is given by

d =100+ 10cos 500¢°.
Find
(a) the greatest and least depths of the ball,
(b) the time at which the ball first reaches its highest position,
(c) the time taken for a complete oscillation, '

(d) the proportion of the time during a complete oscillation for which the depth of the ball
is less than 99 centimetres. : '

An oscillating particle has displacement y metres, where y'is given by y = asin(kt + @)°,
where a is measured in metres, ¢ is measured in seconds and k and & are constants. The
time for a complete oscillation is T seconds.

Find
(@ kintermsof T,

(b) the number, in terms of k, of complete oscillations per second.
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1;? The population, P, of a certain type of bird on a remote island varies during the course of a
year according to feeding, breeding, migratory seasons and predator interactions. An
ornithologist doing research into bird numbers for this species attempts to model the
population on the island with the annually periodic equation

P=N-Ccoswt°,
where N, C and @ are constants, and ¢ is the time in weeks, with ¢ =0 representing
midnight on the first of January. _
(a) Taking the period of this function to'be 50. weeks, find the value of w.
(b) Use the equation to describe, in terms of N and C,
(i) the number of birds of this species on the island at the start of each year;

(ii) the maximum number of these birds, and the time of year when this occurs.

19/ The road to an island close to the shore is sometimes covered by the tide. When the water
rises to the level of the road, the road is closed. On a particular day, the water at high tide is
a height 4.6 metres above mean sea level. The height, 7 metres, of the tide is modelled by
using the equation h=4.6coskt®, where ¢ is the time in hours from high tide; it is also
assumed that high tides occur every 12 hours. ' o

(a) Determine the value of k.

(b) On the same day, a notice says that the road will be closed for 3 hours, Assuming that
this notice is correct, find the height of the road above sea level, giving your answer
correct to two decimal places. ‘

(c) Infact, aroad repair has raised its level, and it is impassable for only 2 hours ,
40 minutes. By how many centimetres has the road level been raised? (OCR)

22 A simple model of the tides in a harbour on the south coast of Cornwall assumes that they
are caused by the attractions of the sun and the moon. The magnitude of the attraction of
the moon.is assumed to be nine times the magnitude of the attraction of the sun. The period
of the sun’s effect is taken to be 360 days and that of the moon is 30 days. A model for
the height, 4 metres, of the tide (relative to a mark fixed on the harbour wall), at ¢ days, is

h= Acosat®+ Bcos 5¢t°,

where the term Acosat® is the effect due to the sun, and the term Bcos §¢° is the effect
due to the moon. Given that 2 =5 when ¢ =0, determine the values of A, B, ¢ and 3.

(OCR, adapted)
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Combining and inverting functions

This chapter develops the idea of a function, which you first met in Chapter 3. It -
introduces a kind of algebra of functions, by showing how to find a composite function.
When you have completed it, you should

s be able to use correct language and notation associated with functions

s  know when functions can be combined by the operation of composition, and be able
to form the composite function

e  appreciate that a sequence can be regarded as a function whose domain is the
natural numbers, or a consecutive subset of the natural numbers

o know the ‘one—one’ condition for a function to have an inverse, and be able to form
the inverse function

e  know the relationship between the graph of a one—one function and the graph of its
inverse function.

The references to calculators in the chapter may not exactly fit your own machine. For
example, on some calculators the [=] key is labelled [EXE] (which stands for ‘execute’).

11.1 Function notation

In using a calculator to find values of a function, you carry out three separate steps:

Step1 Key in a number (the ‘input’).
Step2 Key in the function instructions.
Step3 Read the number in the display (the ‘output’).

Step 2 sometimes involves just a single key, such as ‘square root*, ‘change sign’ or
‘sine’. For example:

Input Output
4 - [J‘ 1 - 2

3 > [+/x] » -3
30 » [sin] - 05

In this chapter sin, cos and tan stand for these functions as operated by your calculator
in degree mode. You enter a number x, and the output is sin x°, cos x° or tan x°.

Other functions need several keys, such as ‘subtract 3’:
7 5 [-,3,=] - 4.

But the principle is the same. The important point is that it is the key sequence inside the
square brackets that represents the function. This sequence is the same whatever number
you key in as the input in Step 1. '
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You can think of a function as a kind of machine. Just as you can have a machine which
takes fabric and turns it into clothes, so a function takes numbers in the domain and turns
them into numbers in the range.

For a general input number x, you can write

x > [++] > -x,
x > [-,3, =] -5 x-3,

and so on. And for a general function,
x > [f1 > f(x),

where f stands for the key sequence of the function.

This book has often used phrases like ‘the function x2', ‘the function cosx® , or ‘the

function f(x)', and you have understood what is meant. Working mathematicians do this
all the time. But it is strictly wrong; x2, cos x° and f(x) are symbols for the ouzpuz

when the input is x, not for the function itself. When you need to use precise language, you
should refer to ‘the function square’, ‘the function cos’ or ‘the function f'.

Unfortunately only a féw functions have convenient names like ‘square’ or ‘cos’. There
is no simple name for a function whose output is given by an expression such as

x? —6x+4.The way round this is to decide for the time being to call this function
(or any other letter you like). You can then write

fixi> x?—6x+4.

You read this as * f is the function which turns any input number x in the domain into the
output number x% —6x+4". Notice the bar at the blunt end of the arrow; it avoids confusion
with the arrow which has been used to stand for ‘tends to’ in finding gradients of tangents.

Try to write a key sequence to represent this function. (You may need the memory keys.)

Example 11.1.1
If f: x> x(5—x), whatis f(3)?

The symbol f(3) stands for the output when the Y
input is 3. The function f turns the input 3 into 6 y=x(5-%)
the output 3(5—3)=6.So0 £(3)=6.

This idea of using an arrow to show the connection
between the input and the output can be linked to the
graph of the function. Fig. 11.1 shows the graph of

y = x(5— x), with the input number 3 on the x-axis. An
arrow which goes up the page from this point and bends 3 \ g
through a right angle when it hits the graph takes you to input

the output number 6 on the y-axis.

output

Fig. 11.1
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11.2 Forming composite functions

If you want to work out values of vx —3, you would probably use the key sequence
[-.3.=.+/ | with hardly a thought. But if you ook carefully, you will see that three
numbers appear in the display during the process. For example, if you use the input 7,
the display will show in turn your input number 7, then (after keying [=]) 4, and
finally the output 2. In fact, you are really working out two functions, ‘subtract 3’ then
‘square root’, in succession. You could represent the whole calculation:

7—>[—,3,=]—>4-—9[\/7]—>2.
The output of the first function becomes the input of the second.
Example 11.2.1

Find the outputs when the functions ‘square’ and ‘sin’ act in succession on the inputs of
(a) 30, (b) =x.

(a) 30 - [square] = 900 — [sin] —» 0.
(b) x — [square] — x? 5 [sin] - sin(x2)°.
Since in (b)_the input to the function sin is x?,not x, the output is sin(xz)o,not sinx°.
For a general input, and two general functions f and g, the process would be written:

x = [f] = f(x) > [g] - gf(x).

When you work out two functions in succession in this way, you are said to be
‘composing’ them. The result is a third function called the ‘composite function’.

Since the output of the composite function is g(f(x)), the composite function itself is
denoted by gf . Notice that gf must be read as “first f,then g'. You must get used to
reading the symbol gf from right to left. Writing fg means ‘first g, then f', which is
almost always a different function from gf . For instance, if you change the order of the
functions in Example 11.2.1(a), instead of the output 0 you get

30 — [sin] —» 0.5 — [square] — 0.25.

Example 11.2.2
Let f:x> x+3and g: x> x>.Find gf and fg. Show that there is just one number x
such that gf(x) = fg(x).

The composite function gf is represented by
x> [f]l> x+3 > [g] - (x+3)?
and fg is represented by

2 5 [f] > x*+3.

x> [gl—> x
So gf:x>(x+3)% and fg: x> x% +3.

If gf(x)=fg(x), (x+3)2 =x>+3,50 x> +6x+9=x +3, giving x=—1.
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You can check this with your calculator. If you input —1 and then ‘add 3’ [+, 3 , =]
followed by ‘square’, the display will show in turn —1,2, 4. If you do ‘square’ followed
by ‘add 3’, it will show —1,1,4 . When the input is -1, the outputs are the same although
the intermediate displays are different.

Example 1123 ]
If f:x—>cosx® and g: x> —,calculate (a) gf(60), (b) gf(90).
x

(a) With input 60, the calculator will show in turn 60,0.5,2, so gf(60)=2.

(b) With input 90, the calculator will display 90, O and then give an error
message! This is because cos90° =0 and % is not defined.

What has happened in Example 11.2.3(b) is that the number 0 is in the range of the
function f, but it is not in the domain of g. You must always be aware that this may
happen when you find the composite of two functions. It is time to look again at
domains and ranges, so that you can avoid this problem.

11.3 Domain and range .

When you see the letters x and y in mathematics, for example in an equation such as
y=2x-10, it is generally understood that they stand for real numbers. But sometimes
it is important to be absolutely precise about this. The symbol R is used to stand for
‘the set of real numbers’, and the symbol e for ‘belongs to’. With these symbols, you
can shorten the statement  x is a real number’, or * x belongs to the set of real
numbers’, to x € R. So you can write

f:x—>2x-10, xeR

to indicate that f is the function whose domain is the set of real numbers which turns
any input x into the output 2x —10.

Strictly, a function is not completely defined unless you state the domain as well as the
rule for obtaining the output from the input. For the function above the range is also R,
although you do not need to state this in describing the function.

You know from Chapter 3 that for some functions the domain is only a part of R,
because the expression f(x) only has meaning for some x € R. (Here € has to be read
as ‘belonging to’ rather than ‘belongs to’.) The set of real numbers for which f(x) has a
meaning will be called the ‘natural domain’ of f. With a calculator, if you input a
number that is not in the natural domain, the output will be an ‘error’ display.

For the square root function, for example, the natural domain is the set of positive real
numbers and zero, so you write

square root : xl—)w/;, where xeRand x = 0.

If you are given a function described by a formula but no domain is stated, you should
assume that the domain is the natural domain.
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Example 11.3.1
Find the range of each of the functions
(a) sin, with natural domain R, (b) sin, with domain x € R and 0 < x <90.

From the graph of y=sinx°, shown in Fig. 11.2, you can read off the ranges:

f(x)4
1 f(x)= sin x°
0.5 A
L T T T T T —T7 T T T T T 1 —>
-180 -90 1 90 180 270 360 x
i
Fig.11.2

(@) For xeR,therangeis yeR,-1=<y=<1.
(b) For xeR,0<x<90,therangeis yeR,0<y<l.

Example 11.3.1 has used the letter x in describing the domain, and y for the range, but

other letters would work just as well, The expressions ye R,0<y<land xeR,0<x <1

and t€R,0 <t <1 all describe the same set of numbers.

It is especially important to understand this when you find composite functions. For
example, in Examplé 11.2.3(a), the number 0.5 appears first as the output for the input
60 to the function f: x -5 cos x°, so you might think of it as y = cos60°=0.5.

. . . 1 .. .
But when it becomes the input to the function g: x +> —, it is natural to write x =0.5.
X

The number 0.5 belongs first to the range of f, then to the domain of g.

This is where Example 11.2.3(b) breaks down. The number 0, which is the output when
the input to f is 90, is not in the natural domain of g. So although 90 is in the natural
domain of f, it is not in the natural domain of gf .

The general rule is:
>

To form the composite function gf , the domain D of f must be
chosen so that the whole of the range of f is included in the domain
of g.The function gf is then defined as gf : x > g(f(x)), x € D.

R TR

For the functions in Example 11.2.3, the domain of g-is the set R excluding 0, so the
domain of f must be chosen to exclude the numbers x for which cosx®=0. These are
..., —450, =270, 90, 490, +270, +450, ... , all of which can be summed up by the
formula 90 +180rn, where # is an integer.

There is a neat way of writing this, using the standard'symbol Z for the set of integers
{..,=3,~2,-1,0,1,2,3,...} . The domain of f can then be expressed as
xeR,x#90+180n,ne Z.
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Example 11.3.2
Find the natural domain and the corresponding range of the function x > +/x(x —3).

You can express the function as gf , where f:x— x(x—3) and g:x— Vx

The natural domain of g is x € R,x = 0, so you want the range of f to be
included in y € R, y = 0. (Switching from x to y is not essential, but you may
find it easier.) The solution of the inequality y=x(x—3)=0is x=3 or x<0.

The natural domain of gf is therefore xe R, x=30r x=<0.

With this domain the range of f is y € R, y = 0, so the numbers input to g are
given by x € R, x = 0. With this domain, the range of g is ye R, y= 0. This is
therefore the range of the combined function gf .

If you have access to a graphic calculator, try to plot the graph y =./x(x —3),using a
window of —1<x<4 and 0< y= 2. You should find that no points are plotted for the
‘illegal’ values of x in the interval 0 < x <3.If you input a number in this interval, such
as 1,you will get as far as 1(1—3)=—2, but the final [«/7 ] key will give you an error
message Oor some display which does not represent a real number.

11.4 Sequences as functions

Not all functions have for their domain the set of real numbers or a restricted interval of
the real numbers. For example, a function might have the set of natural numbers
{1, 2,3,.. } for its domain. This set is denoted by the symbol N.

Some games (such as chess and Scrabble) are played on a board ruled out in squares. If
the board has r squares each way, then the total number of squares is r2. So this defines
a function

f:r>r?  where reN.
This is a different function from

f: x> x%, where x€R,
because the number of squares each way must be a whole number.
You can make a list of the successive values of f(r):

fQ)=1, f(2) =4, f(3) =9, f(4)=16, f(5) =25, ....

Notice that these numbers are precisely those in sequence (a) in Section 8.1. This
suggests that a sequence can be considered as a function whose domain is N.

Some sequences have only a finite number of terms. Suppose, for example, that you have
6 identical coins, and f(r) denotes the number of ways of splitting the coins into r piles.
Thus f(2) = 3, because you can have piles of 1 coin and 5 coins, 2 coins and 4 coins, or 3
coins and 3 coins. Check for yourself that

() =1, £(2) =3, £f(3) =3, f(4) =2, f(5) =1 and f(6) =1;
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but f(r) has no meaning for r > 6. The domain of the function is therefore the set
{1,2,3,4, 5,6}, which is a subset of consecutive numbers in N.

A sequence can therefore be defined as a function whose domain is N or a consecutive
subset of N. For sequences the notation #, is normally used rather than f(r),but that is
simply for convenience.

You saw in'Chapter 8 that it is simpler with some sequences to begin with v =0 rather
than r =1. For those séquences the domain is {0,1,2,3,...}. The notation for
describing-this set is N {0}.

An important difference between N and R is that, for every natural number r, there is
a ‘next numbes’. This is what makes it possible to use an inductive definition to describe
asequence. There is no comparable way of defining a function f(x), where xe R,

~ because there is no such thing as the ‘next real number’.

Exercise 11A

1 Given f: x+— (3x+ 5)2, where x € R, find the values of

@ f(2), ® f(-1, © (7).

2 Given g: x> 3x2+5 ,where x e R, find the v-alucs of
@ g2, () g(-1), © &,

3 Given f: x> x% ,where x cR®nd x # -5, fi1:d the values of
@ fC-), b (-9, © f@).

4 Given g: x|—>£+5,where xeR and x #0, find the values Qf
@ gD, ) a9, © g0).

5 Find the output if the functions ‘square’ and ‘subtract 4’ act in succession on an input of

@ 2, () -5, © 1. @ x.

6 Find the output if the functions ‘cos’, ‘add 2°, and ‘cube’ act in succession on an input of
(a 0, (b) 90;, (©) 120, d =x.

7 Find the output if the functions ‘square root’, ‘multiply by 2°, ‘subtract 1&° and ‘square’ act
in succession on an input of
(@ 9, (b) 16, © i @ =x.

8 Determine the key sequence needed to represent each of the following functions.
(@ f:ix>4x+9 (b f:x>4(x+9) (©) f:x2x*-5

d) fixis2(x—5) © fixo(VE-3),x20 ® fxef(x-2)2+10

9 Find the natural domain and corresponding range of each of the following functions.

(@ f:xp> x? (b) f:x—cosx® () f:ix—>Vx-3
@ f:xox*+5 (e) frxrs ® fxPx(4-x)
Nx,

@ fxoJx(d-x) - () fixrsx2+4x4£10 @ fxed(1-vx=3)



CHAPTER 11: COMBINING AND INVERTING FUNCTIONS 163

" 10

11

12

13

14

15

16

17

18
19
20

*

Given that f: x> 2x+1 and g: x> 3x—35, where x € R, find the value of the following.

(@ gf() (®) gf(-2) (¢ fg(0) -~ (@ fg(7)

(e) ff(5) ® ft(-5) ® gs4) () gg(22)
Given that f: x — x° and g: x> 4x—1,where x € R, find the value of the following.
() fg(2) ®) gg4) - (e) gf(-3)

@ #(Y) T @ faf(-) ) gfef(2)

Given that f: x> 5—-x and g:x> E,where xeR and x #0 or S, find the values of
the following. *

(@ ff(7) ®) ff(-19) © g8t) @ gg(l)

© gseg(l) {6 (o) fafe(2) @ fegf(2)
Given that f:x 1> 2x+ 35, g:xi—)x2 and h:xi—)l,where xeRand x#0 or —%,find
the following composite functions. *

@ fg : (b) gf () fh (d) hf

(e) ff (f) hh (& gth (h) hef

Given that f:x —'sinx°, g: x> %3 and h: x> x -3, where x €R, find the following
functions. '

(@ hf () th (¢) thg

) fg (e) ~hhh . ® of

Giventhat f:x—>x+4, g: x> 3x and h:x l—)’xz, where x e_IR , express each of the
following in terms of f, g, h as appropriate.

(@ x> x*+4 (b) x3x+4- © xx*

(@ x> 9x? € xP3x+12 O x> 3(x*+8)

(8) x> 9x+16 ) x> x?+8x+16 () x> 9x" +48x+64
In each of the following, find the natural domain and the range of the function gf . .
(a) f:xi—)x/;, gixHx-5 . () fixPx+3, g:xi—)x/_x-

© f:x—>x-2, g:xl—)l (d) f:xpP>sinx®, g:xi—)\[;

x
(e) f:xH.(x—3)2, g:xl—)x/; ® f:x>16-x2, g:xi—)Q/;
' . 1
(g f:x>x?-x-6, g:xl—)'\/; ) frxPHx+2, g:xi—)T

Given that f: x > x? and g: x> 3x—2,where xe R, find a, b and ¢ such that
(a) fg(a).: 100, (b) gg(b)=55, (©) fg(c)=gf(c).
Given that f: x > ax + b and that ff: x > 9x — 28 , find the possible values of a and b.

For f: x> ax+b, f(2)=19 and ff(0)=55. Find the possible values of a and 5.

The functions f: x - 4x+1 and g: x > ax +b are such that fg = gf for all real values
of x.Show that a=3b+1.

*
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21 Use function notation to describe
(a) the triangle number sequence,

(b) the general arithmetic sequence with first term a and common difference d .

22 In prime number theory the following notation is used:
D, is the rth prime number,
7e(r) is the number of prime numbers less than or equal to 7.
For each of these functions, state
(a) the domain, (b) the values for 1= r=10, (c) the range.

(Note: 1 is not a prime number.)

11.5 Reversing functions

If your sister is 2 years older than you, then you are 2 years younger than her. To get her
age from yours you use the ‘add 2’ function; to get your age from hers you ‘subtract 2°.
The functions ‘add 2 and ‘subtract 2’ are said to be inverse functions of each other.
That is, ‘subtract 2’ is the inverse function of ‘add 2’ (and vice versa).

You know many pairs of inverse functions: ‘double’ and ‘halve’, and ‘cube’ and ‘cube
root’ are simple examples.

Some functions are their own inverses, such as ‘change sign’; to undo the effect of a

» . . 1
change of sign, you just change sign again. Another example is ‘reciprocal’ (x [ —) .
X

These functions are said to be self-inverse.

The inverse of a function f is denoted by the symbol £~'.If f turns an input number x
into an output number y,then f~! turns y into x. You can illustrate this graphically by
reversing the arrow which symbolises the function, as in Fig. 11.3. The range of f
becomes the domain of £~ , and the domain of f becomes the range of f -1

1

range domain
of f of £~

X - X

domain of f range of f-1
Fig.113

You have already used inverse functions in calculations about triangles. Often you know
an angle, and calculate the length of a side by using one of the trigoniometric functions
such as tan. But if you know the sides and want to calculate the angle you use the
inverse function, which is denoted by tan~!.

On many calculators you find values of tan”! by using a sequence of two keys: first an
‘inverse’ key (which on some calculators is labelled ‘shift’ or 2nd function’) and then ‘tan’.
In the following pages this is referred to as ‘the tan~? key', and similarly for the sin! and
cos™ functions. '
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Example 11.5.1
Find the values of cos 'y when (@) y=0.5, (b) y=-1, (c) y=15.

Using the [cos'l] key with inputs. 0.5, —1, 1.5 in turn gives outputs of 60, 180,
and an error message!

So, in degree mode, (a) cos10.5=60 ,

A
(b) cos™! (1) =180, but (c) cos™' 1.5 has no 1;, .
meaning. - J=cosx°
Fig. 114 shows the graph of y = cosx® with 03 \
domain x € R, 0 < x =< 180. This shows that the 0 9'(\18TO—;
range of the function cos is —1= x < 1. Since
this is the domain of the inverse function, the -1

result in part (c) is explained by the fact that 1.5

. . .. Fig. 11.4
lies outside this interval.

If you try to check by finding the cosines of the answers to
this example, you get.

(@ 05 - [cos'] > 60 — [cos] — 0.5,
() -1 — [cos™'] — 180 — [cos] = —1.

This is of course what you would expect; the function and its inverse cancel each other
out.In general,if -1= y=<1,then

y = [cos'l] — [cos] > y.

You may therefore be surprised by the result of the next example.

Example 11.5.2
If f:x>sinx® and g: x> sin”' x,evaluate (a) gf(50), (b) gf(130).

Work this example for yourself using the calculator sequence
x — [sin] - [sin™'] = gf(x).
You should get the answers (a) 50 (as you would expect) and (b) 50.

The answer to part (b) calls for a more careful look at the theory of inverse functions.

11.6 One—one functions

The answers to Example 11.5.2 can be explained by Fig. 11.5, which shows the graph of
"y =sinx° over the interval 0 =< x =< 180. The graph rises from y=0 to y=1 over
values for x for which the angle is acute, and then falls symmetrically back to y =0
over values for which the angle is obtuse. This is because the sine of the obtuse angle

x° is equal to the sine of the supplementary angle (180 — x)°. So sin 130° = sin 50°, and
the calculator gives the value 0.7660... for both.
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y yJ
0.766." o) = R 0.766.. y=sinz®
0 50 9% 150 180 x 0 50 90 180 x
Fig. 115

When you use the [ sin™ ] key to find sin™'(0.7660...), the calculator has to give the

same answer in either case. It is programmed to give the answer with the smallest
modulus, which in this case is 50.

Exactly the same problem arises whenever you try to reverse a function which has the

same output for more than one input. And in mathematics, such ambiguity is not

acceptable. The solution adopted is a drastic one, to refuse to define an inverse for any
function which has the same output for more than one input. That is, the only functions
which have an inverse function are those for which each output in the range comes from
only one input. These functions are said to be ‘one—one’.

f was one—one.

In practice, this can be achieved by restricting its
domain. For example, the function x> sinx°, xe R,
whose graph is shown in Fig. 11.2 on page 160, is not

. one—one, so it does not have an inverse. But the function
x > sinx°, where x € R and —90 < x < 90, shown in

Fig. 11.6, is one—one; it is the inverse of this function

which is denoted by _s'm'1 , and activated by the familiar

key sequence on the calculator.

Fig. 11.3 suggests that, if you compose a function with
its inverse, you get back to the number you started

with. That is,

f'f(x)=x, and ff7'(y)=y.

such that y = f(x). The function with domain R defined by
f7' 1y x, where y =f(x), is the inverse function of f.

j A function f defined for some domain D is one—one if, for each
number y in the range R of f there is only one number x € D

This definition was illustrated in Fig. 11.3, which was drawn to ensure that the function

y = sinx°

-90

Fig. 11.6

The functions f™'f and ff are called identity functions because their inputs and
outputs are identical. But there is a subtle difference between these two composite

functions, since their domains may not be the same; the first has domain D and the
second has.domain R.

90
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11.7 Finding inverse functions

For very simple functions it is easy to write down an expression for the inverse function.
The inverse of ‘add 2’ is ‘subtract 2°, so

fixt>x+2,xcR hasinverse Fl:xx-2,xcR.

Notice that the inverse could equally well be written as f Ty y-2,yeR .

You can sometimes break down more complicated functions into a chain of simple
steps. You can then find the inverse by going backwards through each step in reverse
order. (This is sometimes called the ‘shoes and socks’ process: you put your socks on
before your shoes, but you take off your shoes before your socks. In mathematical
notation, (gf )‘1 =f"!g™!, where f denotes putting on your socks and g your shoes.)

However, this method does not always work, particularly if x appears more than once
in the expression for the function. Another method is to write y = f(x), and turn the
formula round into the form x = g(y). Then g is the inverse of f.

Example 11.7.1
Find the inverse of f: x> 2x+5,xeR.

Note first that f is one—one, and that the range is R.
Method 1  You can break the function down as
x = [aouble] — [add 51 - 2x+5.
To find £, go backwards through the chain (read from right to left):
L(x—5) « [halve] « [subtract5] ¢ x. |
So f x> L(x-5),xeR.
Method2 If y=2x+5,

y—5=2x whichgives x= %(y -3).

So the inverse functionis " :y > 1(y-5),yeR.

The two answers are the same, even though different letters are used.

Example 11.7.2 o | .
Restrict the domain of the function f: x - x% —2x, |

so that an inverse function exists. Find an expression
-1
for f7°.

y=)c2 —2x

—
[\*)
=

Fig. 11.7 shows the graph of y=x*-2x,xeR,
which is quadratic with its vertex at (1,—1). For
y > —1 there are two values of x foreach y,so
the graph does not represent a one—one function. -17
One way of making it one—one is to chop off the Fig. 117

part of the graph to the left of its axis of

symmetry. This restricts the domain to x € R, x = 1, but the range is still ye R,y = —-1.
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Method 1 Completing the square gives f(x)=(x—1)* —1, so you can break the
function down as

x — [subtract 1] — [square ] — [ subtract 1] — y.
In reverse,
1+./y+1 e Jadd1] e[ J¢e[add1] e y.
So the inverse functionis £y 1+\/;+~1,y eR,y=-1.
Notice that the positive square root was chosen to'make x > 1.
Method2 If y=x2—2x,then x* —2x—y=0.

This is a quadratic equation with roots

p= 23N Gy Ay

2

Since x = 1, you must choose the positive sign, giving x = 1++/1+y . So the
inverse functionis £ : yr> 1+.y+1,yeR, y= —1.

Example 11.73 12
Find the inverse of the function f(x) = <7 wherexeRand x # 2.

It is not obvious that this function is one—one, or what its range is. However, using

the second method and writing y = ZH-—; s
. x—
yx-2)=x+2,
yx—-2y=x+2,
yX—x=2y+2,
x(y-1)=2(y+1),
_2y+1)
y-1

This shows that, unless y =1, there is just one value of x for each value of y. So
f must be one—one, the inverse function therefore exists, and

2(y+1)
y-1

iy ,whereyeRand y # -1.

11.8 Graphing inverse functions

Fig. 11.8 shows the graph of y =f(x), where f is a one—one function with domain D and
range R. Since £ exists, with domain R and range D, you can also write the equation as
x= f_l(y). You can regard Fig. 11.8 as the graph of both f and £,
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But you sometimes want to draw the graph of f ! in the more conventional form, as
y=f _l(x) with the domain along the x-axis. To do this you have to swap the x- and
y-axes, which you do by reflecting the graph in Fig. 11.8 in the line y = x. (Make sure
that you have the same scale on both axes!) Then the x-axis is reflected into the y-axis
and vice versa, and the graph of x = f(y) is reflected into the graph of y =f 1(x).
This is shown in Fig. 11.9.

If f is a one—one function, the graphs of y =f(x) and y =f"'(x)

are reflections of each other in the line y=x.

y y
y=f"(x) ,y=x
s/
s/
D
/
/
R ;7 y =f(x)
=fx : | H / o o
y =1(x) a——
.............. Y
D P . R P
Fig. 11.8 Fig. 11.9

Example 11.8.1
For the function in Example 11.7.2, draw the
graphs of y=1(x) and y=1f""(x).

Example 11.7.2 showed that

f_l(x)=1+Vx+1 ,xeR, x=-1.

Fig. 11.10 shows the graphs of

y=f(x)=x*—-2x for x=1 and

y=f1(x)=1++x+1 for x=—1.You

can see that these graphs are reflections of

each other in the line y = x.

Exercise 11B

1 Each of the following functions has domain R.In each case use a graph to show that the
function is one—one, and write down its inverse.

(@ f:xHx+4 ® f:xH>x-5 (¢ f:xH2x
@ f:xolx © fix>x ® fixesix



170

PURE MATHEMATICS 1

Given the function f : x > x - 6, x € R, find the values of

(@) f(4), by 1), (© f(=3), @ f£75), (&) f(-4).
Givcn the function f : xbv1-—> 5x,x € R, find thevalues of )

@ £7(0), (b £7(100), (@ £, - @ 75, () ff(-6).
Given the function f: x — i/; ,x € R, find the values of

@ '@, o 1),  © e, @ -2, @ #£76).
Each of the following functions has domain R. Detennihé which are one—one functions.
(@ fix>3x+4 () frxr>x®+1 © frxx’-3x

) f:x>5-x (&) f:xm>cosx® ® fixox’-2

@ fixrix-7 @) f:x>Vx? Q) f:xe> x(x-4)

G) fixx®-3x k) f:xp>x° O f:xvxl+l
Determine which of the following functions, with the specified domains, are one—one.

(@ f:x—x%x>0 () f:x>cosx°,—90<x=<90

© f:xm1l-2x,x<0 @ f:xm x(x-2),0<x<2

@ fixm-x(x-2),x>2 ® f:rxx(x-2),x<l

(8 f:xx,x>0 () f:xx>+6x=5,x>0

(@) f:x>x*+6x-5x<0 G f:xPx?+6x-5x>-3

Each of the following functions has domain x = k. In each case, find the smallest possible
value of & such that the function is one-one.

(@ f:x>x’-4 (b x> (x+1)? ) f:xb (3x-2)*
(d f:xr>x*-8x+15 () f:xP>x?+10x+1 ® f:xpGx+4)(x-2)
(g) f:xr>x%-3x () f:xP>6+2x—x> G f:xe(x-4)*
Use method 1 of Example 11.7.1 to find the inverse of each of the following functions.
(@ f:x—3x-1,xeR (b) f:xl——)%x+4,xeR
) f:xx’+5xeR (d f:xVx-3,x>0 .

5x~3 ‘
(e f:xm ad ,xeR ® f:ixGx-12+6,x=1

Use method 2 of Example 11.7.1 to find the inverse of each of the following functions.

(@ f:x—>6x+5xeR (b) f:xl——>x+4,xe|R

© f:ix—>4-2x,xeR (d) f:‘xl——>2x;7,xeR

(e fixp2x’+5xeR ® f:xl——)%+4,xeRandx¢0

& f:xl—)—isj,xeRandx;tl (h) f:xl——)(x+2_)2+7,xeRandx>—2-

i f: x|—§(2x—3)2—5,xeRandx B% G frx>x?-6x,xeRandx=3
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For each of the following, find the inverse function and sketch the graphs of y = f(x) and

y=1"(x). _
(@ f:x—4x,xeR b) f:x—>x+3,xeR
) f:x—>+VJx,xeRandx=0 @ f:x>2x+1L,xeR
) fix—(x-2?%xecRandx=2 @ f:x>1-3x,xeR
3
(2 f:xH;,xeRandx;tO : (h) f:x—>T7-x,xeR
Show that the following functions are self-inverse.
(@ f:x—>5-x,xeR b) f:ix—>-x,xeR
6
©) f:xl—)i,xeRandx;tO (@ f:xl——);—,‘xeRandx;tO
x X
3x—~1
(e) f:xv—>x—+5,xe[Randx¢1 ® f:xl——)—x—,xeRandx;t%
x-1 _ 2x-3

Find the inverse of each of the following functions.

2x+1
(@ f:x xz.,xeRandx¢2 ®) f:x- ad 4,xeRandx¢4
x— X —
2 3x-11
(©) f:x|—>x+ ,2xeRandx#5 d f:x ad ,xeRandx#3
x-5 4x-3 4

The function f : x > x2 —4x +3 has domain x€Randx>2.
(a) Determine the range of f.

(b) Find the inverse function ™! and state its domain and range.
(c) Sketch the graphs of y=f(x) and y=f'(x).

The function f: x > +/x —2 +3 has domain x e Rand x>2.

(a) Determine the range of - f.

(b) Find the inverse function ™! and state its domain and range.
(¢) Sketch the graphs of y=f(x) and y = f1(x). '

The function f: x > x +2x+ 6 has domain x € R and x < k. Given that f is one—one,

determine the greatest possible value of k. When & has this value,
(a) determine the range of f,

(b) find the inverse function £ and state its domain and range,
(c) sketch the graphs of y=f(x) and y=f"(x).

The inverse of the function f: x> ax+b,xe R, is f1:x—8x—3.Find @ and b.

The function f: x> px+g¢,x € R, is such that £7'(6) =3 and ™ (-29)=-2.
Find £71(27).

The function f: x ~> x> + x + 6 has domain x € R and x > 0. Find the inverse function and

state its domain and range.

The function f : x — —2x> +4x~7 has domain x € R and x < 1. Find the inverse function

and state its domain and range.
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For each of the following functions, sketch the graph of y =£(x).
@ f:xr>sinx®,xeRand =90~ x=~ 90
(b) f:x>cosx°,xeRand 0= x~180

() f:xm>tanx°,xeRand —90<x<90

Miscellaneous exercise 11

The functions f and g are defined by
f:x—>4x4+9,xeR, g:}cl—)x2+1,xeR.

Find the value of each of the following.

@ fg2) ) fg(2+3) (© gf(-2)

(d) ff(-3) © ga(-4) ® fat(})

Find the natural domain and corresponding range of each of the following functions.
(@ f:ixr>4—x* b x> E+3?*-70 @© f:ixx+2
(d f:xr>5x+6 (&) f:xr>(2x+3)° @® frxo2-+x

The functions f and g are defined by
frxx,xeR, gx—-1-2x,xeR.
Find the functions
(@) fg, ) gf, (©) gff, dgg, @ g

The function f is defined by f: x— 253 = 6, x € R. Find the values of the following.
@ f(3) (b) £7'(48) © f7(-8) @ £7f(4) (e ff7'(4)

The function f is defined for all real values of x by f(x)= x% +10 . Evaluate
(a) ff(-8), () £1@13). ' (OCR)

Show that the function f : x — (x +3)* +1, with domain x € R and x >0, is one~one and
find its inverse.

The function f is defined by f: x> 4x3 +3,x € R.Give the corresponding definition of
f7! State a relationship between the graphs of f and. 1, (OCR)

Given that f(x)=3x* -4,x>0,and g(x)=x+4,xeR, find
(@ fl(x),x>-4, (b) fe(x),x>—4. (OCR)

The functions f, g and h are defined by

f:x—2x+1,xeR, g:xl—)xS,'xeR, h:xl—)—l—,xeRandx;tO.
x

Express each of the following in terms of f, g, h as appropriate.
@ xQ2x+1° () x>4x+3 © x> x L@ xe2x 41

1 x-1 2 2
B > S xS+ h) x> —
©*eea Ve ® ¥y ® =
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The function f is defined by f: x> X2+ 1, x = 0. Sketch the graph of the function f and,
using your sketch or otherwise, show that f is a one—one function. Obtain an expression in
terms of x for (x) and state the domain of £™.

The function g is defined by g:x+> x—3,x 2 0. Give an expression in terms of x for
gf(x) and state the range of gf . (OCR)
The functions f and g are defined by

frxm x> +6x,xeR, g x> 2x-1,xeR.
Find the two values of x such that fg(x)= gf(x), giving each answer in the form p +g~/3 .

The function. f is defined by f: x > x* —2x + 7 with domain x < k. Given that f is a
one-one function, find the greatest possible value of k and find the inverse function f -

“Functions f and g are defined by

f:x|—>x2+2x+3,xeR, g:xbax+b,xeR,
Given that fg(x)=4x* — 48x +146 for all x, find the possible values of a and b.

The function f is defined by f: x> 1-x2,x<0.
(a) Sketch the graph of f.
(b) Find an expression, in terms of x, for f~!(x) and state the domain of f.

(c) The function g is defined by g: x> 2x,x =< 0. Find the value of x for

which fg(x)=0. (OCR)
Functions f and g are defined by f: x> 4x+5,xeR,and g: x — 3—2x,x €R. Find
@ . g © g @ e, ONEI
Functions f and g are defined by f: x |—) 2x+7,xeR,and g: x > x*> —1,x e R. Find
@ {7, ® g7, @ g, @ g™,
© fs, ® ef. (&) (fg)" () ()"
Given the function f: x> 10-x,x € R, evaluate
@ f(7), ® £2(7), - @ °, @ £°).

(The notation 2 represents the composite function ff, £ represents fff , and so on.)

. . x+5 .
Given the function f: x > ,xeRand x# %, find

2x -1
(@ f2(x), o) 2(x), () f4(x), @ %), e 5(x).
Given the function f(x) = 2x-4 ,x€Randx#0, find
@ f2(x), ® f7(x), (© (%),
@ fi), © (), ® 2).

x+a

Show that a function of the form x — ,xeRandx#1,is self—in\}erse for all values

of the constant a.

X -




12 Extending differentiation

This chapter is about differentiating composite functions. When you have completed it,
you should

o  be able to differentiate composite functions of the form f(F(x))
e be able to apply differentiation to rates of change, and to related rates of change.

You may want to'leave out Section 12.4 on a first reading; the exercises do not depend
on it.

12.1 Differentiating (ax +b)"

To differentiate a function like (2x +1)*, the only method available to you at present is to
use the binomial theorem to multiply out the brackets, and then to differentiate term by term.

Example 12.1.1
Find gx—y for (@) y=(2x+1)*, () y=(1-3x)*

(a) Expanding by the binomial theorem,

y=(2x)° +3xX(2x)? x1+3x (2x)x12 +1° =8x° +12x% +6x +1.
So Y _24x? +24x+6.
dx

It is useful to express the result in factors, as % = 6(4x2 +4x+ 1) =6(2x+1)%.

(b) Expanding by the binomial theorem,
y=1* +4x 13 x(-3x) + 6 x12 X (-3x)? + 4 x 1 x (=3x)> + (-3x)*
=1-12x+54x% —108x> + 81x*.

So % =—12+108x — 324x% + 324x° = —12(1-9x +27x* = 27x°) = —12(1 - 3x)°.

Exercise 12A

In Question 1, see if you can predict what the result of the differentiation will be. If you
can predict the result, then check by carrying out the differentiation, and factorising your:
result. If you can’t, differentiate and simplify and look for a pattern in your answers.

1 Find % for each of the following functions. In parts (d) and (¢), a and b are constants.

(@ (x+ 3)2‘ (b)) (2x-3)? (© (1-3x)° @ (ax+b)?
© (b-ax)’ ® (1-x) ® (2x-3)* ) (3-2x)*
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2 Suppose that y = (ax+ b)", where a and b are constants and » is a positive integer. Guess
a formula for Y .
dx
3 Use the formula you guessed in Question 2, after checking that it is correct, to differentiate
each of the following functions, where a and b are constants. .
@ (x+3)° ® (2x-1)° © (1-4x) @) (3x-2)°
€ (4-2x)° @ 42+3x)° (& (2x+5)° () @x-3)°

TR

In Exercise 12A, you were asked to predict how to differentiate a function of the form
(ax+b)", where a and b are constants and » is a positive integer. The result was:

If y=(ax+b)",then %=n(0x+b)"'1><a.

Now assume that the same formula works for all »n, including fractional and negative
values. There is a proof in Section 12.4, but you can skip it on a first reading. The result,
however, is important, and you must be able to use it confidently.

If a, b and » are constants, and y = (axv+ b)", then % =n(ax + b)"_l Xa.

Example 12.1.2
Find & when (a) y=+v3x+2, (b) y=——1—.
dx 1-2x

(a) Writing +/3x +2 in index form as (3x+ 2)% and using the result in the box,
1 3

Y _ 1 -1 3
“=13x+2)1x3=2 = ,
o - 207+ 2(3x+2)7 243x+2
(b) Inindex form y=(1-2x)"", so Y -1(1-2x)? x(=2) = —22— X
, dx (1-2x)

Example 12.1.3

Find any stationary points on the graph y=+2x+1+ ! , and determine whether
. . . . ' Vv2x+1
they are maxima, minima or neither.

v2x+1 is defined for x = — %, and Jl— for x> ——%. So the largest possible
domain is x>—%. 2x+1

y=(2x+1)7 +(2x+1)%, 50

gle

= %(2x + 1)_% X 2+ (—%)(2}: + 1)_% X 2 = (2x + l)—% _(2x + 1)_%
11 2x+1-1 2x
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Stationary points are those for which % =0, which happens when x=0.

To find the nature of the stationary point, notice that the denominator in the expression
for ExX is positive for all values of x in the domain, and that the numerator is positive

for x > 0 and negative for x <0.So y has a minimum at x =0.

The result given in the box on page 175 is a special case of a more general result which
you can use to differentiate any function of the form f(ax + b).

S T

If a and b are constants, and if %f(x) = g(x),

then adx—f(ax +b) =ag(ax+Db).

For the special case in this section, f(x) = x" and g(x)=nx""'. Then

%(aﬁx +bY = %f(ax +b) = ag(ax +b) = an(ax + )"

Exercise 12B

1 Find % for each of the following.

@ y=@4x+5° () y=(2x-7)° © y=02-x)° @ y=(Lx+4)*

2 Find % for each of the following.

3x+5 ® Y=o © =y 9@ YTy

(@ y=
. dy .
3 Find o for each of the following.

@ y=-2x+3 ®) y=3¥6x-1 . () y= @ y=53x-2)"%

4x+7
4 Given that y=(2x+1)* + (2x—1)%, find the value of % when x=1.
5 Find the coordinates of the point on the curve y={1— 4x)% at which the gradient is —30.
. 1
6 Find the equation of the tangent to the curve y=—— at (—1,—1).
q g e curve y=2——at (~1,-3)

7 Find the equation of the normal to the curve y=~/6x+3 at the point for which x =13.
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12.2 The chain rule: an informal treatment

- When you differentiate (ax + b)" by using the methods of Section 12.1, you are actually
differentiating the composite function

x — [X,a,+,b,=] = ax+b — [raisetopowern] — (ax+b)".
That is, you are differentiating f(F(x)), where F:x— ax+band f:ut> u".

You will soon see the reason for using different letters, x and u, in describing the two
funptions. Remember that the function is the same, whatever letter is used. (See
Section 11.3.)

The rule at the end of Section 12.1 is a special case in which F(x) = ax + 5. This section
shows how the rule can be generalised to differentiate f(F(x)) where F is any function
which can be differentiated. As a lead-in, here is a very simple example which suggests
the general rule.

Example 12.2.1
Find the derivative of the composite function
x = [X,a,+,b,=] > ax+b — [X,c,+,d,=] > clax+b)+d.

If you let y = c(ax + b)+d , then

&

dx=?dd;(f(ax+b)+d)=%(c@+cb+.d)=ca.

However, if you let u stand for the intermediate output ax +b ,then y=cu+d.
So d_y;c and %=a,and d—y=ca. That is, 9)i=d—y><d—u.
du dx dx dx du dx

You can also think about this in terms of rates of change.

Recall that:
dy . . .
. ay is the rate at which y changes with respect to x,
dy . . . '
] Eil is the rate at which y changes with respect to u«,
u

du . . .
. i is the rate at which # changes with respectto x.

The equation d_y =c means that y is changing c times as fast as u; similarly u is
u

changing a times as fast as x. It is natural to think that if y is changing c¢ times as fast
as u,and u is changing a times as fast as x, then y is changing ¢ X a times as fast

as x. Thus, again,

dy_dy du
dr du dx’
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Example 1222
., dy 2\3
Find —= when y={1+x")".
dx Y ( )

So far there has been no alternative to expanding by the binomial theorem. You
have had to write
y=(1+x2)3=1+3x2+3x4 +x5,

% =6x+12x> +6x° = 6x(1 +2x2+ x4)'

= 6x(_1 + x2) 2,
But now the relation % = j_y X % suggests another approach. If you substitute
u

u=1+x2,sothat y=u3,the’n

d—y=3u2=3(1+x2)2and%=2x.
- du dx
So Qx—d—u=3(l+x2)2X2x=6x(l+x2)2.
du dx
So once again Q=Qxd—u—.
dx du dx

Assume now that this result, known as the chain rule, holds in all cases. It is also
sometimes called the ‘composite function’ rule, or the ‘function of a function’ rule.

The chain rule is easy to remember because the term du appears to cancel, but bear in
mind that this is simply a helpful feature of the notation. Cancellation has no meaning in
this context.

Chain rule

dy dyx'gg

If y =f(F(x)),and u=F that y = f(u), then —=>=-2x—.
y = f(F(x)),and u =F(x) so that y =f(u) fndx o o

A proof is given in Section 12.4, but you can omit it on a first reading.

Example 1223
Differentiate y = (2x+ 1)% with respect to x.

_1 _1 du
wi=l@x+1)7and —=2.
5 ( ) »

&mmmwu=2x+1ﬁommy=u5TmngX=% :
U
1

2x+1°

as & du dy

T o Lx+)Fx2=(2x+1) 7 =
173
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Example 12.2.4

) 1 -
Find%when (a)y=1+ 7 (b)y=\/1—x2, (C)y=\/1+\/;.
x

EEETEEEEneenTeenEsE  Exercise 12C

1

1 d 1 1
(a) Substitute u=1+x2,s0 y =—.Then _y=__2=___2 and %=2x.
u du u L (1+x2) dx
dy d 1 -2
SOQ=—yX—u=———2X2x='——xz.
dx du  dx (1_+x2) (1+x2)
(b) Substitute u=1-x2,s0 y= u—u%
dy 1 -1 1 1 du
Then — =54 *=—==——— and — =-2x.
du 2 23U 91— 42 v
So dy dy du x( 2x) = -x

dx d“ 241 - x2

(c) Substitute u=1+«./;,so y=«f1;.

dy 1 1 d du ‘
du 2 2Wu  o\1+4/x \/—
_dl_dy du 1 1

ERTINTEE 2\/1+«./_ 2‘/— 4\/ 1+«./_'

.

Use the substitution « = 5x + 3 to differentiate the following with respect to x.

= (5x +3) b) y=(5x+3)f =
(@ y=(5x+3) ® y=(5x+3) © y=5.73
Use the substitution u# =1—4x to differentiate the following with respect to x.
@ y=(1-4x) ®) y=(1-4x)" © y=v1-4x

Use the substitution # =1+ x3 to differentiate the following with respect to x.

(5) y.=(1+x3)5 (b) y=(l+x3)_4 © y=¥1+x

Use the substitution u =2x? +3 to differentiate the following with respect to x.

@ y=(22+3) ®yegas O ye

Differentiate y = (3x4 + 2)2 with respect to x by using the chain rule. Confirm your

answer by expanding (3x4 + 2)2 and then differentiating.
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Differentiate y = (2x3 + 1)3 with respect to x

(a) by using the binomial theorem to expand y = (2x3 + 1) 3 and then differentiating term
by term,

(b) by using the chain rule.

Check that your answers are the same.

Use appropriate substitutions to differentiate the following with respect to x.

@ y=(x"+1)* ) y=(25"~1)° © y=(x-1)

Differentiate the following with respect to x; try to do this without writing down the
substitutions.

@ y=(x*+6)* () y=(5+4) (© y=(x*-8)" (@ y=(2-%°)°
Differentiate the following with respect to x.

@ y=vaz+3 ) y=(*"+4)°  (@© y=(62"-35)7 (@ y=(5-4)"

Given that f(x)= ﬁ,ﬁnd (a) £'(2), (b) the value of x such that f’(x)=0.
X

Given that y =%/x3 +8, find the value of % when x=2.

Differentiate the following with respect to x.

1
@ y=(x"+3x+1)° (b) y=(—xT5x)3

Find the equation of the tangent to the curve y = (x2 - 5) ® at the point (2,-1).

Find the equation of the tangent to the curve y = \/—1 1 at the point (4,1).
-

Find the equation of the normal to the curve y= at the point (—1,4).

1-x3

Use the substitutions # = x2 —1 and v =+/u +1 with the chain rule in the form

dy dy dv_du . L 6
— =2 x—x— to differentiate y =|vx2—-1+1} .
dx dv- du dx Y ( * )

d
Use two substitutions to find a(\/l ++4x 3).

A curve has equation y = (x2 + 1) “ 2()«:2 + 1)3. Show that % = 4x()’c2 +1)2 (2)«:2 + 5) and

hence show that the curve has just one stationary point. State the coordinates of the
stationary point and, by considering the gradient of the curve on either side of the
stationary point, determine its nature.
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12.3 Related rates of change

You often need to calculate the rate at which one quantity varies with another when one
of them is time. In Section 7.4 it was shown that if 7 is some quantity, then the rate of

. . . dr-
change of r with respect to time ¢ is R

But suppose that 7 is the radius of a spherical balloon, and you know how fast the volume
V of the balloon is increasing. How can you find out how fast the radius is increasing?

Questions like this can be answered by using the chain rule. The situation is best
described by a problem.

Example 12.3.1

Suppose that a spherical balloon is being inflated at a constant rate of 5m>s™. Ata
particular moment, the radius of the balloon is 4 metres. Find how fast the radius of the
balloon is increasing at that instant.

First translate the information into a mathematical form.

Let V m? be the volume of the balloon, and let » metres be its radius. Let
{ seconds be the time for which the balloon has been inflating. Then you are given

that (31—‘: =5 and r =4, and you are asked to find d—: at that moment.

Your other piece of information is that the balloon is spherical, so that V = %n’r3 .

The key to solving the problem is to use the chain rule in the form
av_av_ dr
e dr " dt’
dv. 2 o . . .
You can now use — =47r°. Substituting the various values into the chain rule
formula gives

5=(4nx42)xg.
dr
. , . . dr 5 ..
Therefore, rearranging this equation, you find that d_ = 34_’ so the radius is
. t b4

. . 5 -
Increasing at 64T ms.
T

In practice you do not need to write down so much detail. Here is another example.

Example 12.3.2 .
The surface area of a cube is increasing at a constant rate of 24 cm? s, Find the rate at
which its volume is increasing at the moment when the volume is 216 cm®.

Let the side of the cube be x cm at time ¢ seconds, let the surface area be § cm?
and let the volume be V cm?.
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Then §=6x2, V= x> and % =24, and you need to find % when V=216,
which is when x> =216 ,or x=6.

If you know § and want to find V you need to find x first. Similarly, when you know

% and want to find (:l_‘t/ you should expect to find % first.

From the chain rule, ﬂ=ﬂxg=3x2g,so,when x=6, ﬂ=108g£.
dt dx dr dt dt dt
But ds _ds ><_9 = 12xg ,80 24 =(12x6)x dx , giving & % . Substituting
dt dx dt dt dt dt

this in the equation Vs & gives 4V 108 x1=36.
dt dt de

Therefore the volume is increasing at a rate of 36 cm> s~

Exercise 12D

1 The number of bacteria present in a culture at time ¢ hours after the beginhing of an
experiment is denoted by N . The relation between N and ¢ is modelled by

N =10 (1 + % t) 3. At what rate per hour will the number of bacteria be increasing when
t=67 ' (OCR, adapted)

2 A metal bar is heated to a certain temperature and then the heat source is removed. At time
¢ minutes after the heat source is removed, the temperaturé, 6 degrees Celsius, of the

280
metal bar is given by 6 = 19002 At what rate is the température decreasing
100 minutes after the removal of the heat source? (OCR, adapted)

3 The length of the side of a square is increasing at a constant rate of 1.2cms™!, At the
moment when the length of the side is 10 cm , find

(a) the rate of increase of the perimeter,
(b) the rate of increase of the area.
4 The length of the edge of a cube is increasing at a constant rate of 0.5mm s™. At the
moment when the length of the edge is 40 mm, find i
(a) the rate of increase of the surface area,
(b) the rate of increase of the volume.

5 A circular stain is spreading so that its radius is increasing at a constant rate of 3mms™'.
Find the rate at which the area is increasing when the radius is 50 mm.

6 A water tank has a rectangular base 1.5m by 1.2 m. The sides are vertical and water is
being added to the tank at a constant rate of 0.45 m® per minute, At what rate is the depth
of water in the tank increasing?

7 Air is being lost from a spherical balloon at a constant rate of 0.6 m® s~!, Find the rate at-
which the radius is decreasing at the instant when the radius is 2.5m.
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8 The volume of a spherical balloon is increasing at a constant rate of 0.25 m3 s, Find the
rate at which the radius is increasing at the instant when the volume is 10 m3.

9 A funnel has a circular top of diameter 0cm
20 cm and a height of 30 cm. When the
depth of liquid in the funnel is 12 cm, the
liquid is dripping from the funnel at a rate of
0.2 cm® s At what rate is the depth of the 30
liquid in the funnel decreasing at this instant?

Deriving the chain rule

In Section 12.2 the chain rule was shown to work in a number of simple cases, and
justified by an informal argument involving rates of change. This section shows how it
can be proved, although the argument depends on some assumptions which need to be
examined more carefully before the proof is complete. You may omit this section if you

‘wish; there is no exercise depending on it.

In Section 7 .4, jx—y is defined as

Q= lim Q
dx &—00dx

By changing the letters in the definition,

ﬂ= lims—y and %=lim _8_u
du  3u—0du dx &—08x

Now, in these expressions, when y is a function of #, where u is a function of x, then
as x changes u changes and so y changes.

Take a particular value of x, and increase x by &x with a corresponding increase of du
in the value of u, which, in turn, increases the value of y by 8y. Then

b _b
o Su &

because dy, du and 8x are numbers which you can cancel, assuming that du # 0.

To find gx)—l , you must take the limit as &x — 0, so

Q= lim §X= lim(ng)
dr &-08x &-0\du Ox
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Assuming that as &x — 0, du — 0 and that lim 4 X S_u = lim & x lim (S—MJ ,
. . x>0\ Oy Ox) 8&x—-0\du/) &—0\dx
it follows that

9= lim Q= lim(iy—xs—uj
dx &-508x &x-0\0u Ox

= lim (S_y) x lim (%) = lim (@i) X lim (@)
3x—0\ du 5x—>0\ Ox Su—0\ Ou Sx—0\ Ox

_Gy du
du dx

This result, % = ? X % , is the chain rule for differentiating composite functions.
u

Note that the results in Section 12.1 are particular cases of the chain rule since, if

u=ax+b, d—u=a.
dx

Miscellaneous exercise 12

1 Differentiate (4x—1)> with respect to x. (OCR)

2 Differentiate —1—2 with respectto x. (OCR)

(3-4x)
3 Differentiate Z(x4 +3)5 with respect to x.

4 Find the equation of the tangent to the curve y = (x2 - 5) 6 at the point (2,1).

5 Giventhat y= ~Jx3 +1, show that gxy—>0_for all x>-1.

6 Giventhat y = find the exact value of % when x=2.-

2x—-1 (2x-1)
1

7 Find the equation of the tangent to the curve y = (4x+3)° at the point (--7 ,1) , giving your
answer in the form y=mx+c. (OCR)

8 Find the-coordinates of the stationary point-of the curve with equation y =

x2+4
9 Find the equation of the normal to the curve y =+/2x% +1 at the point (2,3).

10 The radius of a circular disc is increasing at a constant rate of 0.003 cm's™". Find the rate at
which the area is increasing when the radius is. 20 cm. (OCR)

11 A viscous liquid is poured on to a flat surface. It forms a circular patch whose area grows at
a steady rate of 5cm? s7!. Find, in terms of 7,
(a) "the radius of the patch 20 seconds after pouring has commenced,
(b) 'the rate of increase of the radius at this instant. (OCR)
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(_ZLI)Z at the point (3,2), giving your
x—

answer in the form ax+by+c¢ =0, where a, b and c are integers. (OCR)

Find the equation of the tangent to the curve y =

Sketch the graph of y=(x— 2)? — 4 showing clearly on your graph the coordinates of any
stationary points and of the intersections with the axes.

Find the coordinates of the stationary points on the graph of y = (x - 2)® -12(x—~2) and
sketch the graph, giving the exact coordinates (in surd form, where appropriate) of the

intersections with the axes. (OCR)
Differentiate ,/x + 1 with respect to x. (OCR)
x ,

The formulae for the volume of a sphere of radius r and for its surface area are V = % mr’

and A =4xr> respectively. Given that, when r =5m, V is increasing at a rate of
10 m3 s7!, find the rate of increase of A at this instant. (OCR)

Using differentiation, find the equation of the tangent at the point (2,1) on the curve with

equation y =+/x2 -3, (OCR)
Differentiate ———1—2 with respect to ¢. (OCR)
(3:2 +5)

(@) Curve C| has equation y = ~4x—x? . Find 9 and hence find the coordinates of the
stationary point. dx

(b) Show that the curve C, with equation y = ~x% —4x has nosstationary point.

A curve has equation y = 1l2 Bx+1)* -8x.

(@) Show that there is a stationary point where x = % and determine whether this
stationary point is a maximum or a minimum.

(b) Ata particular point of the curve, the equation of the tangent is 48x+3y+c=0. Find
the value of the constant ¢. (OCR)

If a hemispherical bowl of radius 6 cm contains water to a depth of x cm, the volume of

the water is %nxz(IS ~ x) . Water is poured into the bowl at a rate of 3 cm? s~!. Find the

rate at which the water level is rising when the depth is 2 cm.

An underground oil storage tank ABCDEFGH is
part of an inverted square pyramid, as shown in the
diagram. The complete pyramid has a square base
of side 12 m and height 18 m . The depth of the
tank is 12 m.

When the depth of oil in the tank is & metres, show
that the volume V m? is given by

V=a(h+6)° -32. |
Oil is being added to the tank at the constant rate of
4.5 m3 57!, At the moment when the depth of oil is

8 m, find the rate at which the depth is increasing.
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A curve has equation y = (x2 - 1) 3 3(x2 - 1)2. Find the coordinates of the stationary
points and determine whether each is a minimum or a maximum. Sketch the curve.

1 1
-———— and
2x+1 - (2x+1)
determine whether the stationary point is a maximum or a minimum.

Find the coordinates of the stationary point of the curve y =

and

9
Find the coordinates of the station oint of the curve y=~4x-1+
ary p y a1

determine whether the stationary point is a maximum or a minimum.

(a) Expand (ax + b)> using the binomial theorem. Differentiate the result with respect to
x and show that the derivative is 3a(ax + b)?.

(b) Expand (ax + b)* using the binomial theorem. Differentiate the result with respect to
x and show that the derivative is 4a(ax +b)>.

(c) Write down the expansion of (ax +b)" where n is a positive integer. Differentiate the
result with respect to x. Show that the derivative is na(ax + b)"".




Revision exercise 2

10

11

Find the equation of the tangent at x =3 to the curve with equation y =2x2? —3x+2.

Find the coordinates of the vertex of the parabola with equation y = 3x2 +6x+10
(a) by using the completed square form,
(b) by using differentiation.

Find the coordinates of the point on the curve y =2x%—3x+1 where the tangent has
gradient 1.

The normal to the curve with equation y = x?.at the point for which x =2 meets the curve
again at P. Find the coordinates of P.

A normal to the curve y = x? has gradient 2. Find where it meets the curve.

Find the equation of the normal to the curve with equation y =+/x at the point (1,1).
Calculate the coordinates of the point at which this normal meets the graph of y = —Jx.

The height, # centimetres, of a bicycle pedal above the ground at time # seconds is given
by the equation

h=30+15cos90z°.

(a) Calculate the height of the pedal when ¢ = 1%.
(b) Calculate the maximum and minimum heights of the pedal.

(c¢) Find the first two positive values of ¢ for which the height of the pedal is 43 cm. Give
your answers correct to 2 decimal places.

(d) How many revolutions does the pedal make in one minute?

(a) Calculate the gradient of the graph of y = 12%/x at the point where x =8 and hence
find the equation of the tangent to the graph of y = 123/x at the point where x =8§.

(b) Find the equation of the line passing through the points with coordinates (15,30) and
(-31,-14).

(c) Hence find the coordinates of the point where the tangent in part (a) meets the line in
part (b).

v 1 3 (Vx+ 1)2
Differentiate x+—, 2+/x, —— and ~———— with respect to x.
x N x
Find the maximum and minimum values of y=x3 ~6x2 +9x -8,

A curve has equation y = 2x® —9x2 +12x — 5. Show that one of the stationary points lies
on the x-axis, and determine whether this point is a maximum or a minimum.
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12

13

14

15

16

17

18

19

20

21

Solve the following equations, giving values of € in the interval —180 < 8 <180 correct

to 1 decimal place.

(@ 3sin?6°-2cos’6°=1 (b) cosf°tan6°=—1

(b) 3+4tan26°=5 (d) 4cos?26°=3

(a) Solve the equation tan” 2x° = % giving all solutions in the interval 0 < x < 360.
1

(b) Prove that tan? 6° = ——
cos” 6°

1.

(c) Write down the period of the graph of y = , and also the coordinates of a

2 +cos? 2x°
maximum value of y.

1 1)
Differentiate ~/x + — and (w/x + ——-) with respect to x.
Vx 7= P

By drawing suitable sketch graphs, determine the number of roots of the equation

. 10
cosx®=—
X

which lie in the interval —180 < x <180. (OCR, adapted)

+2x
your answer in similar notation to the original.

The function x - 1 ,xeR,x= —% , has an inverse. Find the inverse function, giving

The nth term of a series is %(Zn —1). Write down the (n+1)th term.
(a) Prove that the series is an arithmetic progression.

(b) Find, algebraically, the value of n for which the sum to n terms is 200. (OCR)

8
(a) Determine the first three terms in the binomial expansion of (x - —) .
x .

4
(b) Write down the constant term in the binomial expansion of (2x + E) . (OCR)
X

1
Differentiate y = with respect to x. Draw a sketch of the curve.
v2x+3

(2) The function f is defined by f(x) = x? —2x—1 for the domain —2 < x <5. Write
f(x) in completed square form. Hence find the range of f.Explain why f does not
have an inverse.

(b) A function g is defined by g(x)=2x? —4x — 3. Write down a domain for g such that
g_1 exists. (OCR, adapted)

The tenth term of an arithmetic progression is 125 and the sum of the first ten terms is

260.

(a) Show that the first term in the progression is —73.

(b) Find the common difference. (OCR)
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22

23

24

25

26

27

28

29

30

31

The binomial expansion of (1+ ax)”, where rn is a positive integer, has six terms.

(a) Write down the value of n.

The coefficient of the x> term is 2.

(b) Find a. (OCR)

The function f is defined for the domain x =0 by f: x> 4 - x2.

(a) Sketch the graph of f and state the range of f.

(b) Describe a simple transformation whereby the graph of y = f(x) may be obtained from
the graph of y=x? for x =0.

(c) The inverse of f is denoted by f~!. Find an expression for f~'(x) and state the
domain of 1,

(d) Show, by reference to a sketch, or otherwise, that the solution to the equation
f(x)=f~1(x) can be obtained from the quadratic equation x2 +x —4 = 0. Determine
the solution of f(x)={~1(x), giving your value to 2 decimal places.

. . 6
Find the coefficient of L4 in the binomial expansion of (1 + —) .
x x

An arithmetic progression has first term 3 and common difference 0.8. The sum of the
first n terms of this arithmetic progression is 231. Find the value of 7.
Differentiate each of the following functions with respect to x.

1
2 +1

@ (P+2x-1)  ©®

A spherical star is collapsing in size, while remaining spherical. When its radius is one
million kilometres, the radius is decreasing at the rate of 500 km s’l .Find

(a) the rate of decrease of its volume, (b) the rate of decrease of its surface area.

Write down the periods of the following trigonometric functions.

(a) cosx® (b) cos% x° (¢c) cos % x°

A woman started a business with a workforce of 50 people. Every two weeks the number of
people in the workforce increased by 3 people.

How many people were there in the workforce after 26 weeks?

Each member of the workforce earned $600 per week. What was the total wage bill for this
26 weeks?

Sketch the graph of y =1 x” —3x+12.

The points P and Q on the graph have x-coordinates 0 and 8 respectively. The tangents at
P and Q meet at R. Show that the point (11,9) is equidistant from P, @ and R.
(OCR, adapted)

The origin O and a point B(p,q) are opposite vertices of the square OABC . Find the
coordinates of the points A and C.

A line [ has gradient 4 . Find possible values for the gradient of a line at 45° to /.
p
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13.1

Vectors

This chapter introduces the idea of vectors as a way of doing geometry in two or three
dimensions. When you have completed it, you should

o understand the idea of a translation, and how it can be expressed either in column form
or in terms of basic unit vectors

e know and be able to use the rules of vector algebra

o understand the idea of displacement and position vectors, and use these to prove
geometrical results

» appreciate similarjties and differences between geometry in two and three dimensions

»  know the definition of the scalar product, and its expression in terms of components

e be able to use the rules of vector algebra which involve scalar products ‘

¢ be able to use scalar products to solve geometrical problems in two and three
dimensions, using general vector algebra or components.

Translations of a plane

In Section 3.6 you saw that if you translate the graph y = ax® + bx through a distance ¢
in the y-direction its new equation is y = ax* +bx+c.In general, if you translate the
graph 'y =f(x) a distance c units in the ‘y-direction its equation becomes y =f(x)+c.
A practical way of doing this is to draw the graph on a transparent sheet placed over a
coordinate grid, and then to move this sheet up the grid by ¢ units.

The essential feature of a translation is that the sheet moves
over the grid without turning. A general translation would
move the sheet &k units across and / units up the grid. This is
shown in Fig. 13.1, where several points move in the same
direction through the same distance. Such a translation is

\

called a vector and is written (llc) Fig. 13.1

For example, the translation of y = f(x) described above would be performed by the vector

(S) ; similarly the vector (k

0) performs a translation of % units across in the x-direction.

In practice, drawing several arrows, as in Fig. 13.1,is not a
convenient way of representing a vector. It is usual to draw
just a single arrow, as in Fig. 13.2. But you must understand
that the position of the arrow in the (x,y)-plane is of no
significance. This arrow. is just one of infinitely many that
could be drawn to represent the vector. Fig. 13.2

You may meet uses of vectors in other contexts. For example, mechanics uses velocity
vectors, acceleration vectors, force vectors, and so on. When you need to make the
distinction, the vectors described here are called translation vectors. These are the only
vectors used in this book.
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13.2 Vector algebra
It is often convenient to use a single letter to stand for a vector. In print, bold type is used to

e . . k .
distinguish vectors from numbers. For example,in p = ( ) , p is a vector but k£ and [ are

l
numbers, called the components of the vector p in the x- and y-directions.

In handwriting vectors are indicated by a wavy line underneath the letter: p = (]lc) Itis

~

important to get into. the habit of writing vectors in this way, so that it is quite clear in your
work which letters stand for vectors and which stand for numbers.

If s is any number and p is any vector, then sp is another vector. If s >0, the vector
sp is a translation in the same direction as p but s times as large; if s <0 it is in the
opposite direction and | s| times as large. A number such as s is often called a scalar,
because it usually changes the scale of the vector.

' &\
. ) , which is
a translation of the same magnitude as p but in the opposite direction. It is denoted by —p.

The similar triangles in Fig. 13.3 show that sp = (SSI;) In particular, (-1)p = (

P

Fig.13.3 Fig. 134 Fig. 13.5

‘Vectors are added by performing one translation after another. In Fig. 13.4, p and q are
two vectors. To form their sum, you want to represent them as a pair-of arrows by which
you can trace the path of a particular point of the moving sheet. In Fig. 13.5, p is shown
by an arrow from U to V,and q by an arrow from V to W.Then when the
translations are combined, the point of the sheet which was originally at U would move
firstto V and then to W . So the sum p+q is represented by an arrow from U to W.

Fig. 13.5 also shows that:

pr:(]l() and q=(7§),thenp+q=(€i?).

To form the sum ¢+ p the translations are performed in the
reverse order. In Fig. 13.6, q is now represented by the
arrow from U to Z; and since UVWZ is a parallelogram p
is represented by the arrow from Z to W. This shows that

P+q=q+p.

This is called the commutative rule for addition of vectors. Fig. 136
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Example 13.2.1

Ifp= (_23) , q= G) and r = @), show that there is a number s such that p+sq=r.

You can write p+ sq in column vector form as

2 N 1y 12 5= 2+s

-3)7%2) 73 2s ) T 342 )
If this is equal to r, then both the x- and y-components of the two vectors must
be equal. This gives the two equations

2+s=5 and -3+2s=3.

Both these equations are satisfied by s =3, so it follows that p+3q =r. You can
check this for yourself using squared paper or a screen display, showing arrows
representing p, q, p+3q and r.

The idea of addition can be extended to three or more
vectors. But when you write p+q +r it is not clear
whether you first add p and q and then add r to the
result, or whether you add p to the result of adding q q
and r.Fig. 13.7 shows that it doesn’t matter, since the (
outcome is the same either way. That is,

p

(p+q)+r=p+(q+r).
This is called the associative rule for addition of vectors. Fig. 13.7

To complete the algebra of vector addition, the symbol 0 is needed for the zero vector,
the ‘stay-still’ translation, which has the properties that, for any vector p,

Op=0, p+0=p, and p+(-p)=0.

Vector addition and multiplication by a scalar can be combined according to the two
distributive rules for vectors:

s(p+q =sp+sq  (from the similar triangles in Fig. 13.8)
and (s+t)p=sp+ip (see Fig. 13.9)

Fig. 138 Fig. 139
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Subtraction of vectors is defined by

ptx=q & X=q-p. xX=q-p

This is illustrated in Fig. 13.10. Notice that to show q —p

you represent p and q by arrows which both start at the

same point; this is different from addition, where the

arrow representing q starts where the p arrow ends. Fig. 13.10

Comparing Fig. 13.10 with Fig. 13.11 shows that

q
q-p=q+(-p). 74

In summary, the rules of vector addition, subtraction and q+(-p)
multiplication by scalars look very similar to the rules of -
number addition, subtraction and multiplication. But the
diagrams show that the rules for vectors are interpreted
differently from the rules for numbers.

Fig. 13.11

13.3 Basic unit vectors-

If you apply the rules of vector algebra to a vector in column form, you can see that
_k_k+0_k+0_k1+10
P={1)o+1)70)"\1)= o) 1)

The vectors ((1)) and ((1)) which appear in this last expression are called basic unit

vectors in the x- and y-directions. They are denoted by the letters iand j, so

p=ki+lj.
This is illustrated by Fig. 13.12. The equation shows P .
that any vector in the plane can be constructed as the lj ! l
sum of multiples of the two basic vectors i and j.
ki i
The vectors ki and [j are called the component
' Fig. 13.12

vectors of p in the x- and y-directions.

You now have two alternative notations for doing algebra with vectors. For example, if

you want to find 3p — 2q, where p is @) and q is (_13) , you can write either

o5)-2( )55 (s2C0)- )
or  3(2i+5§)—2(i~3j) = (6i +15j) — (2i — 6j) = 6i +15j - 2i + 6 = 4i + 21j.

You will find that sometimes one of these forms is more convenient than the other, but
usually it makes no difference which you use.
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Exercise 13A

When you are asked to illustrate a vector eqﬁation‘ geometrically, you should show
vectors as arrows on a grid of squares, either on paper or on screen.

1

10

Illustrate the following equations geometrically

@ (1)+(3)=0) o w85
© [a+2(5)-(0) ® (1)-0)-(7)
© 3 )-(5)-) BECEOEHN

o GhEHEHE o 2 {3s((5)(0)

Rewrite each of the equations in Question 1 using unit vector notation.

Express each of the following vecters as column vectors, and illustrate your answers
geometrically.
(a) i+2j (b) 3i (© j-i (d) 4i-3j

‘Show that there is a number s such that SG) + (_3) = (_51) Illustrate your answer

1
geometrically.

Ifp=35i-3j,gq=2j—iandr =1i+5j, show that there is a number s such that
P + sq =r. Illustrate your answer geometrically.

Rearrange this equation so as to express q in terms of p and r. Illustrate the rearranged
equation geometrically.

Find numbers s and z such that s(i) + t(:;) = G) Illustrate your answer geometrically.

If p=4i+j, q=6i—5j and r =3i+4j, find numbers s and ¢ such that sp+rq=r.
Tlustrate your answer geometrically.

Show that it isn’t possible to find numbers s and 7 such that (fz) + s'(3) = (_6) and

)73
3N (M G rical reast
4 9 = 1) 1ve geomelrical réasons.

If p=2i+3j, q=4i—5j and r =i—4j,find a set of numbers f, g and & such that
SPp+gq+hr = 0. Illustrate your answer geometrically. Give a reason why there is more
than one possible answer to this question.

If p=3i—-j,q=4i+5jand r=2j-6i,
(a) can you find numbers s and ¢ such that q = sp+1r,

(b) can you find numbers u and v such that r =up +vq?

Give a geometrical reason for your answers.
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13.4 Position vectors
If E and F are two points on a grid, there is a unique translation which takes you from
E to F.This translation can be represented by the arrow which starts at £ and ends at
F, and it is denoted by the symbol E? .

Some books use EF in bold type rather than E? to emphasise that it is a vector.

However, although this translation is unique; its ﬁame"is not. If G and H are two other
points on the grid such that the lines EF and GH are parallel and equal in length (so
that EFHG is a parallelogram, see Fig. 13.13), then the translation EF also takes you

from G to H, so that it could also be denoted by G?I. In a vector equation E? could
be replaced by G?I without affecting the truth of the statement.

Vectors written like this are sometimes called displacement

vectors. But they are not a different kind of vector, just - /H
translation vectors written in a different way. G /F
There is, however, one especially iinportant displacement - B i
vector. This is the translation that starts at the origin O and /

. s A — > o :
ends at a point A (OA inFig. 13.13),sothat OA=EF =GH .
The translation from O to A is called the position vector of A. Fig.13.13

There is a close link between the coordinates of A and the components of its position vector.
If A has coordinates (u,v), then to get from O to A you must move u units in the

x-direction and v units in the y-direction, so that the vector OA has components # and v.

The position vector of the point A with coordinates (u,v) is

= _ (% N
0A=(v)=u1+v.].

A useful convention is to use the same letter for a point and its position vector. For
example, the position vector of the point A can be denoted by a . This ‘alphabet
convention’ will be used wherever possible in this book. It has the advantages that it
economises on letters of the alphabet and avoids the need for repetitive definitions.

13-.5 Algebra with position vectors

D
Multiplication by a scalar has a simple interpretation in 3
terms of position vectors. If the vector sa is the position 22

vector of a point D, then:

o
a
e If >0, D lies on the directed line OA (produced if )

necessary) such that OD = sOA.
s If §<0, D lies on the directed line AQ produced such
that OD =|s|OA.

This is shown in Fig. 13.14 for s=3 and s = -

Fig.13.14

L
5
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To identify the point with position vector a+b

is not-quite so easy, because the arrows from O

to A and from O to B are not related in the way

needed for addition (see Fig. 13.5). It'is therefore

necessary fo complete the parallelogram OACB,

as in Fig. 13. 15 -

Then

Fig. 13.15

s e
a+b=0A+0B=0A+AC =0C.

This is called the parallelogram rule of
addition for position vectors. B

“Subtraction can be shown in either of two ways. E
If you compare Fig. 13.16 with Fig. 13.10, you . e=b-a
will see that b —a is the displacement vector : 0
. To iiiterpret this as a position vector, draw a
line OF equal and parallel to AB, so that
OE = AB. Then E is the point with position
vector b—a.

Alternatively, you can write b—a as b+ (-a),
and then apply the parallelogram rule of addition
" to the points with position vectors b and -a. By
comparing Figs. 13.16 and 13.17 you can see
that  this leads to the same point E. Fig. 13.17

Example 13.5.1
Points A and B have pos1t1on VeCtors a and b. Find the position vectors of
(a) the mid-point M of AB,
(b) the point of trisection T such that AT =2 AB.

"(a) Method 1 The displacement vector AB=b- a,so AM = %(b - a).
Therefore

m=0M=é?4+A?l=a+%(b—a)=%a+%b.

Method 2 . If the parallelogram OACB is conipleted (see Fig..13.15) then
c=a+b. Since the diagonals of QACB bisect each other, the mid-point M of
AB is dlso the midpoint of OC . Therefore

1 1
@+ b)= 7 ats 5b.
(b) The first method of (a) can be modified. The dlsplacement vector

A_Y)' (b a), so .
. t=0A+Al‘=a+%(b—a)=%a+%b.

The results of this example can be used to prove an important theorem about triangles.

s
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"Example 13.52 ‘

In triangle ABC the mid-points of BC, CA and AB are D, E and F.Prove that the
lines AD,-BE and CF (called the medians) meet at a point G, which is a point of
trisection of each 'of the medians (see Fig: 13.18).

‘From Example 13.5.1, d =éb +%c , and the
point of trisection on the median AD closer
to D has position vector

—

1 2 1,
3 HELEE DD
1
3

1
+§c-

This last-expression is symmetrical in a, b and
c. It therefore also represents the point of
trisection on the median BE closer to E , and
the point of trisection on CF closer to. F.

C
Therefore the three medians meet each other at a

point G, with position vector g = %(a +b+¢). : ‘ Fig. 13.18
This point is called the centroid of the triangle.

Exerciée 13B

In this exercise the alphabet convention is used, that a stands for the position vector of
the point A, and so on.

1 The points A and B have coordinates (3,1) and (1,2). Plot on squared paper the points C I

D, ..., H defined by the following vector equations, and state their coordinates.
(@ c=3a ' ) d=-b (c) e=a-b
(d) f=b-3a (¢) g=b+3a (® h=1(b+3a)

2 Points A and B have coordinates (2,7) and (-3,-3) respectively. Use a vector method to
find the coordinates of C and D, where

. . — — L . = 3=
(a) C is the point such that AC =3 AB, (b) D is the point such that AD = 5 AB.

3 C isthe point on AB produced such that AB = BC . Express C in terms of a and b.
Check your answer by using the result of Example 13.5.1(a) to find the position vector of
the mid-point of AC ...

"4 C isthe point on AB such that AC:CB = 4:3. Express ¢ in terms of a and b.

. 5 If C is the point on AB such that AC =t AB , prove that c=tb+(1-#)a.

- o
6 Write a vector equation connecting a, b, ¢ and d to express the fact that AB =DC'.

Deduce from your equation that
-
(a) DA=CB, » _
© (b) if E is the point such that OAEC is a parallelogram, then OBED is a parallelogram.
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7 ABC isatriangle. D is the mid-point of BC, FE is the mid-point of AC, F is the mid-
_)
point of AB and G is the mid-point of EF . Express the displacement vectors AD and
_) -
AG interms of a, b and ¢. What.can you deduce about the points .A, D and G?

8 OABC is a parallelogram, M is the mid-point of. BC, and P is the point of trisection of
AC closerto C.Express b, m and p in terms of a and ¢. Deduce that p = %m, and
interpret this equation geometrically.

9 ABC is atriangle. D is the mid-point of BC, E is the mid-point of AD and F is the

— —
point of trisection of AC closerto A. G is the point on FB such that FG = %FB. Express
d, e, f and g in terms of a, b and ¢, and deduce that G is the same point as E. Draw a
figure to illustrate this result.

10 OAB is a triangle, Q is the point of trisection of AB closer to B and P is the point on
OQ such that O_I)3 = OQ AP produced meets OB at R.Express AP in terms of a and
b, and hence find the number k such that OA +k AP does not depend on a. Use your
answer to express r in terms of b, and interpret this geometrically.

Use a similar method to identify the pomt S where BP produced meets OA.

R R R N S

13.6 Vectors in three dimensions

The power of vector methods is best appreciated
when they are used to do geometry in three
dimensions. This requires setting up axes in three
directions, as in Fig. 13.19. The usual convention is
to take x- and y-axes in a horizontal plane (shown
shaded), and to add a z-axis pointing vertically
upwards.

These axes are said to be ‘right-handed’: if the . Fig. 13.19
outstretched index finger of your right hand points in .
the x-direction, and you bend your middle finger to point in the y-direction, then your
thumb can naturally point up in the z-direction. ‘

The position of a point is given by its three coordinates (x,y,z) .

A vector p in three dimensions is a translation of the whole of space relative to a fixed
coordinate framework. (You could imagine Fig. 13.1 as a rainstorm, with the arrows
showing the translations of the individual droplets.)

!
It is writtenr as | m |, which is a translation of [, m and » units in the x-, y- and z-

n 1 0
directions. It can also be written in the form /i+ mj+ nk,where i=|0{, j=|1],
0 0 0

k =| 0 | are basic unit vectors in the x-, y-and z-directions.
1
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Almost everything that you know about coordinates in two dimensions carries over into
three dimensions in an obvious way, but you need to notice a few differences:

e - The axes can be taken in pairs to define coordinate planes. For example, the x- and
y-axes define the horizontal plane, called the xy-plane. All points in this plane have
z-coordinate zero, so the equation of the plane is z = 0. Similarly the xz-plane and
the yz-plane have equations y =0 and x = 0; these are both vertical planes.

e The idea of the gradient of a line does not carry over into three dimensions. However,
you can still use a vector to describe the direction of a line. This is one of the main
reasons why vectors are especially useful in three dimensions.

o In three dimensions lines which are not parallel may or may not meet. Non-parallel
lines which do not meet are said to be skew.

Example 13.6.1
Points A and B have coordinates (=5,3,4) and (~2,9,1). Investigate whether or not the
point C with coordinates (~4,5,2) lies on the line passing through A and B.

The displacement vector ﬁ is

2) (-5) (3 1
b-a=| 9 |-| 3|=|.6|=3] 2
1) (4) \=3) (=1

-4 -5 1 .
c—a=| 5 |—| 3 |=] 2 [
‘ 2 ) \4)\-2)

As c—a isnota multlple of -b=a;itis not parallel to b—a. The pomts B and (OF
are not in the"same direction (or in s opposite d1rect10ns) from A,so C does not lie
on the line passmg through A d:B.

Note that /f you change the. z-coordmate of C to 3, then C wo lie on the line AB.

Example 13.6.2
Points P, Q and R have‘coordinates (1,3,2), (3,1,4) and (4,1,-5) respectively.
H

(2) Find the dlsplacement vectors PQ and QR in terms of the basic vectors i, j and k.
(b) Flnd 2PQ PR +3 QR in terms of the basic vectors 1 j and kK, and the coordmates
of the point reached if you start at R and carry out the translatlon 2PQ PR +3 QR

(a) PQ=q—p=(3l+J+4k)—(l+3_]+2k‘)=2L—2'"

_) .
OR=r~-q=(4i+j-5k)-(3i+j+4k) =i-9k

N S \
(b) Note first that PR=r —p=(4i+j—-5k)—(i+3j =3i-2j-7k.

— g = -
Then 2 PQ ~ PR +%QR=2(2i—2j+2k)—l(3i—2j—7k)+%(i—9k)
' =4i-4j+ak-Ji+itlk+i-3k
= 3i-3j+ 3k
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If you start from R, then the point reached has position vector
r+(3i-3j+k)=(4i+j—5k) +(3i—3j+ 3k) ='7i—2j—2k.

The point is therefore (7,-2,-2).

wenmErmyy Exercise 13C

If p=2i—j+3k, q=>5i+2jand r = 4i+ j+k, calculate the vector 2p+ 3q—4r giving
your answer as a column vector. '

: -
A and B are points with coordinates (2,1,4) and (5,—5,-2). Find the vector AB

(a) as acolumn vector,

-(b) usingi, jand k.

For each of the following sets of points A, B and’ C, determine whether the point C lies
on the line AB. ‘

(a) A(37294) ’ B(_3’_77—8) ), C(0’173) N (b) A(371a0) ,.‘B(—'3',1,3) ’ C(S;l,_l)
If the answer is yes, draw a diagram showing the relative positions of A, B and C on the
line. ‘
|
(a) Using the points A(2,~1,3), B(3,1,-4) and C(-1,1,-1), write AB, 2AC and
- " o
1 3 BC as column vectors.
(b) If you start from B and the translation AB + 2AC +3 BC takes you to D, find the"

coordinates of D.

Four points A, B, C and D have position vectors 3i—j+ 7k, 4i+k, i—j+k and

= —.
—2j+ 7k respectively. Find the displacement vectors AB and DC . What can you deduce
about the quadrilateral ABCD?

4 1 ,
Two points A and B have position vectors | —1 | and | 5|. C is the p(')intlon the line
. 2 3 '
-AC .
segment AB such that — = 2. Find
CB i
. - - -
(a) the displacement vector AB, (b) the displacement vector AC,

(c) the position vector of C.

Four points A, B, C and D have coordinates (0 1 2) Q, 3 ,2), (4.3 4) and (5,-1, -2).
respectively. Find the position vectors of

(a) the mid-point E of AC,

. BF
(b) the point F on Bp such that D3

Use your answers to draw a sketch showing the relative positions of A, B, C and D.
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13.7 The magnitude of a vector

Any translation can be described by giving its magnitude and direction. The notation
used for the magnitude of a vector p, ignoring its direction, is | p |

If you have two vectors p and q which are not equal, but which have equal
magnitudes, then you can write | p|=|q].

If 5 is a scalar multiple of p, then it follows from the definition of sp (see Section 13.2)
that | sp|=|s|| p|. This is true whether s is positive or negative (or zero).

The symbol for the magnitude of a vector is the same as the one for the modulus of a
real number, because the concepts are similar. In fact, a real number x behaves just like
the vector x1i in one dimengion, where i is a basic unit vector. The vector x1i represents
a displacement on the number line, and the modulus | x| then measures the magnitude
of the displacement, whether it is in the positive or the negative direction.

A vector of magnitude 1 is called a unit vector. The basic unit vectors i, j, k are
examples of unit vectors, but there are others: there is a unit vector in every direction.

Unit vectors are sometimes distinguished by a circumflex accent A over the letter. For
example, a unit vector in the direction of r may be denoted by ¥. This notation is
especially common in mechanics, but it will not generally be used in this chapter.

13.8 Scalar products E

So far vectors have been added, subtracted and multiplied by scalars, but they have not
been multiplied together. The ‘neXt step is to define the product of two vectors:

R S e e SR

S

4

. The scalar product, or dot product, of vectors p and q is the ﬁumber
gg (or scalar) |,p || q Icos 6 , where 6 is the angle between the directions of
@ pand q.Itis written p.q and pronounced ‘p dot q’.

S
The‘angle 0 may be acute or obtuse, but it is important that it is the q
angle between p and q, and not (for example) the angle between p and

—q . It is best to show 8 in a diagram in which the vectors are

represented by arrows with their tails at the same point, as in Fig. 13.20.
: Fig. 13.20

The reason for calling this the ‘scalar product’, rather than simply the
product, is that mathematicians also use another product, called the ‘vector product’. But it is
important to distinguish the scalar product from ‘multiplication by a scalar’. To avoid
confusion, many people prefer to use the alternative name ‘dot product’.

For the same reason, you must always insert the ‘dot’ between p and q for the scalar
product, but you must not insert a dot between s and p when multiplying by a scalar.

e o e = . . NV e
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For example, you can never have a scalar product of three vectors, p.q.r. You saw in
Section 13.2 that the sum of these three vectors can be regarded as (p+q) +r or as
p+ (q +r), and that these expressions are equal. But (p .q) .I has no meaning: p.q is
a scalar, and you cannot form a dot product of a scalar with the vector r. Similarly, ‘
p.(q.r) has no meaning.

However, s(p.q), where s is scalar, q
does have a meaning; as you would q T—8
expect, sp
Gl
s(p.q)=(sp).q. . P

The proof depends on whether s is Fig. 132 Fig. 13.22

positive (see Fig. 13.21) or negative
(see Fig. 13.22).

If s> 0, then the angle between sp and q is 8, so
(sp).q=|sp||q|cos6 =|s||p||a|coso =|s|(| ]l alcos8) = s(p.q).

If s <0, then the angle between sp and q is 7—0,and s=—|s|,so
(sp).q=|sp||q|cos(z~6) =|s]|p || q|(~cos8) ={ s|(| p|| g|cos6) = s(p.q).

Another property of the scalar product is that p.q = q.p, which follows immediately
from the definition. This is called the commutative rule for scalar products.

There are two very important special cases, which you get by taking 8 =0 and putting
P=q,and taking 6 = %7[ , in the definition of scalar product.

%?&W i

These properties allow you to use vectors to find lengths and to identify right angles.

Scalar products in component form

The rules in the last section suggest that algebra with scalar products is much like
ordinary algebra, excépt that some expressions (such as the scalar product of three
vectors) have no meaning. You need one more rule to be able to use. vectors to get
geometrical results. This is the distributive rule for multiplying out brackets:

(p+q@.r=p.r+q.r.

For the present this will be assumed to be true. There is a proof in Section 13.10, but
you may if you wish omit it on a first reading.
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In the special cases at the end of Section 13 .8, take p and q to be basic unit vectors.
You then get:

It follows that, if vectors p and q are written in component form as p=J/i+mj+nk
and q =ui+vj+wk,then
p.q=(li+mj+nk) (ui+vj+wk)
=luii+bij+wik+muji+mvj j+mwjk . o
kit vk j+nwk K (using the distributive rule)
=lux1+ X0+ IwX0+muX0+myX1+mwx0
+nux0+nvx0+nwx1

=lu+mv+nw.

This result has many applications. In particular, p.p =% + m* + n?, giving the length of p:
|p|=\/lz+m2+n2 .
In two dimensions, if p=/i+mjand q=ui+v j, then

P.q=lu+myv

0, in component form

(1))t

Example 13.9.1

Show that the vectors (2) and (;2) are perpendicular.

Writing p=(;) and q=( 3),andusingvp,q=lu+mv,

p.q:@),(?):’jx(—zﬂ2><3=—6+6=0,

Using the result in the box on page 202, since neither p nor q is the zero vector
and p.q =0, the vectors are perpendicular.
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Example 13.9.2
Find the angle between the vectors p=2i—2j+ k and q=12i+4j— 3k, giving your
answer correct to the nearest tenth of a degree.

The magnitudes of p and q are given by
Ip|=v22+ (22 +12 =Va+4+1=49=3

and

|a| =127 + 42+ (3> =144 +16+ 9 =169 = 13.

Using p.q =|qu|cos€ = lu + mv + nw, where 8° is the angle between p and q,
3><13><cos(9°=2x12+(—2)x4+1x(—3)=24—8—3=13,

giving
cosg° =2 =1 and thus 6 =705....

The réquired angle is 70.5°.

Vectors can give a good method for finding the angle between two straight lines, where -
it may not be easy or possible to draw a triangle containing the two lines.

‘Example 13.9.3

A barn (Fig. 13.23) has a rectangular floor ABCD of dimensions 6 m by 12 m. The edges AP,
BQ, CR and DS are each vertical and of height 5 m. The ridge UV is symmetrically placed
above PQRS, and is height 7 m above ABCD. Calculate to the nearest tenth of a degree the
angle between the lines AS and UR.

Take the unit vectors i, j and K in the directions
BC, BA and BQ. ’

Let;l?S‘=eandl7I)€=f.
Then

e=12i+5k and f =12i - 3j-2k,
so  |e|=v122+0%+5% =169 =13
and | £ =122 +(=3)2 +(-2)* =157

Denote the angle between the lines by 6°.

Fig. 13.23

Then 13X ~157 c0s6°=12x 12+ 0% (-3) + 5% (~2) =134,

giving € =34.6, correct to 1 decimal place.
So the angle between AS and UR. ls 34.6°.

In this example AS and UR are skew lines. Since AS is parallel to BR,the angle
between AS and UR is equal to the angle between AS and BR .
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13.10* The distributive rule (p+q).r=p.r+q.r !

The proof of this needs a preliminary result. Fig. 13.24 shows a
directed line / and two points A and B (in three dimensions). If
lines AD and BE are drawn perpendicular to [, the directed
length DE is called the projection of the displacement vector

zi@onl.

Here the word “directed’ means that a positive direction is A
selected on [, and that (in this diagram) DE is positive and ED Fig.13.24
is negative.

Theorem ~ If p is the displacement vector ﬁ ,and u is a unit vector in the direction

~of [, then the projection of ﬁ onlis p.u.

Proof You will probably find the proof is easiest to !
follow if / is drawn as a vertical line, as in Fig. 13.25.
Recall that AD and BE are perpendicular to /, and so
are horizontal. The shaded triangles ADM and NEB
lie in the horizontal planes through D and E. The
point N is such that AN is parallel to [ and
perpendicular to NB.

Then DE = AN, and u is a unit vector in the direction
of AN .If the angle BAN is denoted by @, then Fig. 13225

p,u=]p|x1xcos€=ABcosB=AN=DE,
which is the projection of ﬁ on .

Notice that, if B were below A, then the angle between p and u would be
_obtuse, so p.,u would benegative. On [, E would be below D, so the directed
length DE would also be negative.

When you have understood this proof with [ vertical, you can try re-drawing Fig. 13.25
with [ in some other direction, as in Fig. 13.24. If you then replace ‘horizontal planes’
‘by ‘planes perpendicular to I’ the proof will still hold.

Theorem For any vectors p, q and r, (p+q).r=p.r+q.r.

Proof In Fig. 13.26 the displacement

vectors ﬁ, EE’ and A—(i’ represent
P, q and p+q. The line { is in the
direction of r; this is again shown as a
vertical line. The horizontal planes
through A, Band C cut [ at D, E and
F respectively, so that AD, BE and
CF are perpendicularto /.Let ubea
unit vector in the direction of r, and
deno_te I r | by s,sothat r=su.

Fig. 13.26
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Then
p.r=p.(su)=s(p.u) =sx DE,
and similarly q.r =sx EF and (p+ q).r =sXDF .

Since _DE , EF and DF are directed lehgths, it is always true that
DE + EF = DF, whatever the order of the points D, E and F on /.

Therefore

(p+9Q).r=sxDF =sx(DE+EF)=sxDE+sxEF =p.r+q.r.

As before, when you have understood this proof with / vertical, you can adapt it for any
other direction of [.

Exercise 13D

2 2
a.(b+c¢)=a,b+a.c.

1 Leta= (3), b= (_4) and ¢ = (i)._Calculate a.b, a.cand a,(b+c),and verify that

2 Let a=2i—j, b=4i—3jand ¢=-2i-j.Calculate a,b, a.cand a (b+c) and verify
that a (b+c)=a.b+a.c.

4 3 -28
deduce about the vectors p, q and r?

3 -1 33
3 Let p={—1], q=[—9J and r = [— ] Calculate p.q, p.r and q.r. What can you

4 Which of the following vectors are perpendicular to each_‘other? .
(a) 2i-3j+6k (b) 2i-3j-6k (¢) -3i-6j+2k (@ 6i-2j-3k

5 Let p=i-2k, q=3j+2k and r=2i'—j+5k.C‘allculate p.q, p.r and p.(q+r) and
" verify that p.(q+r)=p.q+p.r.

6 Find the magnitude of each of the following vectors.

@ (“43) ®) (—12)‘ © (3) @ (_01)

71 4 0 2
(&) |2 ® |-3 (® |-3 (h) (—1
2 12 4 1

i) i-2k G) 3j+2k (k) 2i;j+5k. O 2k

7 Leta= (_3). Find the magnitude of a, and find a unit vector in the same direction as a.

gy e e

o ‘ 1
8 . Find unit vectors in the same directions as (—2] and 2i- j+2k.
i : )

e e
!
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Use a vector method to calculate the angles between the following pairs of vectors, giving
your answers in degrees to one place of decimals, where appropriate.

0Bl o (mE) o ()

el B R

Letr = (;1) and r, = (iz) . Calculate |r2 -1 ] and interpret your result geometrically.
1 : 2

Find the angle between the line joining (1,2) and (3,~5) and the line joining (2,-3) to
(1,4).

Find the angle between the line joining (1,3,—-2) and (2,5,—1) and the line joining (—1,4,3)
to (3,2,1).

Find the angle between the diagonals of a cube.

ABCD is the base of a square pyramid of side 2 units, and V is the vertex. The pyramid 1s
symmetrical, and of height 4 units. Calculate the acute angle between AV and BC, giving-

your answer in degrees correct to 1 decimal place. _

Two aeroplanes are flying in directions given by the vectors 300i+ 400j+2k and
—100i+500j—k. A person from the flight control centre is plotting their paths on a map.
Find the acute angle between their paths on the map.

The roof of a house has a rectangular base of side 4 metres by 8 metres. The ridge line of
the roof is 6 metres long, and centred 1 metre above the base of the roof. Calculate the
acute angle between two opposite. slanting edges of the roof.

@@  Miscellaneous exercise 13 Rt

Find which pairs of. fh_e foilowing vectors are perpendicular to each other.

a=2i+j-2k b=2i-2j+k Coe=i+2j+2k d=3i+2j-2k
-1, 2
- = -

The vectors AB and AC are | 0 |and | 4 | respectively. The vector AD is the sum of
- — 3 3 : -
AB and AC . Determine the acute angle, in degrees correct to one decimal place, between
the diagonals of the parallelogram defined by the points A, B, C and D. (OCR)

- : -2 -2
The vectors AB and AC are | 6 |and | -3 | respectively.

: -3 -6

(a) Determine the lengths of the vectors.
(b) Find the scalar product AB ,AC.

(c) Use your result from part (b) to calculate the acute angle between the vectors. Give the '

- angle in degrees correct to one decimal place. (OCR)
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4

2 -3 4
The points A, B and C have position vectors a=(1|,b=| 2 [andc=| 5
2 5 -2

respectively, with respect to a fixed origin: The point D is such that. ABCD, in that order,
is a parallelogram.
(2) Find the position vector of D.
(b) Find the position vector of the point at which the diagonals of the parallelogram
intersect.
{c) Calculate the angle BAC, giving your answer to the nearest tenth of a degree.
' (OCR)

A vertical aerial is supported by three straight cables, each attached to the aerial at a point
P, 30 metres up the aerial. The cables are attached to the horizontal ground at points A, B
and C,each x metres from the foot O of the aerial, and situated symmetrically around it
(see the diagrams). '
Suppose that i is the unit vector in the

. _) s . D
direction OA, j is the unit vector

perpendicular to i in the plane of the £

ground, as shown in the Plan view, aI_lEl) B

k is the unit vector in the direction OP. o 4

(a) Write do_w_/)n expressions for the €7 side view " Plan view

— - .

vectors OA, OB and OC in terms

of x,i, jand k.

. . 3 . ﬁ . _9 ﬁ '
(b) (i) Write down an expression for the vector AP in terms of vectors OA and OP.

— — -
(ii) Hence find expref_s)ions for the vectors AP and BP interms of x, i, j and k.
_) .

(c) Giventhat AP and BP are perpendicular to each other, find the value of x.  (OCR)
The position vectors of three points 4, B and C with respect to a fixed origin O are
2_1'_)— 2j+ !(_), 4i+2j+ k and i+ j+ 3k respectively. Find unit vectors in the directions of
CA and CB. Calculate angle ACB in degrees, correct to 1 decimal place. (OCR)

(a) Find the angle between the vectors 2i + 3 j+6k and 3i+4j+12k.
(b) The vectors a and b are non-zero.
(i) Given that a+b js perpendicular to a — b, prove that Ia I =| b].

(ii) Given instead that ]a +b I = I a —b|,prove that a and b-are perpendicular. .

‘ (OCR)
OABCDEFG , shown in the figure, is a Z4 G /§
cuboid. The position vectors of A, C and i —AF
D are 4i, 2j and 3k respectively.
Calculate D ——F
(a) |AG, ol i
(b) the angle between AG and OB.

(OCR) 0
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11
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13

14

15

The three-dimensional vector r, which has positive components, has magnitude 1 and-

.makes angles of 60° with each of the unit vectors i and j.

(a) Write r as a column vector.

(b) State the angle between r and the unit vector k.

The points A, B and C have position vectors given respectively by a =7i + 4j— 2k,
b=5i+3j-3k, c=6i+5j-4k.

(a) Find the angle BAC. (b) - Find the area of the triangle ABC . ‘ (OCR)

The points A, B and C have position vectors a, b and ¢ respectively relative to the
origin O. P is the point on BC such that P_é‘ = %B_é' .
(a) Show that the position vector of P is % (9¢c+b).
(b) Given that the line AP is perpendicular to the line BC, show that
(9¢+b).(c~b)=10a .(c-b).
(c) Given also that OA, OB and OC are'mutually perpendicular, prove that OC = %OB.
‘ (OCR)

A mathematical market trader packages fruit in three sizes. An Individual bag holds 1 apple
and 2 bananas; a Jumbo bag holds 4 apples and 3 bananas; and a King-size bag holds

8 apples and 7 bananas. She draws two vector arrows a and b to represent an apple and a
banana respectively, and then represents the three sizes of bag by vectors I =a+2b,
J=4a+3b and K =8a+ 7b. Find numbers s and ¢ such that K=sI+12J.

By midday she has sold all her King-size bags, but she has plenty of Individual and Jumbo
bags left. She decides to make up some more King-size bags by using the contents of the
other bags. How can she do this so that she has no loose fruit left over?

ABCD is a parallelogram. The coordinates of A, B, D are (4,2,3), (18,4,8) and
(~1,12,13) respectively. The origin of coordinates is O.

= -
(a) Find the vectors AB and AD . Find the coordinates of C.

— - —
(b) Show that OA can be expressed in the form A AB+ 'AD, stating the values of A and
L. What does this tell you about the plane ABCD? (MEI)

A balloon flying over flat land reports its position at 7.40 a.m. as (7.8,5.4,1.2), the
coordinates being given in kilometres relative to a checkpoint on the ground. By 7.50 a.m.
its position has changed to (9.3,4.4,0.7). Assuming that it continues to descend at the same
speed along the same line, find the coordinates of the point where it would be expected to
land, and the time when this would occur.

Prove that, if (c=b).a=0 and (c—-a) ,b=0,then (b—a).c=0. Show that this can be

used to prove the following geometrical results.

(a) The lines through the vertices of a triangle ABC perpendicular to the opposite sides
meet in a point. '

(b) If the tetrahedron OABC has two pairs of perpendicular opposite edges, the third pair
of edges is perpendicular.

Prove also that, in both cases, OA% + BC? = OB® + CA* =0C? + AB®.




14 Geometric sequences

This chapter introduces another type of sequence. When you have completed it, you
should

e recognise geometric sequences and be able to do calculations on them

e know-and be able to obtain the formula for the sum of a geometric series

e know the condition for a geometric series to converge, and how to find its limiting
sum. '

14.1 Geometric sequences

In Chapter 8 you met arithmetic sequences, in which you get from one term to the next
by adding a constant. A sequence in which you get from one term to the next by
multiplying by a constant is called a geometric sequence.

A geometric sequence, or geometric progression, is a
sequence defined by u, = a and u;,; = ru;, where i € N and
r#0orl..

The constant r is called the common ratio of the sequence.

You should notice two points about this definition. First, since the letter r is
conventionally used for the common ratio, a different letter, i, is used for the suffixes.

Secondly, the ratios 0 and 1 are excluded. If you'put » =0 in the definition you get

the sequence a4,0,0,0,... ; if you put r =1 you get a,a,a,a;... . Neither is very
interesting, and some of the properties of geometric sequences break down if »=0 or 1.
However, r can be negative; in that case the terms are alternately positive and negative.

It is easy to-give a formula for the ith term. To get from u, to »; you multiply by the
common ratio i —1 times, so ; = 7'~ xu;, which gives u, = ar'™".

Example 14.1.1
A geometric sequence has first term #; =1 and common ratio 1.1. Which is the first
term greater than (a) 2, (b)5, (c) 10, (d) 10007?

On many calculators you can keep multiplying by 1.1 by repeatedly pressing a
single key. This makes it easy to display successive terms of a geometric sequence.

(a) This can easily be done experimentally, counting how many times you press
the key until the display exceeds 2. You should find that after 8 presses you get
2.143 588 81, which is 1.1%. The ith term of the sequence is #, =1x 1.1, so
this is first greater than 2 when i—1=8,0r i=9.
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(b) Go on pressing the key. After another 8 presses you reach (2.143 588 81)2,
which is cenainly greater than 4, so you will reach 5 quite soon. In fact it turns
out that 1.1'% is already greater than 4, and two more presses take you to

1.1" =5.054... .So ujg =1x1.1"7 is the first term greater than 5.

(c) Since 1.1* >2 and 1.1 > 5, it is certainly true that 1.1%° =1.18 x 1.1 is greater
than 10. Rather than continuing to multiply, you can just use the power key to find
1.1% =10.834... . But you must check that 1.1%* is not already greater than 10. In fact
itisn’t, since 1.1%* =9.849.... So the first term greater than 10 is uoq =1x1.1%.

(d) Since 1.12‘; <10 and 1.1% >10, you can cube both sides to find that

1.1 =(1.1%*)" <1000 and 1.1 =(1.1%)" > 1000 . So you only need to check
1.1 and 1.174, Using the power key, 1.1 =1051.1... . So the first term greater
than 1000 is u,, =1.17.

The first terms greater than 2, 5, 10 and 1000 are ug, ujg, tys and uy, .

You can see from this example that, even with a common ratio only slightly greater
than 1, the terms of a geometric sequence get big quite quickly.

14.2 Summing geometric series

Geometric sequences have many applications in finance, biology, mechanics and
probability, and you often need to find the sum of all the terms. In this context it is usual
to call the sequence a geometric series. '

The method used in Chapter 8 to find the sum of an arithmetic

series does not work for geometric series. You can see this by ,1( 0000000 012 00000060
taking a simple geometric series like 1+2+4+8+16 and Xxxx eee05%00
placing an upside-down copy next to it, as in Fig. 14.1. When XXX XX XXX KX XXX XX O
you did this with arithmetic series the two sets of crosses and 16 !
noughts made a perfect join (see Fig. 8.7), so they could easily be Fig. 14.1

counted; but for the geometric series there is a gap in the middle.

For geometric series a different method is used. If you multiply the equation
S=1+2+4+8+16 by 2,then youget 2S=2+4+8+16+ 32. Notice that the right
sides in these two equations have the terms 2 +4+8+16 in common; the sum of these
terms is equal to S —1, from the first equation, and 28 — 32, from the second. So

S—1=25-32,giving S$=31,
You can use this method to find the sum of any geometric series. Let S be the sum of

the first n terms of the series. Then

S=a+ar+ar*+...+ar" 2 +ar*!.

If you multiply this equation by r, you get

Sr=ar+ar*+ar’+...+ar" "+ ar".
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The right sides in these two equations have the terms ar + ar’ +..+ar" * +ar" in

common; SO

S—a=ar+ar’+..+ar"?

+ar" ' =Sr—ar",
which gives

S(l—r):a(l—r"), or S=M.

1-r

The sum of the geometric series a + ar + ar’ +.. . +ar™! , wWith #n terms, is

1-r

You should notice that it has nowhere been assumed that r is positive. The formula is valid
whether r is positive or negative. When r > 1, some people prefer to avoid fractions with
negative numerators and denominators by using the result in the alternative form

r—1

Example 14.2.1 .

- A child lives 200 metres from school. He walks 60 metres in the first minute, and in
each subsequent minute he walks 75% of the distance he walked in the previous
minute. Show that he takes between 6 and 7 minutes to get to school.

The distances walked in the first, second, third, ... , #th minutes are 60 m,
60x0.75m, 60x0.75° m ,..., 60x0.75"! m.In the first » minutes the child
walks S, metres, where

S, =60+60x0.75" +60x0.75% + ... + 60 x 0.75" "

_ 60(1_—0.75") ) 60(1—0.75") _ 240(1 _0.75,.)_ _
1-0.75 025 :

From this formula you can calculate that
S =240(1-0.75%) =240(1-0.177.. ) =197.2.... ,and
S; =240(1-0.75") = 240(1 ~ 0.133...) = 207.9... .

So he has not reached school after 6 minutes, but (if he had gone on walking) he
would have gone more than 200 m in 7 minutes. That is, he takes between 6 and
7 minutes to walk to school.

Example 1422
Find a simple expression for the sum p® — p°q + p*q® - p°¢> + p?q* — pg° + 4°.
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This is a geometric series of 7 terms, with first term p® and common ratio — 4.

Its sum is therefore

P(i=a/p)) _p(=(a'P)) _p'(1+d'/PT) b +q”

1-(-4/p) l+g/p  pll+a/p) ~ p+q
Another way of writing the result of this example is

p'+q =(p+q)p° - P'a+p'a* - P’ + p’a* - pg’ +°).

You can use a similar method for any odd number » to express p” +¢" as the product
of p+ ¢ and another factor.

Exercise 14A

1 For each of the following geometric sequences find the common ratio and the next two

terms.
@@ 3,6,12,... (b) 2,8,32,... (©) 32,16,8,...
) 2,-6,18,-54,... () 1.1,121,1331,... ® x%,x1,...

2 Find an expression for the ith term of each of the following geometric sequences.
(a) 2,6,18,... (b) 10,5,25,... © 1,-2,4,...
d 81,27,9,... @ x,x%,x%,... ® pg*.a%p7'q" ..

3 Find the number of terms in each of these geometric progressions.

(@) 2,4,8,...,2048 (b) 1,-3,9,...,531441
(¢) 2,6,18,...,1458 (d) 5,-10,20,...,—40 960
(e) 16,12,9,...,3.796 875 ' ® x5,x2,x2,... x*%

4 Find the common ratio and the first term in the geometric progressions where
(@) the 2ndterm is 4 and the 5th term is 108,
(b) the 3rd term is 6 and the 7th term is 96,
(c) the 4thtermis 19 683 and the 9th term is 81,
(d) the 3rd term is 8 and the Oth.term is 64,
(¢) the nthterm is 16 807 and the (n+ 4)th term is 40 353 607.

5 Find the sum, for the given number of terms, of each of the following geometric series.
Give decimal answers correct to 4 places.

(@ 2+6+18+... 10 terms (b) 2-6+18—... 10 terms

(©) 1+%+%+... 8 terms (d)‘ 1—%+%—... 8 terms

(&) 3+6+12+... 12 terms O 12-4+3-... 10 terms

@ x+x>+x3+.. n terms () x-x*+x-... n terms
‘ 1

@) x+l+L3+... n terms G 1-—=+—+.. n terms
X x x° x
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Use the method in Section 14.2 to find the sum of each of the following geometric series.
Give numerical answers as rational numbers.

(a) 14+2+4+...+1024 ®b) 1-2+4-.. +1024
(€) 3+12+48+...+196 608 ) 1+3+5+..+375
1.1 1
(&) 1—§+§—...—m ® 10+5+25+...+0.15625
' 1
@ t+g+at i () 1+2+2+. o
(i) 16+4+1+ +L | (j).81—27+9— + L
et o Gy

A well-known story concerns the inventor of the game of chess__'j.i‘A""" areward for inventing
the game it is rumoured that he was asked to choose his own priZéL He asked for 1 grain of
rice to be placed on the first square of the board, 2 grains on the second square, 4 grains
on the third square and so on in geometric progression until all 64 squares had been
covered. Calculate the total number of grains of rice he would have received. Give your
answer in standard form! :

A problem similar to that of Question 7 is posed by the child who negotiates a pocket
money deal of 1 cent on 1 February, 2 cents on 2 February, 4 cents on 3 February and so
on for 28 days. How much should the child receive in total during February?

If x, y and z are the first three terms of a geometric sequence, show that x2, y? and z?
form another geometric sequence.

Different numbers x, y and z are the first three terms of a geometric progression with
common ratio r, and also the first, second and fourth terms of an arithmetic progression.

(a) Find the value of r.

(b) Find which term of the arithmetic progressmn will next be equal to a term of the
geometric progression.

Different numbers x, y and z are the first three terms of a geometric progression with
common ratio » and also the first, second and fifth terms of an arithmetic progression.

(a) Find the value of r.

(b) Find which term of the arithmetic progression will next be_ equal to a term of the
geometric progression.

Consider the geometric progression

qn—1+qn 2p+q —3p2+ +qpn 2+pn~1_

(a) Find the common ratio and the number of terms.

qn _ pn
g-p
(c) By considering the limit as ¢ — p deduce expressions for f'(p) in the cases

(b) Show that the sum of the series is equal to

i) fx)=x", (i) f(x) x™",  for all positive integers n.
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14.3 Convergent sequences

Take any sequence, such as the sequence of triangle numbers #, =1, t, =3, t; =6, ... (see
Section 8.2). Form a new sequence whose terms are the sums of successive triangle numbers:

S =t;=1, S,=t;+t,=1+3=4, S;=t,+t,+1, =1+3+6=10, and so on.
This is called the sum sequence of the original sequence.

Notice that S, = §; +1,,5; =S, +15,.... This property can be used to give an inductive
definition for the sum sequence:

For a given sequence u;, the sum sequence S; =u; +...+y; is

defined by §; =u; and S;,; = S; + ;.

O N TS

(If the original sequence begins with u, rather than u,, the equation S; =, in the
definition is replaced by S, = u,.)

Geometric sequences have especially important sum sequences. Here are four examples,
each with first term a =1:

(& r=3

w 1 3 9 27 81 243 729
1 4 13 40 121 364 1093

Table 14.2

u; 1 0.2 0.04 0008 .0.0016 0.00032 0.000 064
1 12 1.24 1248 12496 124992 1.249984

Table 14.3

u; 1 -02 004 -0.008 -00016 -0.00032 0.000064
1 038 0.84 0832 08336 083328 0.833344

Table 14.4

u; 1 -3 9 -27 81 =243 729
1 -2 7 20 61 -182 547

Table 14.5
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The sum sequences for (b) and (c) are quite different from the others. You would guess that
in (b) the values of S; are getting close to 1.25, but never reach it. This can be proved, since
the formula for the sum of the first n values of u; gives, with a=1and r=02,

1-02" 1-02"
1-02 08

= 1.25(1—0.2").

Now you can make 0.2" as small as you like by taking n large enough, and then the
expression in brackets comes very close to 1, though it never equals 1. You can say that
the sum tends to the limit 1.25 as » tends to infinity.

It seems that the sum in (c) tends to 0.833 33... (the recurring decimal for %) as n
tends to infinity, but here the values are alternately above and below the limiting value.
This is because the formula for the sum is

1-(-02)" 1-(=02)"
1-(-02) 12

=2(1-(-02)").

In this formula the expression (-0.2)" is alternately positive and negative, so
1-(-0.2)" alternates above and below 1.

Thev other two sequences, for which the sum formulae are (a) %(3" - 1) and

(d) %(1 - (—3)"), do not tend to a limit. The sum (a) can be made as large as you like by
taking n large enough; it is said to diverge to infinity as » tends to infinity. The sum (d)
can also be made as large as you like; the sum sequence is said to oscillate infinitely:

a(l - r”)

It is the expression r" in the sum formula which determines whether or not

-r
the sum tends to a limit. If | 7|>1, then {#" | increases indefinitely; but if |r|<1, then
n a(l - 0) ‘a
r" | tends to O and the sum tends to the value I T Aslongas |r|<1,even
~-r -r

if r is very close to 1, r” becomes very small if » is large enough; for example, if
r=0.9999 and n=1000 000, then " =~3.70x10™*.

If | r| <1, the sum of the geometric series with first term a and common

. . a e
ratio r tends to the limit S, = —— as the number of terms tends to infinity.
-r

The infinite geometric seriés is then said to be convergent.

S.. is called the sum to infinity of the series.

Example 14.3.1
Express the recurring decimal 0.296 296 296 ... as a fraction.

The decimal can be written as
0.296 + 0.000 296 + 0.000 000 296 + ...
= 0.296 +0.296x0.001 + 0.296 x (0.001)2 +...
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which is a geometric series with a =0.296 and r =0.001. Since |r|<1, the
0296 296

series is convergent with limiting sum ———— = .
’ _ 1-0.001 999

Since 296 =8x37 and 999 = 27 x 37, this fraction in its simplest form is % .

Example 14.3.2
A beetle starts at a point O on the floor. It walks 1 m east, then % m west, then % m east,
and so on, halving the distance at each change of direction. How far from O does it end up?

The final distance from O is 1— % + % - % +..., which is a geometric series with
common ratio — % . Since \— %‘ <1, the series converges toa limit
L
I-(-%) %

The beetle ends up % m from O.

Notice that a point of trisection was obtained as the limit of a process of repeated halving.b

Exercise 14B

1 Find the sum to infinity of the following geometric series. Give your answers to parts (a) to
(j) as whole numbers, fractions or exact decimals.

@ L+g+g+... (b) 1+3+5+...

© L4+gs+gst... : (d) 0.1+0.01+0.001+...

€ 1-1+5-.. () 02-004+0008-...

(g). 34343+ M I-1+i-...

i 10-5+25-... G) 50+10+2+...

® x+x?+x>+.., where ~1<x<1 M) 1-x%+x*—..., wherex? <1
(m) 1+x™ +x2+..., where | x|>1 () x2—x+1—...,whére|xl>1

Express each of the following recurring decimals as exact fractions.

(@) 0.363636....

(c) 0.555...

(e) 0.142857142857142857...
(g) 0.714 285714 285714 285...

(b) 0.123123123...
(d) 0.471471471...
() 0285714285714 285714...
(h) 0.857142857142857142...

Find the common ratio of a geometric series which has a first term of 5 and a sum to

infinity of 6.

Find the common ratio of a geometric series which has a first term of 11 and a sum to

infinity of 6.

Find the first term of a geometric series which has a common ratio of % and a sum to

infinity of 12.
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Find the first term of a geometric series which has a common ratio of — and a sum to
infinity of 12.

In Example 14.3.2 a beetle starts at a point O on the floor. It walks 1 m east, then 1 ;m
west, then 1 4 M east and so on. It finished 2 m to the east of O. How far did it actually
walk?

A beetle starts at a point O on the floor and walks 0.6 m east, then 0.36 m west, 0.216 m
east and so on. Find its final position and how far it actually walks.

A ‘supa-ball’ is thrown upwards from ground level. It hits the ground after 2 seconds and
continues to bounce. The time it is in the air for a particular bounce is always 0.8 of the
time for the previous bounce. How long does it take for the ball to stop bouncing?

A ‘supa-ball’ is dropped from a height of 1 metre onto a level table. It always rises to a
height equal to 0.9 of the height from which it was dropped. How far does it travel in total
until it stops bouncing?

A frog sits at one end of a table which is 2 m long In its first jump the frog goes a distance
of 1 m along the table, with its second jump 2 m, with its third j Jump m and so on.

(a) Whatis the frog s final position?

(b) After how many jumps will the frog be within 1 cm of the far end of the table?

14.4 Exponential growth and decay

Many everyday situations are described by geometric sequences. Of the next two
examples, the first has a common ratio greater than 1, and the second has a common
ratio between O and 1.

Example 14.4.1 _
A person invests $1000 in a savings bank account which pays interest of 6% annually.
Calculate the amount in the account over the next 8 years. ’

The interest in any year is 0.06 times the amount in the account at the beginning
of the year. This is added on to the sum of money already in the account. The
amount at the end of each year, after inte;rest has been added, is 1.06 times the
amount at the beginning of the year. So

Amount after 1 year =$1000x 1.06 = $1060

Amount after 2 years =$1060x1.06 =$1124

Amount after 3 years =$1124 X 1.06 =$1191, and so on.

Continuing in this way, you get the amounts shown in Table 14.6, to the nearest whole
number of dollars.

Number of years 0 1 2 3 4 5 6 7 8
Amount ($) 1000 1060 1124 1191 1262 1338 1419 1504 1594

Table 14.6
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These values are shown in Fig. 14.7. A“(‘é’;‘“‘ . %0

Notice that in the first year the interest is
$60, but in the eighth year it is $90. This
is because the amount on which the 6% is
calculated has gone up from $1000 to
$1504 . This is characteristic of
exponential growth, in which the increase 0 0 1 3 3 3 5 ¢ T3 ?
is proportional to the current amount. As Number of years

the amount goes up, the increase goes up.

[ ]
1000-+—==$60

Fig. 14.7

Example 14.4.2
A car cost $15000 when new, and each year its value decreases by 20% . Find its value
on the first five anniversaries of its purchase.

The value at the end of each year is 0.8 times its value a year earlier. The results of
this calculation are given in Table 14.8.

Number of years 0 1 2 3 4 . 5
Value ($) 15000 12000 9600 7680 6144 4915
Table 14.8

These values are shown in Fig. 14.9.

Value
The value goes down by $3000 in the first RO
year, but by only $1229 in the fifth year, v $3000
because by then the 20% is calculated on 10600 4 " .

only $6144 rather than $15000. This is
characteristic of exponential decay, in <000 ' — 1220
which the decrease is proportional to the

current value. Notice that, if the 20% rule

continues, the value never becomes zero 0T 2 % 37 ¢
however long you keep the car. _ Number of years

>

. . . Fig. 149
Notice that in both these examples it is more 8

natural to think of the first term of the
sequence as ug rather than u;, so that $u; is the amount in the account, or the value of
the car, after i years. The sequence in Example 14.4.1 has

Uy =1000 .and u;, =106y, for0=si<7.

From this you can deduce that »; =1000x1.06, u, =1000 x 1.062, and more generally
u; =1000 X 1.06". The sequence in Example 14.4.2 has '

o =15000 and u,; =08y for0<i<4,

In this case #; =15000x0.8, u, =15000x0.8% and ; =15000x 0.8’
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These are both examples of exponential sequences. (The word ‘exponential’ comes from
‘exponent’, which is another word for index. The reason for the name is that the variable
i appears in the exponent of the formula for u;.) An exponential sequence is a special
kind of geometric sequence, in which a and r are both positive. If the first term is
denoted by u,, the sequence can be defined inductively by

ug=a and u,.,=ruy,
or by the formula
u; =ar'.

If r>1 the sequence represents exponential growth; if 0 < r <1 it represents
exponential decay.

It may or may not be useful to find the sum of the terms of an exponential sequence. In
Example 14.4.2 there would be no point in adding up the year-end values of the car. But
many investment calculations (such as for pensions and mortgages) require the terms of
an exponential sequence to be added up. This isillustrated by the next example.

Example 1443

Saria’s grandparents put $1000 into a savings bank account for her on each birthday from
her 10th to her 18th. The account pays interest at 6% for each complete year that the money
is invested. How much money is in the account on the day after her 18th birthday?

Start with the most recent deposit. The $1000 on her 18th birthday has not earned
any interest. The $1000 on her 17th birthday has earned interest for one year, so is
now worth $1000x 1.06 =$1060. Similarly, the $1000 on her 16th birthday is
worth $1000x1.062 =$1124 , and so0 on. So the total amount is now $5, where

S =1000 + 1000 x 1.06 + 1000 x 1.06* +...+1000_><1.068.

Method 1  The terms of this series are just the amounts calculated in
Example 14 4.1. The sum of the nine entries in Table 14.6 is 11 492.

Method 2  The sum is a geometric series with a =1000, »=1.06 and n=9.

Using the general formula in the alternative version for r > 1,

a(r" ~1) 1000{1.06° -1)
r-1  106-1

=11491.32.

There is a small discrepancy between the two answers because the amounts in
Table 14.6 were rounded to the nearest dollar. The amount in the account just after
Saria’s 18th birthday is $11491.32.
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Exercise 14C i

Trudy puts $500 into a savings bank account on the first day of January each year from
2000 to 2010 inclusive. The account pays interest at 5% for each complete year of
investment. How much money will there be in the account on 2 January 20107

Jayesh invests $100 in a savings account on the first day of each month for one complete
year. The account pays interest at %% for each complete month. How much does Jayesh
have invested at the end of the year (but before making a thirteenth payment)?

Neeta takes out a 25-year mortgage of $40 000 to buy her house. Compound interest is
charged on the loan at a rate of 8% per annum. She has to pay off the mortgage with 25
equal payments, the first of which is to be one year after the loan is taken out. Continue the
following argument to calculate the value of each annual payment.
o After 1 year she owes $(40 000 1.08) (loan plus interest) less the payment

made, $P, that is, she'owes $(40 000x1.08 - P).
o After 2 years she owes $((40000x1.08—P)x1.08—P).
o After 3 years she owes $({(40 000 1.08~P)x1.08—P)x1.08-P).

At the end of the 25 years this (continued) expression must be zero. Form an equation in P
and solve it.

Fatima invests $100 per month for a complete year, with interest added every month at the
rate of 1% per month at the end of the month. How much would she have had to invest at
the beginning of the year to hiave the same total amount after the complete year?

Charles borrows $6000 for a new car. Compound interest is charged on the loan at a rate of
2% per month. Charles has to pay off the loan with 24 equal monthly payments. Calculate
the value of each monthly payment.

The population of Pascalia is 1ncreasmg at arate of 6 % each year. On 1 January 1990 it
was 35200. What was its population on

(a) 1 January 2000, (b) 1 July 1990, (c) 1‘January 19807

The population of the United Kingdom in 1971 was 5.5615x 107; by 1992 it was estimated
to be 5.7384x107. Assuming a steady exponential growth estimate the population in

(a) 2003, ‘ (b) 1981.

The population of Pythagora is decreasing steadily at a rate of 4 % each year. The
population in 1998 was 21000 . Estimate the population in

(a) 2002, ‘ (b) 1990.

A man of mass 90 kg plans to diet and to reduce his mass to 72 kg in four weeks by a
constant percentage reduction each day.

(a) What should his mass be 1 week after s\tarting his diet?

(b) He forgets to stop after 4 weeks. Estimate his mass 1 week later.
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A savings account is opened with a single payment of $2000. It attracts compound interest
at a constant rate of 0.5% per month.

(a) Find the amount in the account after two complete years.

(b) Find, by trial, after how many months the.value of the investment will have doubled.

The Bank of Utopia offers an interest rate of 100% per annum with various options as to
how the interest may be added. Gopal invests $1000 and considers the following options.

Option A  Interest added annually at the end of the year.
Option B Interest of 50% credited at the end of each half-year.

Option C,D,E, ... The Bank is willing to add interest as often as required, subject to
(interest rate) x (number of credits.per year) =100.

Investigate to find the maximum possible amount in Gopal’s account after one year. -

Miscellaneous exercise 14

In a geometric progression, the fifth term is 100 and the seventh term is 400, Find the first
term.

A geometric series has first term a and common ratlo 7 Show that the sum to infinity of

the series is a(2+ V2 ) (Hint: (x/? - 1)(J— + 1) =

The nth term of a sequence is ‘@r"!, where a andr are constants The first term is 3 and
the second term is — Fmd the values of g and r. '

Hence find the sum of the first n terms of the sequence.

Evaluate, correct to the nearest whole number,

0.99+0.99%2 +0.99% +..,+0.99%.

1 1 ’1 .
Find the sum of the infinite series —5.+ —¢ + — +..., expressing your answer as a

fraction in its lowest terms.

Hence express the infinite recurnng d
terms.

| 0.108 108 108 ... as a fraction in its lJowest

A geometric series has first terrn 1 and common ratlo r. leen that the sum to 1nf1n1ty of
the series is 5, find the value of r. N

Find the least value of n for which the sum of the first » terrns of the senes exceeds 4 9.

In a geometric series, the first term is 12 and the fourth term is —7 Find the sum, S of
the first n terms of the series.

Find the sum to infinity, S, , of the series and the léast value of n fo_r which the magnitude
of the difference between S, and S, is less than 0.001.

A geometric series has non-zero first term ¢ and common rafio r, where 0 <r <1.Given
that the sum of the first 8 terms of the series is equal to half the sum to infinity, find the
value of r, correct to 3 decimal places. Given also that the 17th term of the series is 10,
find a.
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An athlete plans a training schedule which involves running 20 kmi in the first week of
training; in each subsequent week the distance is to be increased by 10% over the previous
week. Write down an expression for the distance to be covered in the nth week according
to this schedule, and find in which week the athlete would first cover more than 100 km.

At the beginning of 1990, an investor decided to invest $6000, believing that the value of
the investment should increase, on average, by 6% each year. Show that, if this percentage
rate of increase was in fact maintained for 10 years, the value of the investment will be
about $10 745,

The investor added a further $6000 at the beginning of each year between 1991 and 1995
inclusive. Assuming that the 6% annual rate of increase continues to apply, show that the
total value, in dollars, of the investment at the beginning of the year 2000 may be written as
6000(1 06°+106%+...+1 .0610) and evaluate this, correct to the nearest dollar.

A post is being driven into the ground by a mechanical hammer. The distance it is driven
by the first blow is 8 cm. Subsequently, the distance it is driven by each blow is % of the
distance it was driven by the previous biow.

(a) The post is to be driven a total distance of at least 70 cm into the ground. Find the
smallest number of blows needed.

(b) Explain why the post can never be driven a total distance of more than 80 cm into the
ground.

When a table-tennis ball is dropped vertically on to a table, the time interval between any
particular bounce and the next bounce is 90% of the time interval between that particular
bounce and the preceding bounce. The interval between the first and second bounces is

2 seconds. Given that the interval between the nth bounce and the (n + 1) th bounce is the
first such interval less than 0.02 seconds, find 7. Also find the total time from the first
bounce to the nth bounce, giving 3 significant figures in your answer.

An investment of $100 in a savings scheme is worth $150 after 5 years. Calculate as a
percentage the annual rate of interest which would give this figure.

A geometric series G has positive first term a, common ratio r and sum to infinity S. The
sum to infinity of the even-numbered terms of G (the second, fourth, sixth, ... terms) is
- % S . Find the value of r.

(a) Given that the third term of G is 2, show that the sum to infinity of the odd-numbered
terms of G (the first, third, fifth, ... terms) is &.

(b) In another geometric series H , each term is the modulus of the cbxresponding term of
G . Show that the sum to infinity of H is 2S.

An infinite geometric series has first term ¢ and sum to infinity b, where b # 0. Prove
that a lies between O and 2b. e

The sum of the infinite geometric series 1+ r+r2 +... is k times the sum of the series
1-r+r? —...,where k> 0.Express r in terms of £.
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A person wants to borrow $100 000 to buy a house. He intends to pay back a fixed sum of
$C at the end of each year, so that after 25 years he has completely paid off the debt.
Assuming a steady interest rate of 4% per year, explain why

1 1
100000=C(——+ 12+ 13+..‘+ 25).
104 104 1.04 1.04

Calculate the value of C.

A person wants to buy a pension which will provide her with an income of $10 000 at the
end of each of the next n years. Show that, with a steady interest rate of 5% per year, the
pension should cost her

I 1 1 1
$10000(—+ st—3 ..+ n).
105 105 105 105" )

.Find a simple formula for calculating this sum, and find its value when

n =10, 20, 30, 40, 50.

Find the sum of the geometric series .
(l—x)+(x3 —x4)+(x6 —x7)+ +(x3" —x3"+‘).'
Hence show that the sum of the infinite series 1—x+ x> —x*+ x5 —=x”7 + ... is equal to

1———2, and state the values of x for which this is valid.
+x+x

5 11

Use a similar method to find the sum of the infinite series 1—x FxloaS w0y

Find the sums of the infinite geometric series
(@) sin® x°+sin* x°+ sin® x° +sin® x°+ ... ,
(b) 1—tan® x°+ tan* x° — tan® x° + tan® x°—...,

giving your answers in as simple a form as possible. For what values of x are your results
valid? ' '

Use the formula to sum the geometric series 1+ (1+ x) + {1+ x)2 + ... + (1+ x)® when
x # 0. By considering the coefficients of x?, deduce that

B CrGHG)-G)

Ilustrate this result on a Pascal triangle.

Write down and prove a general result about binomial coefficients, of which this is a
special case.

v 1
Make tables of values of 1+ x, 1+ x+x*, 1+ x+x*+ x>, 1+x+ x>+ x>+ x* and e
-x
and use them to draw graphs of these functions of x for —-1.5< x<135.

What do your graphs suggest about the possibility of using the polynomial

N . 1
l+x+x*+x*+.. . +x"asan approximation to the function 1——?
' x




15 Second derivatives

This chapter extends the idea of differentiation further. When you have completed it,
you should

¢ understand the significance of the second derivative for the shape of graphs and in
real-world applications

e be able to use second derivatives where appropriate to distinguish minimum and
maximum points

¢ understand that at a point of inflexion the second derivative is zero.

15.1 Interpreting and Sketching graphs

The results in Chapter 7, linking features of the graph of a function with values of the
derivative, were restricted to functions which are continuous within their domains.
These results used the idea that the derivative doesn’t just measure the gradient at a
particular point of a graph, but could itself be regarded as a function.

In this chapter a further restriction needs to be made, to functions which are ‘smooth’;
that is, functions whose graphszdo not have sudden changes of direction. This means
that, with a function such as x3 (1~ x) (from Example 7.2.3), you must exclude the
‘awkward’ point (the origin in this example) from the domain.

The ‘smooth’ condition means that the derivative, considered as a function, is
continuous and can itself be differentiated. The result is called the second derivative of
the function, and it is denoted by f”(x). It is sometimes called the ‘second order

- : d . o d?
derivative’. If you are using the a% notation, the second derivative is written as a%)— .

(The reason for this rather curious symbol is explained in Section 15.5.)

Example 15.1.1
In the graph of y =f(x) = x> —3x2, identify the intervals in which f(x), f’(x) and
f”(x) are positive, and interpret these graphically.

dy 4 2 N ”
ax—=f(x)=3x —6x, and F:f(x)=6x—6.

Fig. 15.1
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Notice first that f(x) = x2(x —3), so that f(x)>0 when x > 3. These are the
values of x for which the graph of f(x) lies above the x-axis.

Since f'(x)=3x(x-2), f'(x)>0 when x <0 or x >2.In the graph of f(x), the
gradient is positive in these intervals, so that f(x) is increasing.

Lastly, f”(x)=6(x—1), so that f”(x) >0 when x >1.It appears that this is the
interval in which the graph of f(x) can be described as bending upwards.

To make this idea of ‘bending upwards’ more precise, it is helpful to use the letter g to
denote the gradient of the graph on the left of Fig. 15.1, so that g = f’(x). Then

f7(x)= de , which is the rate of change of the gradient with respect to x. In an
dx

interval where f”(x)> 0, the gradient increases as x increases.

This can be seen in the middle graph of Fig. 15.1, which is a quadratic graph with its
vertex at (1,—3). So the gradient of the graph on the left increases from a value of —3
at the point (1,—2), through zero at the minimum

point (2,—~4) and then becomes positive and \ Bending upwards

continues to increase when x> 2.

Fig. 15.2 shows three curves which would be

described as bending upwards, for which

£”(x) > 0, and three bending downwards for

which f”(x) < 0. The important thing to notice is

that this property does not depend on the sign of Bending downwards
the gradient. A curve can bend upwards whether
its gradient is positive, negative or zero. Fig. 152

Example 15.1.2 1 1 .
Investigate the graph of y = f(x), where f(x)=— - — with domain x>0.
X x

. . x-1 . o - .
You can write f(x) either as ——— or, with negative indices, as x '_x2.S0

1 2 —x+2
f()=-x2+2x =+ 5 =22,
(x) X x*
” - 2 6 2x—3
and f (x)=2x3—6x_4=—3——4= (x4 )

It follows that, in the given domain,
f(x)<0 for x <1 and f(x)>0 for x>1;
f'(x)>0for x<2 and f(x)<0 for x>2;
f”(x)<0 for x<3 and f”(x)>0 for x>3.

So the graph lies below the x-axis when 0 < x <1 and above it when x > 1,
crossing the axis at (1,0). It has positive gradient when 0 < x <2 and negative
gradient for x > 2, with a maximum point at (2,%). And the graph bends
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downwards for 0 < x <3 and upwards for x> 3.

This is enough information to give a good idea of the shape of the graph for values
of x in an interval covering the critical values x =1, 2 and 3, but to complete the
investigation it would be helpful to know more about the graph for very small and
very large values of x. This suggests calculating, say,

£(0.01)=100-10000=-9900 and £(100)=0.01-0.0001=0.0099.

So when x is small, y is a negative number with large modulus; and when x is
large, y is a small positive number.

Try to sketch the graph for yourself using the information found in the example. If you
have access to a graphic calculator use it to check your skeich.

The skill in'sketching a graph is to work out the coordinates of only those points where
something significant occurs. Example 15.1.2 draws attention to the point (1,0) , where
the graph crosses the x-axis, and to the maximum point (2,%). Another interesting

point is (3,%) , Where the graph changes from bending downwards to bending upwards.
Notice that f”(x) changes from — to + at this point, and that £”(3)=0.

A point of a graph which separates a part of the curve which bends one way from
a part which bends the other way is called a point of inflexion of the graph. If
(p.f(p)) is a point of inflexion of the graph of a smooth function, f”(p)=0.

G e

15.2 Second derivatives in practice

There are many real-world situations in which second derivatives are important, because
they give advance warning of future trends.

For example, the number of households possessing a computer has been increasing for a
long time. Manufacturers will estimate the number of such households, H, in year ¢,

and note that the graph of H against ¢ has a positive gradient % . But to plan ahead

they need to know whether this rate of increase is itself increasing (so that they should

increase production of models for first-time users) or decreasing (in which case they
2

might target existing customers to upgrade their equipment). So it is the value of —-
which affects such decisions. ds

Similarly, a weather forecaster observing the préssure p attime ¢ may not be too

. dp . . . , d’p . - ,
concerned if —1; 18 negative; but if she also notices that d—f is negative, it may be time
t

to issuc a warning of severe weather.
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 Exercise 15A

In this exercise try to sketch the graphs using information about the first and second
derivatives. When you have drawn your sketch, check it from a graphic calculator or
computer display if you have one available.

1 Consider the graph of y = f(x) where f(x)=x> —x.
(a) Use the fact that f(x)= x(x2 - l) = x(x —1)(x +1) to find where the graph cuts the
x-axis and hence sketch the graph.

(b) Find f’(x) and sketch the graph of y =1f’(x).
(c) Find f”(x) and sketch the graph of y =f"(x).
(d) Check the consistency of your sketches: for example, check that the graph of y = f(x)
is bending upwards where f”(x)=0. '
2 For the graph of y= x> +x
(a) use factors to show that the graph crosses the x-axis once only;
2

®) find 2 ana 42,

dx dx
(c) find the interval in which the graph is bending upwards;

(d) use the information gained to sketch the graph of y = 2 +x.

3 Use information about f ’()'c) and f”(x) to sketch the graph of y =f(x), where
f(x) = x> =3x” +3x - 9. (Note that x* —3x” +3x -9 =(x—3)(x* +3))

4 Sketch the graphs of the following, giving the coordinates of any points at which

. dy . d%y
(l)a=0, (11) ?20
@ y=x*-4x7 ®) y=x°+12 © y=x+l
x.
1 4 4
d y=x—- (e) y=x+— ® y=x-—3
X X X

5 (a) This graph shows prices ( P) plotted against time (¢).

The rate of inflation, measured by dp ,is P r
2

increasing. What does e represent and what
) t

can be said about its value?

(b) Sketch a graph showing that prices are increasing
but that the rate of inflation is slowing down with . —>
an overall increase tending to 20%.
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6 Write down the signs of f'(x) and f”(x) for the following graphs of y = f(x). In parts ()
and (f) you will need to state the relevant intervals.

(a) 4 (b) A

0 X 0 x
() r4 (d 4

0 x 0 Cx
(e 6 y

0 3 x o %

7 The graph shows the price S of shares in a
certain company.

'(.a) For each stage of the graph, comment on
s d%s
— and —-.
dr dr

(b) Describe what happened in non-- >

technical language. Y t

8 Colin sets off for school, which is 800 m from home. His speed is proportional to the
distance he still has to go. Let x metres be the distance he has gone, and y metres be the
distance that he still has to go.

(a) Sketch graphs of x against ¢ and y against ¢.
: 2 2
(b) What are the signs of =, 9% & 5pq 975
dr  dt dr dr
9 The rate of decay of a radioactive substance is proportional to the number, N, of
radioactive atoms present at time ¢.

(a) Write an equation representing this information.

(b) Sketch a graph of N against ¢.

. : d’N
(c) What is the sign of d—z— ?
t
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10 Sketch segments of graphs of y = f(x) in each of the following cases.

(For example, in (a), you can only sketch the graph near the y-axis because you have no
information for other values of x.)

(@ f0)=3, f(0)=2, £"(0)=1 b) f6)=-2, f(5)=-2, f7(5)=-2
£(0)=0, f£"(0)=3

15.3 Minima and maxima revisited

In the last exercise you will sometimes have found that different pieces of information
reinforce each other. This is especially true at points where a graph has a minimum or
maximum. If you have identified a minimum from changes in the sign of £'(x), you will
also have found from f”(x) that the graph is bending upwards.

The curves in Fig. 15.2 suggest a general result:

If f’(g)=0 and £”(q) >0, then f(x) has a minimum at x =q.

If £’(g)=0 and £”(g) <0, then f(x) has a maximumat x=g.

TR it L e PR

It is often simpler to use this instead of considering the change in sign of f’(x) to decide
whether a point on a graph is a minimum or a maximum. The procedure described in
Section 7.3 can then be amended as follows.

To find the minimum and maximum points on the graph of y =f(x):
Step1  Decide the domain in which you are interested.
Step 2 Find an expression for { ’(x).

Step3  List the values of x in the domain for which f’(x) is 0.
(If there are values where f’(x) is undefined, use the old
procedure, in Section 7.3.)

Find an expression for {”(x).

For each value of x in Step 3, find the sign of £”(x). If the
sign is +, the graph has a minimum point; if ~, 2 maximum.
(If the value of f”(x) is 0, follow the old procedure.)

Step 6  For each value of x which gives a minimum or maximum,
calculate f(x).

Notice that there are two ways in which this procedure can break down.
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First, the method only works for the graphs of smooth functions, so that it does not
apply at points where f’(x) is undefined.

Secondly, if £/(g) =0 and £”(g) =0, it is possible for f(x) to have a minimum, or

a maximum, or neither, at x = ¢. This can be shown by comparing f(x) = x> with
g(x)=x* at x =0. You can easily check that f'(0) = £”(0) =0 and that

g’'(0)=g"(0) =0.But g(x) has a minimum at x =0, whereas f(x) has neither a
minimum nor a maximum. (In fact the graph of y = f(x) has a point of inflexion at the
origin, since f”(x)= 6x, which is negative when x <0 and positive when x>0.)

You will also find later on that for some functions it can be very laborious to find the
second derivative. In that case, it is more efficient to use the old procedure.

Example 153.1
Find the minimum and maximum points on the graph of f(x) = x*+x>.

Step1 The function is defined for all real numbers.

Step2  f'(x)=4x>+5x* = x*(4+5x%).

Step3 f'(x)=0 when x=0 or x=-0.8.

Step4  £”(x)=12x2 +20x° = 4x2(3+5x).

Step5 £7(—0.8)=4x(-0.8)> x(3-4)<0,s0 x =—0.8 gives a maximum.

£”(0) =0, so follow the old procedure. For -0.8 < x <0, %3 <0 and
4+5x>0,s0 f'(x)<0;for x>0, f'(x)>0.S0 x= Olgives a minimum.

Step 6  The maximum point is (~0.8,0.081 92) ; the minimum point is (0,0).

Example 153.2 (241
Find the minimum and maximum points on the graph of y= wry
x

The function is defined for all real numbers except 0.

(x+1)? as x2+2x+1 _

To differentiate, write =x+2+x7".
x x
2
Then d_y=1_x_2-=1_%=x 5 l,so gX:O gives x> -1=0,0r x ==,
dx x x dx

2
The second derivative is jx—g =2x7 = % . This has values —2 when x=-1,
x
and 2 when x =1.So (-1,0) is a maximum point and (1,4) is a minimum point.

The minimum value is greater than the maximum value. How can this happen?
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Exercise 15B

Use first and second derivatives to locate and describe the stationary points on the graphs of

the following functions and equations. If this method fails, then use the change of sign of %
or f’(x) to distinguish maxima, minima and points of inflexion.

1 (@) f(x)=3x—x () f(x)=x>-3x2
() f(x)=3x*+1 @ f(x)=2x>-3x2-12x+4
2 1 1
@ f(x)=—F-- O fx)=x"+=
X X ] X
3) f(x):l—i2 () f(x)=2x*-12x2 +24x+6
X X
2 @ y=3x*-4x’-12x"-3 ®) y=x>-3x*+3x+5
‘ 4
© y=16x-3x" @ y=—5-x
X
4+ x* x-3
(&) y= * ' ® y=—7%
X X
® y=2x5—7 (h) y=3x4—8x3+6x2+1

15.4 Logical distinctions

You have seen that, for the graphs of smooth functions, it is true that
if (g,f(g)) is a minimum or maximum point, then '(g)=0;
but the converse statement, that -
if £'(g)=0,then (q,f(q)) is a minimum or maximum point,
is false.

You can show that it is false by finding a counterexample; that is, an example of a
function for which the ‘if ...” part of the statement holds, but the ‘then ..." part does not.

Such a function is f(x) = x> with g=0. Since f’(x) = 3x%, £(0)=0, but (0,0) is not a

minimum or maximum point of the graph of y = x3.

A similar situation arises with points of inflexion. For the graphs of smooth functions it
is true that '

if (p.f(p)) is a point of inflexion, then f”(p) =0;
but the converse, that
if £”(p) =0, then (p,f(p)) is a point of inflexion,

is false.
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A suitable counterexample in this case is f(x) = x* with x=0. Since f”(x)=12x7,
£7(0)=0, but (0,0) is a minimum point on the graph of y = x*, not a point of inflexion.

Much of advanced mathematics involves applying general theorems to particular functions.
There are many theorems (such as Pythagoras’ theorem) whose converses are also true. But
if, as in the examples above, the converse of a theorem is false, it is very important to be sure
that you are applying the (true) theorem rather than its (false) converse.

15.5 Extending % notation

Although % is a'symbol which should not be split into smaller bits, it can usefully be

adapted by separating off the y,as % ¥, so that if y =f(x), you can write

d
f'(x) = —1(x).
()= 1(x)
-This can be used as a convenient shorthand. For example, instead of having to write
if y=x*,then Y4
dx
you can abbreviate this to

—d—x4 =4x°.
dx

You can think of ™ as an instruction to differentiate whatever comes after it.
You may have seen calculators which do algebra as well as arithmetic. With these, you
can input a function such as x*, key in ‘differentiate’, and the output 4x° appears in

the display. The symbol % , sometimes called the differential operator, is the
equivalent of pressing the “differentiate’ key.

This explains the notation used for the second derivative, which is what you get by

differentiating % ; that is, %% . If you collect the elements of this expression into a

single symbol, the top line becomes d*y, and the bottom line (dx)?. Dropping the 7

2
brackets, this takes the form _C_l_%’

15.6* Higher derivatives )
d%y

There is no reason to stop at the second derivative. Since —d7 is also a function,
provided it is smooth it can be differentiated to give a third derivative; and the process
can continue indefinitely, giving a whole sequence of higher derivatives
gy dhy &y

R

=
<
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In function notation these are written as
£7(x), 9, ),

Notice that, from the fourth derivative onwards, the dashes are replaced by a small
numeral in brackets.

These further derivatives do not often have useful interpretations in graph sketching or
in real-world applications. But they are important in some applications, for example in
finding approximations and for expressing functions in series form.

Exercise 15C*

1 Find %, -j%, Z% and % for the following.
(a) y=x2+3x—7 (b) y=2x3+x+i (-c) y=-x4—2
@ y=+x © y=7- ® y=x

2 Find f'(x), £7(x), £”(x) and £ (x) for the following.
(a) f(x)= x*—5x+2 ) f(x)= 2x° =32 (¢) f(x)= x—l4-
@ f(x)=x2(3-x%) € f(x)=xt O fx)=x

., d" . . e
3 Find <2 for y =x" in the case where n is a positive integer.
dxn

. . d” : . e
4 Find an expression for - Y for y = x"*% where n is a positive integer.
_ dx"
. d'y n ' . e
5 Find where y =x™ in the case where m is a positive integer and n>m.

dxn

Miscellaneous exercise 15

1 Find the maximum and minimum values of x° - 6x2+9x+6, showing carefully how you
determine which is which. '

1
2 Find any maximum and minimum values of the function f(x) =16x +—, indicating how
X

you decide whether they are maxima or minima.

3 Find any maximum and minimum values of the function f(x) = Vx ++/30-5% ,and give
the corresponding values of x. ‘

1
1-4x°

' 1
4 Find the coordinates of the maximum and minimum points on the graph of y =—+
x
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5 The rate at which Nasreen’s coffee cools is proportional to the difference between its
temperature, 6°, and room temperature, ¢° . Sketch a graph of 6 agginst ¢t given that

0 =20 and that 6 =95 when ¢ =0. State the signs of €, % and i—f— for t>0.

t

6 Aeroplanes in flight experience d resistance k4 subsonic , transonic ; supersonic
known as drag. For a particular acroplane at region AL e
low speeds the drag is equal to kS? , where
k is the (constant) drag coefficient and § is

* the speed of the aeroplane.

At high speeds, however, k increases with
speed, and a typical graph of k against S is
shown here. (The transonic region is

commonly known as the ‘sound barrier’.)
2

(a) Give the signs of % and gs—]; for each of the three sections of the graph and, in

— - >
0 speed of sound Speed

particular, say where each is zero.
(b) Where is £ changing most rapidly?
(c) What does the graph imply about & at even higher speeds?
7 A window consists of a lower rectangular
part ABCD of width 2x metres and height

y metres and an upper part which is a
semicircle of radius x metres on AB as

diameter, as shown in the diagram. 4 B
The perimeter of the window is 10 metres.

Find an expression in terms of x and 7 for y y
the total area of the window, and find the

value of x for which the area is a

maximum. Use the value of %— to verify b 2x ¢

‘that the area is a maximum for this value of x.

8 Investigate the maxima and minima of the following functions, where a > 0.
@ x*(x-a) ®) x*(x-a) © xX(x-a)? @ x*(x-a)’

Make a conjecture about x"(x —a)™.
9 Find an expression for £ (x) where

(@) f(x)=xi3, ) f(x)=+x.

10" Find the coordinates of any points of inflexion on the curves with equations

(@) y=x*-8x3+18x2+4, (b) y=x2—1+2.
x




16 Integration

Integration is the reverse process of differentiation. When you have completed this

chapter, you should

e understand the term ‘indefinite integral” and the need to add an arbitrary constant
e  be able to integrate functions which can be expressed as sums of powers of x, and

be aware of any exceptions

e know how to find the equation of a graph given its derivative and a point on the graph

e  know how to evaluate a definite integral

e  be able to use definite integrals to find areas.

16.1 Finding a function from its derivative

It was shown in Chapter 7 that some features of the graph of a function can be interpreted in:

terms of the graph of its derived function.

Suppose now that you know the graph of the
derived function. What does this tell you
about the graph of the original function?

It is useful to begin by trying to answer this
question geometrically. Fig. 16.1 shows the
graph of the derived function f’(x) of some
function. The problem is to sketch the graph
of f(x). Scanning the domain from left to
right, you can see that:

For x <1 the gradient is negative, so f(x) is
decreasing.

At x =1 the gradient changes from — to +, so
f(x) has a minimum.

For 1< x <3 the gradient is positive, so f(x)
is increasing. Notice that the gradient is
greatest when x =2 , so that is where the
graph climbs most steeply.

At x =3 the gradient changes from + to —, so
f(x) has a maximum.

For x >3 the gradient is negative, so f(x) is
again decreasing.

fx
0 B T T
1 2 3\ 4 x
_1 _
2
_3]
Fig. 16.1
f(x)
Fig. 16.2

Using this information you can make a sketch like Fig. 16.2, which gives an idea of the
shape of the graph'of f(x). But there is no way of deciding precisely where the graph is
located. You could translate it in the y-direction by any amount, and it would still have
the same gradient f’(x). So there is no unique answer to the problem; there are many

functions f(x) with the given derived function.
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This can be shown algebraically. The graph in Fig. 16.1 comes from the equation

f(x)=(x-1)(3-x)=4dx—x*-3.

What function has this expression as its derivative? The key is to note that in differentiating
x" the index decreases by 1, from »n to n—1. So to reverse the process the index must go up
by 1. The three terms 4x, — x% and — 3 must therefore come from multiples of %2 s x> and
x . These functions have derivatives 2x, 3x* and 1, so to get the correct coefficients in
f’(x) you have to multiply by 2, —-é— and —3. One possible answer is therefore

f(x)=2x2 —%x? -3x.

But, as argued above, this is only one of many possible answers. You can translate the graph
of f(x) in the y-direction by any amount k without changing its gradient. This is because
the derivative of any constant k is zero. So the complete solution to the problem is

f(x)=2x* —- —x —3x+k  forany constant k.

The process of getting from f’(x) to f(x) is called integration, and the general
expression for f(x) is-called the indefinite integral of f'(x). Integration is the reverse
process of differentiation.

The indefinite integral always includes an added constant &, which is called an
arbitrary constant. The word ‘arbitrary’ means that, in any application, you can choose
its value to fit some extra condition; for example, you can make the graph of y=1(x)

go through some given point.

It is easy to find a rule for integrating functions which are powers of x. Because
differentiation reduces the index by 1, integration must increase it by .1. So the function
x" must be derived from some multiple of x™*'. But the derivative of x"*' is (n+1)x";

1
so to reduce the coefficient in the derivative to 1 you have to multiply x"*' by ‘—1
+

n+l

The rule is therefore that one integral of x” is x

n+

But notice an important exception to this rule. The formula has no meaning if n+1 150,

so it does not give the integral of x~!, or —1— You will find in P2 that the integral of 1
x x

is not a power of x, but a quite different kind of function.

The extension to functions which are sums of powers of x then follows from the
equivalent rules for differentiation:

;,

Y

g The indefinite integral of a function made up of the sum of multiples of x"

1 n+l

where n# -1, is the corresponding sum of multiples of —1 x"", together
n+

& with an added arbltrary constant.
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Example 16.1.1
The graph of y = f(x) passes through (2 3),and f’(x)=6x> — 5x.Find its equation.

The indefinite integral is 6(% x3) - 5(% x2) +k , so the graph has equation

y= 2x° - x +k
for some constant k. The coordinates x =2, y =3 have to satisfy this equation, so

3=2x8-3x4+k,giving k=3-16+10=-3.

The equation of the graph is therefore y = 2x° - % x? -3,

Example 16.1.2
A gardener is digging a plot of land. As he gets tired he works more slowly; after

C o 2 . s
¢t minutes he is digging at a rate of 7-— square metres per minute. How long will it take
t

him to dig an area of 40 square metres?

Let A square metres be the area he has dug after ¢ minutes. Then his rate of
digging is measured by the derivative % . So you know that %A;— = 2t"%; in this

‘case n= —%, son+l= % and the indefinite integral is

12

A= 2(1rz)+k 4t + k.

To find %, you need to know a pair of values of A and ¢. Since A=0 when he
starts to dig, which is when # =0, 0= 40 +k andso k=0.

The equation connecting A with ¢ is therefore A = 44t
To find how long it takes to dig 40 square metres, substitute A = 40:
40 =41, s that +t =10, and hence ¢ =100.

It will take him 100 minutes to dig an area of 40 square metres.

ECEEERTEERSERGEREEE  Exercise 16A s e

1 Find a general expression for the function f(x) in each of the following cases.
(@ f'(x)=4x° () f'(x)=6x>
() f'(x)=2x @ f'(x)=3x%+5x*
(e) f’(x)=10x° -8x" =1 ; @ f'(x)=-7x%+3x% +1
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2 Find a general expression for the function f(x) in each of the following cases.

@ f(x)=9x*-4x-5 ) f(x)=12x% +6x+4

© f'(x)=7 (@ f'(x)=16x>-6x*+10x-3

(e) f’(x)=2x3+5x ®) f’(x)=x+2x2

(@ f'(x)=2x*-3x-4 (h) f'(x)=1-2x-3x2

3 Find y in terms of x in each of the following cases.

(a) T (b) Y 7y3
dx dx

© Poox2ix-g @ Do6xrdosx243x42
dx dx

(e Q—2x3+lx2+1x+1 63] d—y—lxa—lxz+x—l
a4 3% Ta2¥ t3¥tg & 2F 73 3

(g) g:x—=x—3x2+1 (h) %=x3+x2+x+1

. 4 The graph of y = f(x) passes through the origin and f’(x)=8x—S5.Find f(x).
5 A curve passes through the point (2,—5) and satisfies % =6x>—1.Find y in térms of x.

6 A curve passes through (—4,9) and is such that % = %xg‘ + %x +1.Find y in terms of x.

7 Given that f'(x) =15x2 =6x +4 and (1) =0, find f(x).

8 Each of the following diagrams shows the graph of a derived function f’(x). In each case,
- sketch the graph of a possible function f(x).

() £(x) (b) £(x) © i)
3 . 3
L i 4
19 ¢ B 2
4 Cx _1 x T2 P 1 2%
2 -4
@ W © ® £004
\2' \
1
{123 ~x N_2 3 *




240

PURE MATHEMATICS 1

10

11

12
13

14

15

16

17

18

R R R

Find y in terms of x in each of the following cases.

dy_ 4 dy _, .-} dy_3
(a) o (b) " 4x (©) . Ux
dy_, - 2 dy_ 5 2
@ &= © & O &

Find a general expression for the function f(x) in each of the following cases.

(@ f'(x)=x> () f(x)=3x"* © f(x)= %
x
, 3 , 1 1 , 2
@ f'(x)=4x-— e f'x)=—5-— ® f(x)=—2—2)c2
x x’ x x
The graph of y=1f(x) passes through ( 5) and f’(x) = — . Find its equation.

A curve passes through the point (25,3) and is such that Q -1 . Find the equation of
the curve. dx 2x

A curve passes through the point (1,5) and is such that gx—y = Q/; - % . Find the equation of
the curve. ' *

In each of the following cases, find y in terms of x.

d_ dy _ Q_4x3+1
(a) dx—3x(x+2) (b) (2x—1)(6x+5) () FREs—
dy _x+4 Q_ 2 dy _x+5
@ =7 © =(x+3) O =

30
A tree is growing so that, after ¢ years, its hexght is increasing at a rate of 7 CIn per year.
Assume that, when ¢ =0, the height is 5 cm. !

(a) Find the height of the tree after 4 years.
(b) After how many years will the height be 4.1 metres?

A pond, with surface area 48 square metres, is being invaded by a weed. At a time

¢t months after the weed first appeared, the area of the weed on the surface is increasing at
a rate of %t square metres per month. How long will it be before the weed covers the
whole surface of the pond?

The function f(xi is such that £'(x)=9x? +4x+c, where c is a particular constant. Given
that £(2)=14 and f(3) =74, find the value of f(4)

TS BE s ed m SS R U ED e TERm S RE L I

16.2 Calculating areas

An important application of integration is to calculate areas and volumes. Many of the
formulae you have learnt, such as those for the volume of a sphere or a cone, can be
proved by using integration. This chapter deals only with areas.



CHAPTER 16: INTEGRATION 241

The method can be illustrated by finding the area in Fig. 16.1 between the x—a)gi’s and the
graph of y=(x~1)(3—x) from x =1 to x =3. The key is to begin by asking a more
general question: what is the area, A, between the x-axis and the graph from x =1"as far
as any value of x? This is illustrated by the region with dark shading in Fig. 16.3.

y

y={x-1)(3-x)

3\ x ox
Fig. 163 Fig. 164
The point of doing this is that x can now be varied. Suppose that x is increased by dx.

Since both y and A are functions of x, you can write the corresponding increases in y
and A as &y and 8A. This is represented in Fig. 16.3 by the region with light shading.

-~
ox

This region is drawn by itself in Fig. 16.4. Dotted lines have been added to show that the
area A of the region is between the areas of two rectangles, each with width 8x and
having heights of y and y +3dy. So

3A is between ydx and (y + 8y)dx,

from which it follows that

g—A is between y and y +3dy.
X

Now consider the effect of making dx tend to 0. From the definition, i—A tends to
X

the derivative % . Also Jy tends to 0, so that y + dy tends to y. It follows that
&

So A is a function whose derivative is y = (x —1)(3— x); that is, A is an integral of
(x—1)(3—x). You found in Section 16.1 that this has equation

A=2x? —%xS —3x+k, forsome number k.

To find k, you need to know A for some value of x. In this case it is obvious that
A=0 when x=1, so that 0=2-—%—3+k,which'gives k=%.

The original problem was to find the area when x =3, which is ~

2 _ 1,123 _ 4_18_9_94+4_4
2x3 .—§x3 3x3+7=18-9 9+5=7.
The answer has been given without a unit, because it is not usual to attach a unit to the
variables x and y when graphs are drawn. But if in a particular application x and y
each denote numbers of units, then when stating the answer a corresponding unit

(the x-unit X the y -unit) should be attached to the value of A.
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16.3 The area algorithm

When you want to calculate an area you do not need to.go through the argument in
Section 16.2 each time. The procedure can be reduced to a set Qf rules, called an
algorithm. )

For any function, the problem is to calculate the area bounded by the x-axis, the graph
of y=£(x),and the lines x =qa and x =b. This is illustrated in Fig. 16.5, and is
described as ‘the area under the graph from a to b°’. For this section, you should
assume that f(x)>0 for a<x<b.

Fig. 165 Fig. 166

As in Section 16.2, let A denote the area under the graph from a to any value of x
(see Fig. 16.6). Then, by the same argument, % =y,sothat A is an integral of f(x).

There are many such functions, but if the ‘simplest’ one is denoted by I(x), then you
know that

A=I(x)+k
for some number k. And since A=0 when x=a,
0=1(a)+k, giving k =-I(a).
Therefore
A=1(x)-1(a).

You find the required area by putting x = b in this expression. That is, the area from
x=ato x=>bis I(b)-1(a).

To find the area under the graph y =f(x) from x=a to x=b:
Step 1. Find the ‘simplest’ integral of f(x); call it I(x).

Step2 Work out I(a) and I(b).

Step3 The areais I(b)—1(a).
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Example 16.3.1
Find the area under y = —- from x =2 to x=35.
x

Step1 Let f(x)=1y.You can write f(x) as x 2, so I(x) is _le‘l’ or —l.
x

Step2 I(2)=-1=-05, I(5)=—1=-02.

Step3 The areais I(5)—1(2) =(=0.2)— (-0.5)=-02+0.5=023.

You can shorten the operation of this algorithm still further by using a special notation.
The ‘area under y =f(x) from x =a to x =b" is denoted by

fjf(x)dx.

This is called a definite integral. Notice that a definite integral has a specific value.
Unlike an indefinite integral, it is not a function of x, and it involves no arbitrary
constant. The numbers a and b are often called the limits, or the bounds, of integration.
(But notice that they are not ‘limits’ in the sense in which the word has been used in
relation to differentiation.) The function f(x) is called the integrand.

The symbol f was originally a letter S, standing for ‘sum’. Before the link with

differentiation was discovered in the 17th century, attempts were made to calculate
areas as the sums of areas of rectangles of height f(x) and width denoted by 8x ,or dx.
(Look at the lower rectangle in Fig. 16.4, where the lower rectangle has area f(x)&x.)
The notation is based on this idea.

There is also an abbreviation for 1(b)—I(a): it is written
b
[‘I(x) ]a .

Using this notation, you would write the calculation of the area in Example 16.3.1 as

5 5
Area = —%dx:[—ljl =(-0.2) -(-0.5)=-02+0.5=03.
2 X X2

Example 16.3.2 ‘
Find the area under y=+/x from x=1to x=4.

_44—_4é_2z4_2 2,114
Area = : xdx= Ix dx—[§x2l —§X8—§X1—T.

The symbol ff (x)dx by itself, without limits @ and b, is used to stand for the

indefinite integral. For example, you can write

fiz.dx=—l+k.
X X
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Exercise 16B
1 Find the following indefinite integrals.
(a) f4xdx (b) J 15x% dx
@ [ ou © [1ta
2 Evaluate the following definite integrals.
2 : 5 2
(a) f 3x%dx (b) f 8xdx ) | Pdx
1 - 2 _ 0
1 1 1
() f 10x* dx @) f Fxdx ® | 2dx
-1 0 0
| .
| 3 Find the following indefinite integrals.
| @ f (6x+7)dx (b) f (6x? ~2x-5)ax
© f (22 +7x)dx ) f (3x* =82 +9x% —x +4)dx
’r @) J (2x+5)(x-4)dx ) f x(x+2)(x—2)dx
4 Evaluate the following definite integrals.
2 4
@ f (8x+3)dx ) f (5x - 4)dx
0 2
2 1
(c) f (62 +1)dx (@ f (2x+1)(x+3)dx
-2 : Q
4 } 3
©) f (6% +2x+3)dx ® f (6x +2x)dx
-3 V-3

5 Find the area under the curve y = x2 from x=0 to x=6.

6 Find the area under the curve y= 4x% from x=1to x=2.
7 Find the area under the curve y = 12x> from x=2to x=3.

8 Find the area under the curve y =3x2 +2x from x=0 to x=4.

9 Find the area under the curve y = 3x? —2x from x=-4 to x=0.
10 Find the area under the curve y=x*+5 from x=-1to x=1.

11 The diagram shows the region under y=4x+1
between x =1 and x = 3. Find the area of the shaded
region by

(a) using the formula for the area of a trapezium,

(b) using integration.
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12 The diagram shows the region bounded by y =5x-3,by
'x =14 and the x-axis. Find the area of the shaded region by

"(a) using the formula for the area of a triangle,

(b) ’using integration.

13 Find the area of the region shaded in each of the following diagrams.

@) Y y=x2+4x+4
3 x
() ¥
y=4x—)c2
()

14 Find the following indefinite integrals.

o [l

@ f 6% dx

8
(a) fo 123/x dx

208
@ f(—3+x3)dx
1\X

. 16 Find the area under the curve y= % between x=1and x=2.
: x

5x

(b)

(CY)

® J(<-z)e

(® J

15 Evaluate the following definite integrals.

2 .

9
©) J
- Ja

4
+5
> dx

x+3
dx
Vx

y

y=4-x

y= 3x242x+4

(© f&dx
o [fe

410
© fl T

8
1 .
——dx
® Jl%ﬁ
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17 Find the area under the curve y =3/x between x=1 and x =27.

18 Find the area under the curve y = iz between x=-3 and x=-1.
x
19 Given that f 12x% dx =1372, find the value of the constant a.
0 , v .

9 v
20 Given that j p~/xdx =90, find the value of the constant p.
0

21 Find the area of the shaded region in each of the following diagrams.

(@ » ®) »

"22" The diagram shows the graph of y=9x%.The
point P has coordinates (4,144). Find the area of
the shaded region.

. ) y
23 The diagram shows the graph of y= :/l: . Show
x
that the area of the shaded region is 3— % .
-1 1' é X

24 Find the area of the region between the curve y =9 +15x — 6x* and the x-axis.

16.4 Some properties of definite integrals

In definite integral notation the calculation in Section 16.2 of the area in Fig. 16.1 would
be written

f:(le)(B—x)dx =[22 -1 -3 = (0)-(-4)=4.
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But how should you interpret the calculation
3
f (x-D)(3-x)dr =227 -1 -3 =(0)~(0)=0?
0 v

Clearly the area between the graph and the- x-axis between x =0 and x = 3 is not zero
as the value of the definite integral suggests.

You can find the clue by calculating the integral between x =0 and x =1:
1
_[942_1.3 V(4 __4
fo (x-1)(@3-x)dr=[2x"-1x —3x]0 =(-4)-(0)=-4%.

This shows that you need to be careful in identifying the definite integral as an area. In

Fig. 16.1 the area of the region contained between the curve and the two axes is %, and
the negative sign attached to the definite integral indicates that between x =0 and x =1
the graph lies below the x-axis.

The zero answer obtained for the integral from x =0 to x =3 is then explained by the
fact that definite integrals are added exactly as you would expect:

3 ! 3
f (x—l)(3—x)dx=j (x—l)(3—x)dx+j (x-1)3-x)dr=—2+4=0,
0 0 . 1
This is a special case of a general rule:
b c 4
f f(x)dx+j f(x)dx:j £(x)dx.
a b a

To prove this, let I{x) denote the simplest integral of f(x).

‘Then the sum of the integrals on the left side is equal to
[T + [T = {16~ 1@} - 10) - 160} =10)-10a) = | £x) .

Negative definite integrals can also arise when you interchange the bounds of
integration. Since

] =X@) - 1) = ~{1(B) - (@)} =15 ],

it follows that
a b
f f(x) dx =—f f(x)d.
b a

You are not likely to use this in numerical examples, but such integrals may turn up if
a or b are algebraic expressions.
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16.5 Infinite and improper integrals

Example 16.5.1

Find the areas under the graphs of (a) y= Lz ,
x

(i) x=1to x=s5,where s>1, (i) x=rto x=1,where O<r<1.

1

®) y= —\/17 in the intervals

[
1
1
[
1
[
1
]
[
[
'
1

b
~
Y

Fig. 16.7 Fig. 16.8

These areas are shown in Figs. 16.7 and 16.8.

The functions are (a) x7% and (b) x_% , s0 the simplest integrals are

Nl—

=2x.

51 1]° 1
® —zdx={—"] =1--.

(a) -x1 =——1— - and (b) 2x
X

o

1 X X1 s
1 1
" 1 1 1
(i) dez[——:' =--1.
rX L oxd, r

) Sl s
() (i) L I/de =[2«/§]1 =245-2.

(i) fl—j:m=[2&]i —2-24r.

The interesting feature of these results appeérs if you consider what happens in

(i) if 5 becomes indefinitely large, and in (ii) if r comes indefinite}y close to 0.
o . | 1

Consider s first. By taking a large enough value for s, you can make 1— = as close to 1

as you like, but it always remains less than 1. You can say that the integral (a)(i) ‘tends
to 1 as s tends to infinity’ (written ‘ = 1as s — o”),
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A shorthand for this is

This is called an infinite integral.

However, 2+/s —2 can be made as large as you like by taking a large enough value for
s, so the integral (b)(i) ‘tends to infinity as s tends to infinity’ (or ‘— o as s — e ’).
Since ‘infinity’ is not a number, you cannot give a meaning to the symbol

=1
—dx.
f 1 Ax
In the case of r, the situation is reversed. The expression 2 — 2+/r tends to 2 as r tends
to 0: So you can write

"1
—=dx=2
Jo
even though the integrand % is not defined when x =0. This is called an improper
x

integral. But in (a)(ii), ——1 tends to infinity as r tends to 0, so ydu cannot give a
r

meaning to the symbol

1
[ Lo
‘0 X )

You can see from the graphs that, as you would expect, the cases where the integrals are
defined correspond to regions in which the graph is very close to one of the axes. You
can then say that the region has a finite area, even though it is unbounded.

16.6 The area between two graphs

You sometimes want to find the area of a region bounded by the graphs of two functions
f(x) and g(x), and by two lines x=a and x=b, as in Fig. 16.9.

.-

Although you could find this as the difference of
the areas of two regions of the kind illustrated in
Fig. 16.5, calculated as

fjf(x) dx— fb o(x)dx,

it is often simpler to find this as a single integral

fb(foc)—g(x))dx-

a

Fig. 16.9
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Example 16.6.1 ,
Show that the graphs of f(x) = x> — x? —6x+8 and g(x) = x> +2x% —1 intersect at two
points, and find the area enclosed between them.

The graphs intersect where
2= x? —6J_c+8=x3 +2x? -1,

0=3x2‘+6x—9,
3(x+3)(x-1)=0.

The points of intersection are therefore (—3,—10) and (1,2).
If you draw the graphs between x = -3 and x =1, you will see that f(x)> g(x) in this interval.

The area between the graphs is
1 1 .
j (f(x)—g(x))dx=j (9-6x~3x)dr =[9x - 32 - x°] |
-3 -3 e
=(9-3-1)-(-27-27+27)=5-(-27)=32.

‘Notice that in this example, integrating f(x)— g(x), rather than f(x) and g(x)

separately, greatly reduces the amount of calculation.

Exercise 16C

2

1 Evaluate j 3x(x —2)dx and comment on your answer.
0

2 Find the total area of the region shaded in each of the following diagrams.

(a) (b i C y=3212¢49

y=(x+1)x-3)

© vy

3 Find the values of the improper integrals
16 .1
1

16 v 1
el __1_ -0.99
® [ gar. ®) L,de, © j»oy d.
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10

11

12

13

Find the values of the infinite integrals

=6 (~ 6 . ey (o
@ [ G, ® [ S @ [

5 s 1
Find an expression for J —,dx in terms of m and s, where m is a positive rational
1X ‘oo )
number, m# —1 and s> 1. Show that the infinite integral —- dx has a meaning if
v | x

m > 1, and state its value'in terms of m.

-
Find an expression for f .——dx in terms of m and r, where m is a positive rational
x
,

. 1
" . 1

number, m # —1 and 0 < r <1. For what values of m does the improper integral f —dx
have a meaning? State its value in terms of m. o X

The diagram shows the graphs of
y=2x+7 and y=10—x.
Find the area of the shaded region.

Find the area enclosed between the curves y=x2+7 and y =2x% +3.

Find the area enclosed between the straight line y=12x+ 14. and the curve
y=3x2+6x+5.

The diagram shows the graphs of
y=16+4x-2x% and y=x?-2x-8.
Find the area of the region, shaded in the
diagram, between the curves.

Find the area between the curves y=(x—4)(3x—1) and y=(4 - x)(1+x).

Parts of the graphs of f(x) = 2x> + x* —8x and g(x) = 2x> —3x — 4 enclose a finite region.
Find its area.

The diagrain shows the graph of y=+/x.
Given that the area of the shaded region is
72, find the value of the constant a.
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16.7 Integrating (ax +b)"

You can also use the differentiation result in Section 12.1 in reverse for integration. For

example, to integrate (3x+ 1)3, you should recognise that it comes from differentiating
4

(Bx+1)".

A first guess at the intégral f (3x+1)*dx is (3x+1)*.If you differentiate (3x + 1)4 ,
you get 4(3x +1)> x3=12(3x +1)°. Therefore

f(3x+1)3dx=%(3x+1)4+k.

You can formalise the guessing process by reversing the last result from Section 12.1.

Applying this to the previous example, g(x)=x>, a=3 and b =1. Theén f(x)= %xd', O

J(3x+1)3dx=fg(3x+1)dxzéf(3x+1)+k_='%x%(3x+1)4+k

=L Bx+1)* +k.

Example 16.7.1 ]
Find the integrals of (a) ¥5-2x, (b) W
. _ —
(a) Method 1  The first guess at f V5-2xdx= f (5- 2x)% dx is (5- 2x)%.
Differentiating (5 - 2x)% , you obtain %(5 - 2x)% x(-2)=-3(5- 2x)% . Therefore
f(s—zx)% dx=-1(5-2x)} +k.

Method 2 Using the result in the shaded box, g(x) =+x = x%, a=-2,b=5.

X%

So f(x) = =2 and [V5-2Zrdr=L x2(5-2x)} +k=-L(5-2x) +k.
3 3 273

%

_L
3
(b) First Writeﬁ as (3—x)"2. Then
Y.

1’ -2 1 1 -1 ' 1
——dx=] 3- dx==x=(3- +k=—+k.
J(C’)—x)2 : f( %) X G-%) : 3-x

With practice.you might find that you can write. down the correct integral, but check your
answer by differentiation, because it is easy to make a numerical mistake.
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Example 16.7.2
Find the area between the curve y =16 —(2x+1)* and the x-axis. (See Fig. 16.10.)

To find where the graph cuts the x-axis, Y

_ ) g y=16—(2x+1)*
-solve the equation 16 —(2x+1)" =0. 15
Thus (2x+1)* =16,s0 (2x+1)=2 or
(2x +1)=-2, leading to the limits of
integration, x = % and x = —%.
The area is given-by
1 ] T 1} T

3 -1. 0 1 x

J23(164(2x+1)4)dx

-3 : Fig. 16.10
= [16x—%(2x+ l)s]i
2
= (163 (2] 1)) ~(16x(-3) ~g5(2x(-) +1)°)
=(8-%x2%) (24 -4 x(-2)°)
=4.8-(-20.8)=256.

The required area is then 25.6.

mmeems Exercise 16D

1 Integrate the following with respect to x.

@ (2x+1)° ®) (3x-5)* © (1-7x) @ (3x+1)”
-3 a2 ' 3

© (x+2) ®.20-397  ® ® i

. ) 1 1 % 8

(i) ~10x+1 Ot & (3x+2) O e

2 Evaluate the following integrals.

5- . 5 3 3
@ J (2x-1)’dx () J V2x-1dx (0 J L& @ J%dx
1 1 . 1 1(x+2)

(x+2)°

p
3 Given that'J‘ (4x=5)*dx =51.2, find the value of p.
125

4 The diagram shows the curve y = (2x— 5)4. 7
The point P has coordinates (4,81) and the
tangent to the curve at P meets the x-axis
at Q. Find the area of the region (shaded in
the diagram) enclosed between the curve,
PQ and the x-axis.

y=(2x-5)*
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5 Find the area of each of the following shaded regions.

(a) y (b)

y="4x+3

©y

6 Find the area of the region enclosed between the curves y = (x—2)* and y = (x - 2)°.

7 The diagram shows the curve y
6

f y=(3x-2) +5.

Find the area of the shaded region.

8 The diagram shows a sketch of the curve \y "

y=+/4—x and the line y=2—%—x.The
coordinates of the points A and B where the curve
and line intersect are (0,2) and (3,1) respectively. B
Calculate the area of the region between the line
and the curve (shaded in the diagram), giving your
answer as an exact fraction. (OCR) x

Miscellaneous exercise 16

4
1 Find j 6~/x dx,and hence evaluate j 6~/x dx. (OCR) -
1

i‘ 2 The diagram shows the graph of y=12—3x2.
Determine the x-coordinate of each of the points
where the curve crosses the x-axis.

Find by integration the area of the region (shaded in

: the diagram) between the curve and the x-axis.
’ ' (OCR)
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10

11

12

13

region, shaded in the diagram, between

2
Evaluate f3 (Bx- 2)3 dx. (OCR)
0
4
Find f ~2x+1dx: ' : (OCR)
0 .
. I 5 81
(@ Find || —+x7 dx. (b) Evaluate | z—dx. (OCR)
x , o¥/x
Find the area of the region enclosed between the curve y =12x% +30x and the x-axis.

a .
Given that f 15x% dx = 3430, find the value of the constant a.
—-a

The diagram shows the curve y= x>, The 7
point P has coordinates (3,27) and PQ is

the tangent to the curve at P.Find the area

of the region enclosed between the curve,

PQ and the x-axis.

The diagram shows the curve .
y=(x-2)* +1 with minimum point P.
The point Q on the curve is such that the
gradient of PQ is 2.Find the area of the

PQ and the curve. -

2
Evaluate f x(x—D(x—2)dx and explain your answer with reference to the graph of
0 . '

y=x(x-1(x—-2).
(a) Find f x(x* - 2)dx.

(b) The diagram shows the graph of y= x(x2 -2)

for x = 0. The value of a is such that the two
shaded regions have equal areas. Find the value
of a. (OCR)

p .
Given that f (Sx3 + 6x)dx =39, find two possible values of p.Use a graph to explain

1
why there are two values.

1282

Show that the area enclosed between the curves y=9—x2 and y=x%*—7 is 3
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14 The diagram shows a sketch of the graph of B ’
y = x? and the normal to the curve at the point
A(LD). '

(a) Use differentiation to find the equation of
the normal at A . Verify that the point B
where the normal cuts the curve again has 1
coordinates (—%%) 0 x

(b) The region which is bounded by the curve
and the normal is shaded in the diagram.

Calculate its area, giving your answer as an
exact fraction. (OCR)

4 ‘4
15 Given that f(x) and g(x) are two functions such that f f(x)dx =17 and f g(x)dx =11,
0 0

find, where possible, the value of each of the following.

@ [ (0)-s)es ® [ @ +gm)
© fz f(x)dx @ f: (f(x)+ 2% +3) dx
© [ e[ e o [ s
© [ fe-na ™ [ s

16 The diagram shows the graph of y = Ux - x2. 4

Show by integration that the area of the region

(shaded in the diagram) between the curve and o] ~ x
the x-axis is 7. (OCR)

17 The diagram shows a sketch of the graph of the curve y =x—x together with the
tangent to the curve at the point A(1,0).

(a) Use differentiation to find the equation of
the tangent to the curve at A, and verify that
the point B where the tangent cuts the curve
again has coordinates (-2,-6).

(b) Use integration to find the area of the region
bounded by the curve and the tangent
(shaded in the diagram), giving your answer
as a fraction in its lowest terms. (OCR)
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18 The diagram shows part of the curve y= x", Y4
where n>1. B P

The point P on the curve has x-coordinate
a . Show that the curve divides the rectangle
OAPB into two regions'who’se areas are in 0 A x
the ratio n:1.

19 Find the stationary points on the graph of y = x*—8x2. Use your answers to make a sketch
' of the graph. Show that the graphs of y=x* —8x* and y = x” enclose two finite regions.
Find the area of one of them.

20 Using the same axes, make sketches of the graphs of y= x* and y=(x+ 1)3 —1.Then
sketch on a larger scale the finite area enclosed between them.
Find the area of the region. -

21 A function f(x) with domain x >0 is defined by f(x)= —67 - %
x x

R . .
(a) Find the values off f(x)dx and f f(x)dx .
, 2 2

(b) Find the coordinates of
(i) the point where the graph of y = f(x) crosses the x-axis,
(i) the minimum point on the graph. ' ‘
Use your answers to draw a sketch of the graph, and hence explain your answers to
part (a).
22 The diagram shows the curve y = (2x—3)*. Y

(a) Find the x-coordinates of the two points on
the curve which have gradient 6.

(b) The region shaded in the diagram is
bounded by part of the curve and by the two
axes. Find, by integration, the area of this
region. (OCR)

23 The diagram shows the curve with equation
y=+/4x+1 and the normal to the curve at the
point A with coordinates (6,5).

(a) Show that the equation of the normal to the
curve at A is y=~%x+20.

(b) Find the area of the region (shaded in the
diagram) which is enclosed by the curve, the
normal and the x-axis. Give your answer as
a fraction in its lowest terms.’ (OCR)

P R e S e B R R D R B T R R AT
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17 Volume of revolution

This chapter is about using integration to find the volume of a particular kind of solid,
called a solid of revolution. When you have completed it, you should

e be able to find a volume of revolution about either the x- or y-axis.

17.1 Volumes of revolution

Let O be the origin, and let OA be a line through the origin, as shown in Fig. 17.1.
Consider the region between the line-OA and the x-axis, shown shaded. If you rotate
this region about the x-axis through 360°, it sweeps out a solid cone, shown in

Fig. 17.2. A solid shape constructed in this way is called a solid of revolution. The
volume of a solid of revolution is sometimes called a volume of revolution.

y 4 A ¥4

Fig.17.1 Fig. 17.2

Calculating a volume of revolution is similar in many ways to calculating the area of a
region under a curve, and can be illustrated by an example.

y Y4
2+ 2-
14 14
oL

Fig. 17.3
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Suppose that the region between the graph of y = x and the x-axis from x=1to x=4,
shown in Fig. 17.3, is rotated about the x-axis to form the solid of revolution in Fig. 17 4.

The key is to begin by asking a more general question: what is the volume, V, of the
solid of revolution from x =1 as far as any value of x? This solid is shown by the light
shading in Fig. 17 4.

Suppose that x is increased by 6x . Since y and V are both functions of x, the corresponding
increases in y and V can be written as 8y and 8V . The increase 8V is shown by darker
shading in Fig. 17.4. Examine this increase 8V in the volume more closely. It is shown in
more detail in the left diagram in Fig. 17.5.

The increase 8V in the volume is between the
-volumes of two disc-like cylinders, each of width
dx and having radii y and y+ 8y. (These two
cylinders are shown in the centre and right
diagrams in Fig. 17.5.) So

8V is between 7_ry2é‘x and 7(y+ y)*&x

from which it follows that

Fig. 17.5

SS—V is between 7y? and 71:(y+8y)2.
x

Now let 6x tend to 0. From the definition in Section 7.4, %/ tends to the derivative % .

Also, &y tends to 0, so that y+ 8y tends to y. It follows that

w_
x Y

So V is a function whose derivative is 7ry2, and since y=+/x, %/ =z x . Therefore
V= % et +k

for some number k.

Since the volume V =0 when x=1, 0= %n’xl2 +k, giving k= —%75 . Thus
V= % mi? - % .

To find the volume up to x =4, substitute x = 4 in this expression for V. The volume

is %nx 4? —%75 =_-%7r(16—1) = 12§7r

You can shorten the last part of this work by using the integral notation introduced in

Section 16.3:

4 4 4
V=f 7ry2dx=f 7rxdx=[%7rx2]1 =%nx16—%n‘xl=%n.
1 1 : !
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Notice that the argument used at the beginning of the example was completely general,
and did not depend in any way on the equation of the original curve.

AT

When the region under the graph of y = f(x) between x =a and x = b (where
a < b) is rotated about the x-axis, the volume of the solid of revolution formed is

an'(f(x))2 dx, or Jj my? dx.

a

Example 17.1.1
Find the volume generated when the region under the graph of y =1+ x? between
x =-1 and x =1 is rotated through four right angles about the x-axis. '

The phrase ‘four right angles’ is sometimes used in place of 360° for describing a full
rotation about the x-axis.

The required volume is V ,. where

14 =f n'yzdxzf 77:(1+x2)2dx=J1 a(1+2x% +x*) dx
-1 -1 -1
=[n{x+3x +12)]
=r{(1+2+1) - () + 213+ 1(-1)°)} =3
The volume of the solid is 15

Itis usual to give the result as an exact multiple of i, unless you are asked for an
answer correct to a given number of significant figures or decimal places.

You can also use the method to obtain the formula for the volume of a cone.

Example 17.1.2 Y
Prove that the volume V of a cone with base
radius r and height 4 is V = §7z'r2h.

The triangle which rotates to give the cone
is shown in Fig. 17.6, where the ‘height’ has

been drawn across the page. The gradient of

LT . _ r
OAis —,soits equation is y = —x. :
| h h Fig.17.6

Therefore, remembering that 7, r and % are constants and do not depend on x,

l . ko2

‘ v= ﬁy 2dx = J =J r—xtdx

| o b

} — dx 1,318 _ r* o 31,2
‘ 71'_ X ”h [3 ]0 —”?Xgh —élzr .
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17.2 Volumes of revolution about the y-axis

In Fig. 17.7, the region between the graph of y = f(x) between y=c and y=d is
rotated about the y-axis to give the solid shown in Fig. 17.8.

4 S

o x

=Y

ol
Fig. 177 Fig. 178

"To find the volume of this solid of revolution about the y-axis, you can reverse the roles
of x and y in the discussion in Section 17.1.

When the region bounded by the graph of y =f(x), the lines y =c and y =d and the
y-axis is rotated about the y-axis, the volume of the solid of revolution formed is

You can only use this result if the inverse function x = £™'(y) is defined for c< y<d
(see Chapter 11). Remember that the limits in the integral are limits for y, not for x.’

Example 17.2.1 _
Find the volume generated when the region bounded by y = x* and the y-axis between
y=1and y =8 is rotated through 360° about the y-axis.

8
Since the volume is given by j ‘wx?dy, you need to express x” in terms of y.
. :

1 2
The equation y = x> can be inverted to give x = y*, so that x* = y* . Then

v= [ myl @y =2y =nf3sd)-nf2ri)
570 5 5°

=x(§>§ 32)—7r(§x1)=2§75.

The required volume is 25§ .

Exercise 17

In all the questions in this exercise, leave your answers as multiples of 7.

1 Find the volume generated when the region under the graph of y =f(x) between x=a and
x =b is rotated through 360° about the x-axis.

(@) f(x)=x; a=3,b=5 (b) f(x)=x* a=2,b=5
© f(x)=%% a=2,b=6 @ f)=L; a=1,b=4

X
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2 Find the volume formed when the region under the graph of y =f(x) between x=a and -
x =b is rotated through 360° about the x-axis.
(@) f(x)=x+3; a=3,b=9 ) f(x)=x*+1;, a=2,b=5
(©) f(x)=+x+1; a=0,b=3 d) f(x)=x(x-2); a=0,b=2
3 Find the volume generated when the region bounded by the graph of y=1(x), the y-axis
and the lines y = ¢ and y =4 is rotated about the y-axis to form a solid of revolution.
(@) f(x)=x% c=1,d=3 ) f(x)=x+1 c=1d=4.
1
(¢ f(x)=+x; ¢=2,d=17 @ f(x)==; c¢=2,d=5
x
() f(x)=~9-x; ¢=0,d=3 ® f(xX)=x*+1 c=1,d=4
2 1
(8 f(x)=x§; c=1d=5 (h) f(x)=—+2; ¢c=3,d=5
x .
4 In each case the region enclosed between the following curves and the x-axis is rotated
through 360° about the x-axis. Find the volume of the solid generated.
@ y=(x+1)(x-3) ® y=1-"
(€) y=x*-5x+6 @ y=x2-3x
5 The region enclosed between the graphs of y=x and y = x” is denoted by R. Find the
volume generated when R is rotated through 360° about
(a) the x-axis, (b) the y-axis.
6 The region enclosed between the graphs of y=4x and y= x? is denoted by R.Find the
volume generated when R is rotated through 360° about
(a) the x-axis, ‘ (b) the y-axis.
7 The region énqlosed--between the graphs of y= ~x and y=x2 is denoted by R.Find the
volume generated when R is rotated through 360° -about
(a) the x-axis, . s (b) the y-axis.
8 A glass bowl is formed by rotating about the y-axis the region between the graphs of
y=x" and y=x. Find the volume of glass in the bowl.
9 The region enclosed by both axes, the line x =2 and the curve y= %xz +2 is rotated about

the y-axis to form a solid. Find the volume of this solid.

Miscellaneous exercise 17

The region bounded by the curve y = x> +1, the -x-axis, the y-axis and the line x =2 is
rotated completely about the x-axis. Find, in terms of 7, the volume of the solid formed.
(OCR)



CHAPTER 17: VOLUME OF REVOLUTION 263

2 Explain why the coordinates (x,y) of any
point on ac1rcle centre O, radius a sat1sfy
the equation’ x2+ y =a”.

(x.y)

The semicircle above the x-axis is rotated
about the x-axis through 360° to form a

/y
sphere of radius a. Explain why the volume 0 *
V of this sphere is given by o '
V=271:J (az—xz)dx '
. 0 . N
, y :
K

Hence show that V = %ﬂa3.

‘ 2 2 '
3 The ellipse with equation x_2 + Z—z =1, shown
- a

in the diagram, has semi-axes a and b.

The ellipse is rotated about the x-axis to form
an ellipsoid. Find the volume of this ellipsoid. .

N
N

Deduce the volume of the ellipsoid formed if,
instead, the ellipse had been rotated about the
y-axis,

XY

4 The diagram shows the curve y=x 3.
(2) Show that the shaded area A isinfinite. “
(b) - Find the shaded area B.

(c) Area A is rotated through 360° about the
" x-axis. Find the volume generated.

(d) Area B is rotated through 360° abelit the
y-axis. Find the volume generated. B - X

5 Investigate 3the equ1va1ent areas and volumes to those in Question 4 for the equations
i y=x7°, () y= x5 N

6 Sketch the curve y=9—x?, stating the coordinates of the turning point and of the ‘

intersections with the axes.

The finite region bounded by the curve and the x-axis is denoted by R.

9
(a) Find the area of R and hence or otherwise find J \9-ydy.
0

(b) Find the volume of the solid of revolution obtained when R is rotated through 360°
about the x-axis.

(c) Find the volume of the solid of revolution obtained when R is rotated through 360°
about the y-axis.

7 The region R is bounded by the part of the curve y = (x — 2)%._ for which 2<x <4, the
x-axis, and the line x =4 . Find, in terms of 7, the volume of the solid obtained when R

is rotated through four right angles about the x-axis. (OCR)
T e T T, A T R R T R O R e T R R Ty

el
o



18 Radians

This chapter introduces radians, an alternative to degrees for measuring angles. When
you have completed it, you should

e know how to convert from degrees to radians and vice versa :

e beable to use the formula 6 for the length of a circular arc, and %rze for the area
of a circular sector

e know the graphs and symmetry properties of cos@, sinf and tan® when 6 is in
radians

e  know the meaning of cos ' x , sin”! x and tan”! x, their domains and ranges

e  be able to solve trigonometric equations with roots expressed in radians.

18.1 Radians

Suppose that you were meeting angles for the first time, and that you were asked to
suggest a unit for measuring them. It seems highly unlikely that you would suggest the
degree, which was invented by the Babylonians in ancient times. The full circle, or the
right angle, both seem more natural units. -

However, the unit used in modern mathematics is the

radian, illustrated in Fig. 18.1. This is particularly

useful in differentiating trigonometric functions, as

you will see if you go on to unit P2 or unit P3. A

In a circle of radius 1 unit, radii joining the centre O
to the ends of an arc of length 1 unit form an angle
called 1 radian. The abbreviation for radian is rad.

You can see immediately from this definition that

there are 27 radians in 360°. This leads to the ' Fig. 18.1
following conversion rule for radians to degrees and :
vice versa: -

You could calculate that 1 radian is equal to 57.295...°, but no one uses this conversion.
It is simplest to remember that 7 rad = 180°, and to use this to convert between radians
and degrees.

You can set your calculator to radian mode, and then work ehtirely in radians.

You might find on your calculator another unit for angle called the ‘grad’; there are 100
grads to the right angle. Grads will not be used in this course.

1 unit
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Example 18.1:1
Convert 40° to radians, leaving your answer as a multiple of 7.

Since 40° is % of 180°, 40° = %7;_ rad .

It is worthwhile learning a few common conversions, so that you can think in both radians
and degrees. For example, you should know and recognise the following conversions:

180°=7mrad, 90°= %ﬂ' rad, 45°= %n’ rad, 30°= %7[ rad, 60°= %n’ rad.

18.2 Length of arc and area of sector '

Fig. 18.2 shows a circular arc, centre O and radius r,
which subtends an angle € rad at its centre. You can
calculate the length of the circular arc by noticing that

the length of the arc is the fraction 21 of the length \O\Prad
T

2rr of the circumference of the circle.

Let s be the arc length. Then

s'=i><27rr=r0.
2r :

Fig. 18.2

You can use a similar argument to calculate the area of a
sector. ' :

The circular seétor, centre O and radius r, shown shaded
in Fig. 18.3, has an angle € rad at the centre.

N . . . (V]
The area of the circular sector is the fraction Ey of the
V4

area 7r? of the full circle.

Let A be the required area. Then

A=ixnr2‘=%r20.
2r

Fig. 18.3

The length of a circular arc with radius r and angle 6 rad is s=r6.

The area of a circular sector with radius r and angle G.rad is A= %rze .

No units are-given in the formulae above. The units are the appropriate units associated

with the length; for instance, length in m_and area in m?.
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Example 18.2.1

Find the perimeter and the area of the segment cut off by a
chord PQ of length 8 cm from a circle centre O and radius
6 cm. Give your answers correct to 3 significant figures.

In problems of this type, it is helpful to start by thinking
about the complete sector OPQ, rather than just the
shaded segment of Fig. 18.4.

The perimeter of the segment consists of two parts,

the straight part of length 8 cm, and the curved part;
to calculate the length of the curved part you need to
know the angle POQ. ‘ _ ' Fig. 184

Call this angle 6. As triangle POQ is isosceles, a perpendicular drawn from O to
PQ bisects both PQ and angle POQ.

sini0=%=0666... ,50 56 =0.7297... and 6 =1.459... .
Make sure that your calculator is in radian mode.

Then the perimeter d cm is given by d =8+ 68 =16.756... ; the perimeter is-
16.8 cm, correct tc 3 significant figures.

To find the area of the segment, you need to find the area of the sector OPQ, and
then subtract the area of the triangle OPQ. Using the formula %bc sin A for the

area of a triangle, the area of the triangle POQ is given by %rz sin@ . Thus the

area in cm? of the shaded region is

3770 —-1r?sin0 =1x6%x1459...~1x 67 x5in1.459...
=8381... .

The area is 8.38 cm? ; correct to 3 significant figures.

It is worthwhile using your calculator to store the value of 6 to use in the calculations. If
you round 6 to 3 significant figures and use the rounded value, you are liable to
introduce errors. h

In the course of Example 18.2.1, the notations sin%e = % =0.666..., sinf and
sinl1.459... were used, without any indication that the angles were in radians. The
convention is that when you see, for example, ‘sinl12’, you should read it as the sine
of 12 radians. If it were the sine of 12° it would be written ‘sin12°°.

Example 18.2.2

A chord of a circle which subtends an angle of 6 at the centre of the circle cuts off a
segment equal in area to % of the area of the whole circle.

(2) Show that 6 —sinf=2r.

(b) Verify that 8 =2.61 correct to 2 decimal places.
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=2

(a) Let r cm be the radius of the circle. Using a
method similar to the one in Example 18.2.1, the
area of the segment is

%rZO—%rZ sin@.
This is % of the area of the whole circle if

1,2g_1,23 . 9_1_.2
7rt9 il sm9—3ﬂr.

Multiplying by 2 and dividing by 2 you find

Fig. 18.5

0-sinf=%rx.

(b) If you substitute @ =2.61 in the equation f(6) =6 —sin®, you get
£(2.61) =2.103... , which is very close to %ﬂ =20%... .

This suggests that @ is close to 2.61, but it is not enough to show that it is ‘2.61
correct to 2 decimal places’. To do that you need to show that 8 lies between
2.605 and 2.615.

It is obvious from Fig. 18.5 that 6 lies between O and 7, and that the shaded area
gets larger as 6 increases. So you have to show that the area is too small when
6 = 2.605 and too large when 6 =2.615.

(2.605) =2.605—sin2.605=2.093... ,and
f(2.615) =2.615—sin2.615=2.112... .
The first of these is smaller, and the second larger, than %77: =2.094... .

It follows that the root of the equation is between 2.605 and 2.615; that is, the root
is 2.61, correct to 2 decimal places.

T : 2 Exercise 18A

1 Write each of the following angles in radians, leaving your answer as a multiple of 7.

@ 90° (b) 135° © 45° @ 30°
© 72° 6 18° (@ 1200 M 224°
@ 720° () 600° & 270° 1 1°

2 Each of the following is an angle in radians. Without using a calculator change these to
degrees.

@ I () 57 © im d 37
© 37 ® 3= ® 37 0 37
0O L= G 6z O O =
3 Without the use of a calculator write down the exact values of the following.
(@) sin % T (b) cos :11—71 (c) tan % T (d) cos % T
(e) sin%ﬂ ®) cos%n: (g) tan%ﬂ (h) sin? %71:
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4

The following questions:refer to the
diagram, where

r = radius of circle (in cm),

s = arc length (in cm),

A = area of sector (in cm?),

6 = angle subtended at centre (in radians).
(a) r=7,60=12.Find s and A.

(b) r=35,6=2.1.Find s and A.

(¢) s=12,r=8.Find 6 and A.

(d) s=14,6=0.7.Find r and A.

(e) A=30,r=5.Find 6 and s. f) A=24,r=6.Find s.

10

(5) A=64, s=16.Find r and 6. (h) A=30, s=10.Find 6.

Find the area of the shaded segment in
each of the following cases.

(a) r=50m,9=%7t
(b) r=31cm,0=3%x
- -5
() r=28cm,0=¢7m
(d r=6cm, s=9cm

(e) r=95cm, s=4cm

Find the area of the segment cut off by a chord of length 10 cm from a circle radius 13 cm.

Find the perimeter of the segment cut off by a chord of length 14 cm from a circle radius
25cm.

A chord of a circle which subtends an angle of @ at the centre cuts off a segment equal in
area to % of the area of the whole circle.

(a) Show that 8 —sinf = %717 .
(b) Verify that 8 =2.31, correct to 2 decimal places.

Two circles of radii 5 cm and 12 cm are drawn, partly overlapping. Their centres are
13 cm apart. Find the area common to the two circles.

The diagram shows two intersecting
circles of radius 6 cm and 4 cm with
centres 7 cm apart. Find the perimeter and
area of the shaded region common to both
circles.
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11. An eclipse of the sun is said to be 10%
total when 10% of the area of the sun’s
disc is hidden behind the disc of the moon.

Sun Moon

A child models this with two discs, each of
radius r cm, as shown.

(a) Calculate, in terms of r, the distance
between the centres of the two discs.

(b) Calculate also the distance between
the centres when the eclipse is 80%
total.

18.3 Graphs of the trigonometric functions

" The graphs of y =cos@, y= sin6 and y =tan@ when the angle is measured in radians
have a similar shape to those for y = cos8°, y =sin@° and y = tan6° which are drawn

~in Figs. 10.3, 10.4 and 10.5 on pages 139 and 140. The only change is the scale along
the 0-axis.

The graphs of y =cos@, y =sinf and y =tan@, with 6 in radians, are shown in
Fig. 18.6, Fig. 18.7 and Fig. 18.8 respectively. These three graphs are drawn with the
same scales on each axis. ; ‘

YA
1
y=cosé
/—‘%7: i 2T 0
—14
Fig: 18.6
y
19 y=sin8
~in In
1

. Fig.18.7
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y=tan@

~

Po1—
]
K]

ST
a

Fig. 18.8

If you were to draw the graphs in Section 10.1 and Section 10.2 with the same scales in
each direction, they would be very wide and flat compared with the graphs shown here.

In fact radians are almost always used when you need to find the gradients of the graphs
of y=cos@, y=sin6 and y =tanf. '

These graphs also have symmetry properties similar to those of the graphs of y =co0s8°,
y =sinf° and. y =tan6°.

Periodic properties: cos(8 +2m) =cosf sin(@ £ 2x)=sinf tan(6+ ) =tanb
Odd/even properties:  cos(—8) = cos sin(-0) =—sin@  tan(-8) =—tan@
Translation properties: cos(6 — ) =—cos® sin(6 — ) = —sin8

cos(m—8)=-cos@ sin(w—0)= sin6 tan(z —8) = —tan®

o

Exercise 18B

e

1 Use the graphs of y =cosf and y =sin8 tb show that sin(%n’ —9) =cosf.

Use this property, and the symmetry properties of the sine, cosine and tangent functions in
the box above to establish the following results.

(a) sin(% T+ 9) =—cos® (b) sin(% T+ 9) =cosé

i (c) coé(% T+ 9) =—sinf (d) sin(—O - % n') =—cosé
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. 1 ,
2 With the same axes, sketch y =tan8 and y = ——. Show that tan(% - 9)
tan@ -

3 Find the least positive value of o for which

(a) cos(or—0)=sinb,
(c) tan8 =tan(@+0),
(e) cos(2a—0)=cos(60-a),

¥ecr e

tanf

(b) sin(e —8) =cos(ox +8),
(d) sin(0 +2c) = cos(xx - 8) ,
(f) sin(5c + ) = cos(0 —3cx) .

18.4 Inverse trigonometric functions

You have already met the notation sin ™’

s cos”! and tan™' a number of times. It is now

time to give a more precise definition of the inverse trigonometric functions.

The functions cosx, sinx and tan x are not one—one, as you can see from Section 18.3. It
follows from Section 11.6 that they do not have inverses unless you restrict their domains of
definition. The definitions given here assume that you are working in radians.

Fig. 18.9 shows how the domain of the cosine function is restricted to 0 < x < 7 to

define the function cos™L.

. Y
y n
A y = cosx
7 0s
’ ) N
i1 —57 4 T X
: -05 2\

Fig.

18.9

Recall from Section 11.8 that if the gfaph of a function and its inverse are plotted on the
same axes, then each is the reflection of the other in y = x. You can see that if the two
graphs in Fig. 18.9 were superimposed, then the thicker part of the graph of y =cosx

would be the reflection of y = cos™!

1

x in y =x, and vice versa.

Similarly Fig. 18.10 shows how the domain of the sine function is restricted to

TExs %75 to define the function sin”".

y
21

y . 37

1| y=sinx N
05 y=sin X
\l\ T 1[ \I\ - T T 1 liA
- —37 37 T, X -1 05 1 x
. _1_{
-ln

Fig.

18.10
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Once again, the thicker part of the graph of y = sin x is the reflection of y =sin™ x in
the line y = x, and vice versa. ‘

Fig. 18.11 shows the graph of the function tan™!, obtained by restricting the domain of

the tangent function to — % T<x< %7[ .

'1y
______________________ iﬂ _}._-_—___—___—________________
_ y=tan_1x
T L T T L T T T
-4 -3 -2 -1 1 2 3 4 x
1
_____________________ ——Enj’.______<_______.___..-___—____
Fig. 18.11

% cos”' hasdomain -1<x<1 andrange O<cos'x<n.
: » sin! hasdomain -1<x<1 andrange —%7[ <sinx< %7[.
tan~  has domain R and range —% m<tan'x<im.

2

Exercise 18C

Do not use a calculator in Questions 1 to 5.

1 Find
(@ cos™ 2+/3, () tan”'1, (© cos0, ) sin™'3+/3,
(e) tan_‘(—«/g), ® sin”'(-1), (g) tan”'(=1), (h) cos”}(-1).
3 Find
a1 AN P -1/ _ af 1
(a) cos 5 (b) sin™'(-0.5), (c) cos™(~0.5), (d) tan («/3)
L 3 Find
(a) sin(sin“O.S), (b) cos(cos_l(—l)), (©). tan(tan’l «/3), (@ cos(cos_1 0).

! 4 Find
' (a) cos"‘(cos%ﬂ), (b) sin_l(sinl-grc), (c) tan"l(tan%rc), (d) cos"?(cosZn).

5 Find

. - 1 - -
(a) sm(cos 1%\/37), {b) W, (c) cos(sm 1(—0.5)), (d tan(cos 1%«/5)

6 Use a graphical method to solve, correct to 3 decimal places, the equation cosx = cos™ x.
What simpler equation has this as its only root?
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18.5 Solving trigonometric equations using radians

When you have a trigonometric equation to solve, you will sometimes want to find an
angle in radians. The pﬁnciples are similar to those that you used for working in degrees
in Section 10.5, but the functions cos™',-sin™' and tan™! will now have the meanings
that were assigned to them in Section 18 4.

Example 18.5.1 ,
Solve the equation cos@ =—0.7, giving all the roots in the interval 0= 0 < 27 correct
to 2 decimal places.

Step1 cos™(~0.7) =2.346... . This is one root in the interval 0< 6 < 27.

Step2  Use the symmetry property cos(—8) = cos8 to show that —2:346... is
another root. Note that —2.346... is not in the required interval.

Step3  Use the periodic property, cos(6 £ 27) = cos8, to say that
—2.346...+ 27 =3.936... is aroot in the required interval.

The roots of the.equation cos@ =—-0.7 in 0 =< 6 < 27 are 2.35 and 3.94, correct
to 2 decimal places.

Example 18.5.2
Solve the equation sinf@ =-0.2, giving all the roots-in the interval —x < 6 < & correct
to 2 decimal places.

Step1 sin'(~0.2) =~0.201... . This is one root in the interval -7 <6 < 7.

Step2  Another root of the equation is 7- (-0.201...)=3.342..., but this is not
in the required interval.

‘Step3  Subtracting 27 gives —2.940... , the other root in the interval ~7 < 0 < 7.

Therefore the roots of sinf@ =—-02in -7 < 6 < 7 are —2.94 and —0.20, correct
to 2 decimal places.

Example 18.5.3
Solve the equation cos(36 —0.1) =0.3, giving all the roots in the interval -x< @< nx
correct to 2 decimal places :

Let 30 —-0.1=¢, so that the equation becomes cos¢ =0.3. As 8 lies in the
interval ~r <@ <m, ¢ =360 -0.1 lies in the 1nterva1 -3r-0.1<¢=<37-0.1
which is —9 524..<¢=<9324..

The first part of the problem is to solve cos¢ =0.3 for —9.524... < ¢=<9324....

Step1 cos'0.3=1.266... . This is one root in the interval
9524, . <¢=<9324....

Stép 2 Using the fact that the cosine function is even, another root is ~1.266... .
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Step3 Adding 27 to and subtracting 27 from £1.266... gives £5017... and
+7.549... as the other roots.

Since 6 = %(q) + 01) , the roots of the original equation are —2.48,-1.64, —0.39,0.46,

1.71,2.55, correct to 2 decimal places.

Example 18.5.4
Solve the equation tanf = cos@, giving all the roots in radians in the interval
0= 6 < 27, correct to 2 decimal places. '

If you have an equation like this it is usually a good idea to use the identity

inf . sin@
o 5 to replace tan8 . The equation then becomes &

tan@ = =cos @, which,

cos
on multiplying both sides by cos 8 gives

cos

sinf = cos? 6.

As it stands you cannot solve this equation, but if you use the identity
cos?@+sin? O =1 to replace ‘cos? @, you get the equation sin6 =1-sin’@,
which you can rewrite as

$in* @ +sin6-1=0.

This is a-quadratic equation in sin@, which you can solve using the quadratic’
formula in Section 4.4:

1P -axIx(-1) .
sinf = 2 x1x( ),giving sin@ =0.618... or sin6=-1.618... .

One root is sin1 0.618...=0.666... . The other root of sind =0.618... in the
interval, obtained from the symmetry of sin@,is 7 —0.666...=2475... .

The equation sin@ =-1.618... has no roots, as_sin@ has the property that
-l=<sinf=<1.

So the required roots are 0.67 and 2.48, correct to 2 decimal places.

i Exercise 18D

1 Find in radians correct to 2 decimal places, the two smallest positive values of 8 for which

(@) sin®=0.12, (b) sin® =-0.86, ~ (c) sin6=0925,
(d) cosf8=0.81, (e) cos8=-0.81, @ cosB=\/§,
(g) tan8=4.1, (h) tan6=-0.35, (i) tan6=0.17,
G) sin(z+6)=023, ®) cos(iz-0)=-0523, (O tan(in-6)=—4,
| (m) sin(26+17)=0.123, (@ sin(lz-6)=05, (0) cos(30-2m)=0.
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Find all values of 8 in the interval —z << 8 < 7 which satisfy each of th= followmng
equations, giving your answers correct to 2 decimal places where appropriate.

(a) sin6=0.84 () cos8 =027 (c) tan8=19

(d) sin8=-0.73 (e) cos@®=-0.15 () 4tanf+5=0
1

(g) 4sin8 =3cosO (h) 3sinf=—— (i) 3sinf =tan6

sin@

Find all the solutions in the interval 0 < x < 27 of each of the following equations.

(a) cos2x=7 (b) tan3x =3 (¢) sin2x=-0.62

(d) cos4x=-1 (e) tan2x=0.5 (D sin3x=-045

Find the roots in the interval —z <t < 7 of each of the following equations. v

(a) cos3t=3 (b) tan2tr=-2" (c) sin3t=-032

(d) cos2t=0.264 ) tan5r=07 () sin2r=-042

Find the roots (if there are any) in the interval —z <6 < 7 of the following equations.

(@) cosig=1 ®) tan2g=-5 {©) sinle=-1

(d) cosio=7 (e) tanZ6=05 ) sinZ6=-04

Without using a calculator, find the exact roots of the following equations; if there are.any,
giving your answers as multiples of 7 in the interval 0 <6< 27. -

(@ sin260-17)=1 ®) wn(20-§7)=0 (@ cos(30+7) =743
@ tn(360-in)=—3 (&) cos(20-37)=-1  (® sin(lo+3x)=1
@® cos(l6-37)=0 ® tn(3-7)=-1 @ sin(le-3x)=0
Find the roots (if there are any) in the interval —z < 8 < 7 of the following equations.
(a) tan@=2cosf - (b) sin?6=2cosO (¢) sin® 0=2 cosze-

(@) sin?6=2cos?6~1 (e) 2sin@ =tan6 (f) tan?0=2cos*@

Miscellaneous exercise 18

The diagram shows a sector of a circle with £ ¢
centre O and radius 6 cm .

Angle POQ = 0.6 radians. Calculate the
length of arc PQ and the area of sector

POQ. (OCR) | v
o

A sector OAB of a circle, of radius a and centre O, has ZAOB = @ radians . Given that the
area of the sector OAB is twice the square of the length of the arc AB, find 6. (OCR)
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3 The diagram shows a sector of a circle, with
centre O and radius 7. The length of the arc
is equal to half the perimeter of the sector.
Find the area of the sector in terms of 7.

(OCR)

4 The diagram shows two circles, with centres
A and B, intersecting at C and D in such a
way that the centre of each lies on the-
circumference of the other. The radius of each
circle is 1 unit. Write down the size of angle
CAD and calculate the area of the shaded
region (bounded by the arc CBD and the
straight line CD). Hence show that the area
of the region common to the interiors of the
two circles is approximately 39% of the area
of one circle. (OCR)

5 Inthe diagram, ABC is an arc of a circle with D
centre O and radius 5 cm. The lines AD and
CD are tangents to the circle at A and C
respectively. Angle AOC = %7: radians.

Calculate the area of the region enclosed by B
AD, DC and the arc ABC, giving your

answer correct to 2 significant figures.
(OCR) e

6 Find, either to 2 decimal places or an exact multiple of 7, all values of x in the interval
~7 < x < 7t satisfying the following equations.

(a) sinx=-0.16 (b) cosx(l+sinx)=0 (¢) (1-tanx)sinx=0
(d) sin2x=0.23 () cos(3m-x)=0832 () tan(3x—17)=3

. 7 The electric current, ¢ amperes, in a wire is given by the equation
¢ =5sin(1007t + 1 7),
where ¢ denotes the time in seconds.
(a) Calculate the period of the oscillation, and find the number of oscillations per second.

(b) Find the first three positive values of # for which ¢ =2, giving your answers correct
to 3 decimal places.

8 An oscillating particle has displacement y metres, where y is given by y = asin(ks + &x),
where a is measured in metres, ¢ is measured in seconds and & and ¢ are constants. The
time for a complete oscillation is T seconds. Find

(a) kintermsof T, (b) the number,in terms of k, of complete oscillations per second.
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9

10

11

The diagram shows a circle with centre O and
radius r, and a chord AB which subtends an
angle O radians at O . Express the area of the
shaded segment bounded by the chord AB in

“terms of r and 6.

Given that the area of this segment is one-third
of the area of triangle OAB, show that

360 -4sin8=0.

Find the positive value of 0 satisfying

36 — 4sin8 =0 to within 0.1 radians, by
tabulating values of 30 —4sin@ and looking for
a sign change, or otherwise. (OCR)

The diagram shows two circles, with centres A
and B, which touch at C . The radius of each
circle is r. The points D and E, one on each

circle, are such that DFE is parallel to the line AA
ACB. Each of the angles' DAC and EBC is

6 radians, where 0 < @ < . Express the length

of DE interms of r and 8.

The length of DE is equal to the length of each

of the minor arcs CD and CE.

(a) Show that 8 +2cos8—-2=0.

(b) Sketch the graph of y =cos@ for 0 <8< %‘71’ . By drawing on your graph. a suitable
straight line, the equation of which must be stated, show that the equation
6+2cosf-2 = 0 has exactly one root in the interval 0 <6 < %ﬂ' .

Verify by calculation that @ lies between 1.10 and 1.11. (OCR)

The diagram shows an arc ABC of a circle with
centre O and radius r, and the chord AC. The
length of the arc ABC is s, and angle AOC =0 rad.
Express 6 in terms of r and s, and deduce that the
area of triangle AOC may be expressed as

. K
%rz sm(27t - —) .
r

Show, by a graphical argument based on a sketch of
y =sinx, or otherwise, that

Csin(2r—a)=-sina,
where ¢ is any angle measured in radians.

Given that the area of triangle AOC is equal to one-fifth of the area of the major sector

OABC , show that > + 5sin(f) =0.
r r
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12 By using a graphical method, or otherwise, establish the identities
- - - a1
(a) sin ' x + cos le%n', (b) tan Ux +tan 1(—)5%71' or —%n’.
X
13 The diagram shows a sector of a circle b ¢

14

15

16

with centre O and radius r, and a chord
AB which subtends an angle 0 radians at
O, where 0<0<7x.

A square ABCD is drawn, as shown in the
diagram. It is given that the area of the
shaded segment is exactly one-eighth of
the area of the square. Show that A

26 -2sin@+cosf@—-1=0.
Hence show that € lies between 1 and 2,

and use a tabulation method to find @ P
correct to 1 decimal place.

Give the domains and the ranges of the following functions.
(@ 2sin'x-4 () 2sin”!(x-4)

Solve the equation 3sin? @ + 4 cos@ = 4 , giving all the roots, correct to 2 decimal places,
in the interval 0 < 8 < 27,

Solve the following equations giving any roots in terms of 7 in the interval
2r<0=<2rm.

(a) 2cos’6+sin?6=0 () 2cos?@+sin®0=1 () 2cos’6+sin?6 =2
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10

11

Sketch the graphs of y=4—x and y=x? +2x, and calculate the coordinates of their
points of intersection. Calculate the area of the finite region between the two graphs.

(a) Find the coordinates of the stationary points on the graph of y=x3 —3x+3.

2
(b) Calculate the coordinates of the point for which gx—% =0.

(c) Find the equation of the normal to the curve at the point where x =-2.

(d) Calculate the area enclosed between the curve, the x-axis and the lines x =0 and
x=2.

4

Without using a calculator, draw a sketch of y = x* — x3, indicating those points for which

d%y . o d2y .
——5 is positive and those for which — is negative.
dx dx

Lét n be a positive integer. Sketch the graphs of y=x" and y= x* for x>0 and find the
area of the region which they enclose.

2
A curve has an equation which satisfies gx—z = 5. The curve passes through the point (0,4)

and the gradient of the tangent at this point is 3. Find y in terms of x.

The part of the curve y = kx?, where k is a constant, between y =1 and y = 3 is rotated
through 360° about the y-axis. Given that the volume generated is 127, calculate the value
of k.

3

Find the value of J (x3 -6x2 +11x - 6) dx. Interpret your result geometrically.

1

The regibn R is bounded by the x-axis, the line x =16 and the curve with equation
y=6-— Nx , where 0 < x<36. Find, in terms of 7, the volume of the solid generated
when R is rotated through one revolution about the x-axis. ' (OCR, adapted)

Calculate the area of the region in the first quadrant bounded by the curve with equation

y=4/9—x and the axes.

(a) Draw a sketch of the part of the curve y = % from x=1to x=4.
X

(b) Calculate the area of the region R bounded by the curve, the x-axis and the lines
x=1land x=4.

The angle made by a wasp’s wings with the horizontal is given by the equation
0 = 0.4 sin 600¢ radians, where ¢ is the time in seconds. How many times a second do its
wings-oscillate?
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12

13

14

15

16

17

18

Determine whether the point (1,2,-1) lies on the line passing through (3,1,2) and (5,0,5).

The figure shows part of a circle with centre O and
radius r. Points A, Band C lie on the circle such
that AB is a diameter. Angle BAC = 6 radians.

(a) Find angle AOC in terms of @, and use the
cosine rule in triangle AOC to express AC? in
terms of r and 6. 6 B

o 0 /

(b) By considering triangle ABC , write down the
length of AC in terms of r and 8, and deduce
that cos20=2cos?@0-1. (OCR)

9
Sketch the graph of y = 2

for positive values of x.
x+3

The part of the curve between x =0 and x =3 is rotated through 2x radians about the
x-axis. Calculate the volume of the solid of revolution formed. '
Differentiate each of the following functions with respect-to x.

1
x2+1

(a) (x3 +2x— 1)3 (b)

A teacher received asalary of £12 800 in his first full year of teaching. He models his

future salary by assuming it to increase by a constant amount of £950 each year up to a
maximum of £20 400.

(a) How much will he earn in his fifth year of teaching?
{b) In which year does he first receive the maximum salary?

(c) Determine expressions for the total amount he will have received by the end of his nth
year of teaching, stating clearly for which values of n each is valid.

His twin sister chose accountancy as her profession. She started her career in the same year
as he did. Her first year’s salary was £13 500, and she can expect her salary to increase at a

constant rate of 5% each year.

(d) Select an appropriate mathematical model and use this to determine her annual salary
in her nth year as an accountant.

() Show that she earns less than he in their 4th yeaf of working.
(B Which is the first year after that in which he earns less than she? (OCR)
A geometric progression has first term 6 and common ratio 0.75. Find the sum of the first

ten terms of this geometric progression, giving your answer correct to 2 decimal places.
Write down the sum to infinity of the geometric progression.

The vectors a and b are shown on the grid of unit
squares. )
(a) Calculate |a+b]|. ; aﬂ

(b)' Calculate a.b. Vb
(c) Calculate the angle between a and b. (OCR)
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19

20

21

22

A coin is made by starting with an equilateral
triangle ABC of side 2 cm . With centre A an arc
of a circle is drawn joining B to C. Similar arcs
join C to A and A to B.

Find, exactly, the perimeter of the coin and the
area of one of its faces.

4 -1

Find the value of ¢ such that the variable vector | 6 |+¢| 2 | is perpendicular. to the
‘ 10 3
4 ' » -1 4
vector | 2 |. Find also the angle between the vectors | 2 | and | 2 |. Give your answer in

=7 3 ~7

degrees correct to 1 decimal place.

Draw sketches of possible graphs for which the following data hold. Consider only the
domain 0 < x =<5, and assume that the graph of y =f"(x) is smooth.

(@ f(O)=0, f(2)=35, f'(2)=0, f7(2)<0, f(4)=3, f'(4)=0, f"(4)>0

(b f(0)=0, f"(1)<0, f(2)=5, f(2)=0, £”(3)>0, f(4)=7

(¢) f(0)=0, f'(0)=-1, £'(1)=0, f(3)=0, f'(3)=2, f”"(3)=0, "(4)<0

(@ f(0)=1, f(0)=1, f”(0)=1and f”(x) increases as x increases

(e) f(0)=1, f’(0)=0, f(x)<O0forO<x<35, f(5)=£f(5)=0

) f(0)=3, f(0)=-2, f"(x)>0for0<x<5, {(5)=f'(5)=0

The diagram shows a mass M suspended in a viscous liquid by an elastic spring with one

end fixed to a beam. The mass has a natural position of equilibrium, and its displacement
downwards from this position is given by x.

The mass is given a displacement d from its equilibrium position and is then given an
initial velocity. Graph (i) shows x plotted against time -z when the initial velocity is away
from the equilibrium position. Graph (ii) shows x plotted against time when the initial
velocity is small but towards the equilibrium position.

X

)
1. Equilibrium (i)
point

1. Initial
displacement

‘ ; t
Make a sketch copy of the graph and add to it a sketch of x against ¢
(a) when the initial velocity is large and towards the equilibrium position, and
(b) when M is simply released at displacement d .
d*x

Describe the four graphs, (i), (ii) and your answers to (a) and (b), in terms of %xt_ and ?
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23

24

25

26

27

28

The diagram shows the curve
y=(1—4x)® +20x. The curve has a
maximum point at P as shown.

Show that the curve has a minimum point )
which lies on the y-axis and calculate the | \—;
area of the region shaded in the diagram.

(a) Sketch the graphsof y = x? and y=(x- 4)2 , and find the coordinates of the point P
where they intersect.

(b) The region bounded by the x-axis between x =0 and x =4, the graph of y = x*
between the origin and P, and the graph of y =(x— 4)? between P and the x-axis is
rotated through 27 radians about the x-axis. Calculate in terms of 7 the volume of
the solid of revolution formed. o '

A pyramid has a square base ABCD of side 8 cm. The diagonals AC and BD of the base
meet at O. The point E is midway between O and A. The vertex V is at a height of 6 cm
vertically above E.

Calculate to the nearest tenth of a degree the angle between DV and BV.

The diagram shows the curve i”
1
Y= Vax+3°

Find the area of the shaded region.

_05 6 X

Use the methods of Exercise 6A to calculate an approximation to the gradient of the graph
y=sinx for x=0and x = %71:. Use the symmetry properties of y = sin x to predict the
gradients at other values of x in the interval 0 < x < 2x, and use your results to sketch a

d : _ :
graph of ExX against x. Make a conjecture about the equation of this graph.

The diagram shows the region R, which is bounded by the 74
axes and the part of the curve y* = 4a(a— x) lying in the 2
first quadrant. Find, in terms of a,

(a) the area of R,

(b) the volume, V., of the solid formed when R is rotated
completely about the x-axis.

The volume of the solid formed when R is rotated. R
completely about the y-axis is V, . Show that V, = % V..

The region S, lying in the first quadrant, is bounded by the
curve y* = 4a(a—x) and the lines y=a and y=2a.Find,
in terms of a, the volume of the solid formed when S is 0 ax
rotated completely about the y-axis. (OCR, adapted)




Practice examination 1

Time 1 hour 45 minutes

Answer all the questions.
The use of an electronic calculator is expected, where appropriate.

1 The 3rd and 4th terms of a geometric progression are 12 and 8 respectively. Find the sum

to infinity of the progression. [5]
2 (i) Find J(i - l) dx [4]
x2 Nx)
. . . dy 1 1 _,
(i) A curve passes through the point (1,0) and is such that —— = — ——=. Find the
dx  x* x
equation of the curve. (2]

3 Points A and B have coordinates (3,2) and (-1,4) respectively.
(i) Find the equation of the straight line which is perpendicular to AB and which passes

through its mid-point. (41
(ii) Verify that the point C with coordinates (0,1) lies on this line, and calculate the area
of the triangle ABC. , [31
4 (i) Show that the equation 3tan6® =2cos8 may be written in the form
2sin® 6 + 3sin6—2=0. (3]
(i) Hence solve the equation 3tan€ =2cos@ ,for 0 <0 <2xw. [4]
S (i) Express the quadratic polynomial x*+6x+3in completed square form. [2]
(ii) Hence, or cherwise,
" (a) find the coordinates of the vertex of the graph of y = %2+ 6x+ 3, 2]

(b) solve the inequality x2+6x+3< 0, leaving your answer in an exact form. [3]
6 The functions f and g are defined by
1
fix—>—, O<x=<3,

x
gxP2x-1, xelR.

(1) Using a graphical method, or otherwise, find the range of f. [1]
(ii) Calculate gf(2). (1]
(iii) Find an expression in terms of x for g™'(x). [2]

(iv) Sketch, in a single diagram, the graphs of y = g(x) and y =g~!(x), and state a
geometrical relationship between these graphis. [3]
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7 (i) Solve the simultaneous equations

10

22+ xy =10, 5]

x+y=3.
(ii) Show that the simultaneous equations

2x% + xy =10,

x+y=a.
always have two distinct solutions, for all possible values of the constant a. [3]
B
b
o A

a
The diagram shows the origin O, and points A and B whose position vectors are
denoted by a and b respectively.
(1) Copy the diagram, and show the positions of the points P and Q such that 51)’ =3a
and O =a+b. 2]

- 2 1 - =
(i) Giventhat a = ( 0 and b= 1) evaluate the scalar product OQ .BP . [3]

(iii) Calculate the acute angle between the lines OQ and BP, giving your answer correct to
the nearest degree. [3]

A circle with centre O has radius r cm. A sector of the circle, which has an angle of
6 radians at O, has perimeter 6 cm.

6 v
(i) Show that & =——2, and express the area A cm? of the sector in terms of r. [4]
r

(ii) Show that A is a maximum, and not a minimum, when r = % , and calculate the
corresponding value of 8. (51

A

/ , N %
The diagram shows the curve y = 4x> —4x* —10x + 12 and the tangent at the point A
where x =1. _
(i)  Find the equation of this tangent. (4]
(if)  Verify that this tangent meets the curve again at the point B with x-coordinate —1. [2]

(iii) Calculate the area of the region which lies between the curve and the tangent AB. [5]



Practice examination 2

Time 1 hour 45 minutes

Answer all the questions.
The use of an electronic calculator is expected, where appropriate.

1

2

Use the binomial theorem to expand (3x + 2)* in powers of x. [3]

A sohd is made by rotating the part of the curve with equation y = (3x — 1)2 from x =3 to
x=% through four right angles about the x-axis. Find the volume of the solid, giving your
answer interms of 7. : [5]

The point A has coordinates (7,7) and the line [ has equation x + 3y =8.

(i) Find the equation of the line that passes through A and is perpendicular to . [3]
(ii)y Hence find the coordinates of the foot of the perpendicular from A to [. [3]
(i)  Sketch the graph of y = cos 2x° for 0< x < 360. [2]
(ii)) Solve the equation cos2x®=-0.7, for x in the interval 0 < x < 360. [4]
y
Not to
scale
14
\

x

The diagram shows the curve y = xZ and the line y=3+2x.

@ Prove algebraically that A is the point (3,9) and calculate the coordinates of the other
point of intersection, B, of the line with the curve. [5]

(i) Calculate the area of the region enclosed between the curve and the line segment AB.

(3]

An arithmetic progression has first term a and common difference d.

(i)  Write down expressions, in terms of a-and d, for the second and sixth terms of the
progression. [1]

(ii) The first, second and sixth terms of this arithmetic progression are also the first three
terms of a geometric progression. Prove that d = 3a. [3]

(iii) Given that a =2, find the sum of the first 15 terms of each progression. [4]
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L/

The diagram shows the graphs of two functions f and g defined by
3x-1
3x+1

gix b 3x% -1, xeR.

, xe[R{,x;t—1

fix 3

(i)  Find the range of each of these functions. 2]

(i) One of these functions does not have an inverse. Identify this function, and give a
clear reason why it does not have an inverse. © 3]

(i) Find the inverse of the other function, expressing your answer in a form similar to
that given in the definition of the function. [4]

3cm

6 cm

The diagram shows triangle ABC, in which angle B is a right angle, AB =3 cm and
BC =6 cm. The circular arc BP has centre A and radius 3 cm, and the circular arc BQ has
centre C and radius 6 cm. Calculate

(i) the size of angle A, giving your answer in radians correct to 4 significant figures; [2]
(ii)  the area of the region BPC, bounded by the arc BP and the lines PC and CB; 2]
(iii) the area of the region BPQ, bounded by the line PQ and the arcs BP and BQ; [3]

(iv) the perimeter of the region BPQ, bounded by the line PQ and the arcs BP and BQ.
{31
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9

10

1
2x+1

(b) A curve has equation y = x> =3x% +12x.

(a) Differentiate Vx + with respect to x. [4]

dy
i) Find —=. ' 2
® i , [2]
(ii) Hence, by completing the square or otherwise, prove that the gradient of the
curve is never less than 9. [4]

A

" The diagram shows a triangular pyramid OABYV, whose base is the right-angled triangle

OAB and whose vertical height is OV. The perpendicular unit vectors i, j and k are directed
along OA, OB and OV as shown, and the. position vectors of A, B and V are given by

— - —
OA=10i, OB=8j, OV =6k. _
(1)  The point M is the mid-point of VB. Find the position vector of M and the length of

OM. oo B3]
(i)  The point P lies on OA, and has position vector pi. Show that the value of the scalar

product ‘_5)3 ;AZJ is —14., [3]
(iii) Explain briefly how you can deduce from part (ii) that MP is never perpendicular to

VB for any value of p. [1]

(i\}) For the case where P is at the mid-point of OA, find angle PMB, giving your answer
correct to the nearest degree. (31



Answers

1 Coordinates, points and

lines
Exercise 1A (page 6)
1 (@ 13 ' ) 5
© 350 @ 52
(e) 17a ® ~20
(g) 23 () 9a
G +2(p-9) () 504"
. 5 (a) (4,13) ® (O, 8)
; L@ (-3-43) <d>( 43)
, (e) (2p+3,2p-3) f) (p+4.-2)
‘ (8) (3p.39) _ (h) (a+3, b+1)
| )
7 (7,10)
9 A .
10 @) 2 ) =3 -
©) % @ -3
(e) -2 ® -1
® (p-3)/(g-1) Mo
11 %, % _points are collinear
p 24y
x-3 5-x
13 §

{1 1 - f11
14 @ Mis(L-1])Nis(11,4)
15 (@) MN=5,BC=10
16 (a) Gradients PQ and SR both —1,
OR and PS both 2
(b) Parallelogram
17 (d) Rhombus
18 (d) Rectangle
19 (a) Gradients PQ and SR both — 3

OR 4,PS 3
(b) Trapezmm

21 (a) DE=DG=+/10,EF=FG=+/40
! (b). Kite

2 @ Mis(61) () Nis($,57)

Exercise 1B (page 11)
1 (@) Yes (b) No (c) Yes
(d) No (¢) Yes (f) No
(g) Yes (h) Yes
" 2 (@ y=5x-7 () y=-3x+1
‘[ (¢) 2y=x+8 (d) 8y=-3x+2
(e y=-3x (f) y=8

(g) 4y=-3x-19 (h) 2y=x+3
(1) 8y=3x+1 (G 2y=—-x+11
k) y=-2x+3 1) y=3x+1
(m) y=7x-4 m) y=—x+2
(0) 8y=-5x-1 (p) Sy=-3x+9
@ y=7x-7d @® y=mx+4
(s) y=3x+c ) y=mx—mc
3 (@ y=3x+l1 (b) y=2x-3
(¢) 2x+3y-12=0 (d) x-3=0
(e) 3x—-5y—-45=0 ) 3x+y-8=0
(& y=-3 (h) x+3y-2=0
(i) 5x+3y+14=0 (j) 2x+7y+11=0
&) x+3=0 @ x+y+1=0
(m) y=3x+1 (n) 5x+3y+13=0
(0) 3x+5y=0" (p) gx—py=0
(@ x+3y-p-3g=0 (1) x—p=0
(8) x—y-p+q=0 () gx+py—-pg=0
4 (a) -2 ® 3 © 2%
@ o (€) 17 (f Undefined
® -l (h) 3 (M -3
G 23 ®m O -plq
5 y=1x+2
6 y+2x=5
7 3x+8y=19
8§ x+y=12
9 y=7
10 y=mx-md
11 @ (7.3) ®) (2,7
© (-3-3) @ (-3-1)
e (2.4) ) (6.5)
(g) No intersection h) (2,-1)
(i) Same.lines
G) (c/a(l+2b),2¢/(1+2b))
k) (d-c)/2m,(c+d)/2)
O (/a-b),1/(a-b))
Exercise 1C (page 14)
1 (@ -1 L © -1
@ 15 ©1 ® -3
(& m ) -Ym @) -q/p
() Undefined (k) Yym () (c-b)/a
2 (a) x+4y=14 (b) y=2x+7
(c) x-5y=27 (d x=7
(e) 3x~2y=-11 () Sx+3y=29
(g) y+3=0 (h) x+2y=6
(i) x+my=0 G) x+my=a+mb
(k). nx+y=d+nc 1) bx—ay=2a-b
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x+3y=13,(1,4)
3x+2y=5,(3,-2)
x+2y=8

A U A W

@ @) x=8 (i) x-2y=2

Miscellaneous exercise 1 (pége 15)

) (27_1)

" (b) (36,0)
ka) 3x—y=9

78

(b) (3,0)and (5,6)
® (41) © 5

(0,0),(12,12) and (14,4)

2
3
4
6 (a) 4x-3y=13
7
8
9

2x+7y=23
10 3x—4y=1

11 (31,4),4.3)
12 (a) x+3y=9
(9 09

14 3x+5y-4=0, (1]
15

(b) (0.9,2.7)

5:0) °

(32-11)-7x-7y-14=0

(b) x=2y+3=0

16 (a) (-3,0),(0,1.5)
© (18,24)
17 x-2y-8=0; (2,-3), V80
19 25
20 (@) x+y=1 .

(b) (27_1)v(0’1)

21 y=2,3x+4y=18,y=3x~-8

22

Draw gradient triangles for both lines. Because'
1/(—my)=my /1, one triangle is similar to the

other, but rotated through 90°.

Surds and indices

Exercise 2A (page 20)
1 (a) 3 (b) 10
" () 16 d) 4
© 8 ()6
® 15 (30
i 72 G 60
k) 28 M 27
(m) 5 (n) 48
(o) 256 P 5
2 (a) W2 (b)
© W6, @
© 210  ®
©@ 43 (h)
@ 36 )
® 315 W
3@ 52 (b)
© s @

24s

42
345
52
62

15v3

343
22

() (8,3)

@© 0 ® 6V3
@ 6V11 ) 1242
@ 135 G V13
® 30V5. ) 6y6-+3

4 (2 2 ®) 3
© 2 @ 5
@€ 5 ® 3
® i o]

5@ V3 s
© 242 @ 6
@ 11 2
® 43 @ 27
@ W3 G 143
& 15 M %430
(m) %«/E @ 26
@ N6 @ o

6 (@ 743 (b) 443
© 3 @ 3
© 1243 (® -5V3

7 @ 20§2cm? (b)) 3W10cm

'8 (@ x=5V2 (b) y=-4+2

_ ©) z=3«/§

9 @ 233 ) 433
© 33 @ 533

10 () 4V13cm (b) 5V1lcm
() 2V15cm (d 3vVScm

11 (a) 10.198 0390272
(b) 25.495097 568 0
(©) 2.549 509756 8.

12 (@ x=3V5,y=4

13 () 1 ® 1
(© 4 @7
(e 46 (D5

(® 107 ® -3

14 () V3+1 b V5-1
© V6+42 @ 2473
@ V11-Y10  ® 3vV5+2V6

16 () 2+43 ®) 2%(3«/3+5)

© 4v2-26
Exercise 2B (page 25)

1 (@) a“ (b) &° © c*
@ d° (e) € ® x°y*
(g 15 (h) 3n® @ 724°
M pld® ® 1287y () 4c.

(0) 2xy27°

(m) 108m"n'® m) 7r3s
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2 @ 2* (2% (© 2%, @ 2°: Miscellaneous exercise 2 (page 29)
@2 ®2 @2 O 1 (@ 11442 (®) 29
3@ 1 ® 15 © % © 10-4¥5  (d) 1282
@ 5 © o O 1 2 (@ 443 & V7
® 2 (h) 27 W % © 111710 @ 332
O ® 37 O & 3@ 343 ® A5
4@ 5 ®) 513 © 35 © L3 @ 2430
@ 8 © % ® 8 3 15
5 4 (®) 2 © % 4@ V2 ®) 45
@ © 10 ® 2 © 2432 (@ 443
6 (2) a ) b () ¢¢
@ 2 © e ® f° 5 37
@® 3¢ o O g 8 (@ 14cm?
0 8° (k) 8%y M pqr 9 18
(m) 2m () 9n~ (0) 8x
® Zdct @ &4d¢ O 14 10 3‘ﬁf/”_‘ 5
7@ re2  (b) y=0  (© z=4 11 x=32+4, y=5v2-7
@ x==2 (e) y=120 @ t=0 12 (a) 0.0014421 (b) 1.2991
8 (1) 27x10°m® (b) 54x10%m®> . - 13 2v10, (30)
9 267kmh™ (to1dp) , 14 () x+2y=8 (&) Y5or-+5
10 () 10x107° m’ (to2sf) f @ t=-1,8ys '
(b) 1019m (to1dp) | 15 a=2vi0, b6V

(¢) 56x10°m (to2sf)

: 16 Either 32 and 242 or 375 and 245 ;27
11 (a) 4375x10% (b) 45x107 her SVE and s or V9 and s

17 @ 6 O 5 © 53 @ 23

12 x=-3
18 L

Exercise 2C (page 28) : 3a?

1@ 5 ®) 2- () 6 @ 2 19 -land8
©3 @ ; ®3 ® %1 20 x=%
® % O3 Wi O g 2 o

2 (a 2 (b) % (c) 1§ T (d) % 2 @) 2p¥g ) %b'}' ‘
(?_) 2 43) % (@ 16 ) % : © 2x? ) m 2Bl

3@ 4 ®3 © 45 @8 23 (@) 25%x10° (b) 1x10%?

& 4 @® 8 @ L () 32 ; (). 2x10% () 3x10~%°
32 Soe . .
O g O 625 w24 O 3 =7 24 (b) 1.5x10% m (to2sf)

4 @ o ® 121;‘15 © 12¢%4 25 (a) %\/5 ®) §+ig°~x/§
@ 1 - (e) 4x"y ® 2 26 (a) 27 b) 2739 © 273
® Spg* () 4am¥n™ (@) 2%y (3) 29 Eei FEEE ¢

5( 64 (027 (8 (d) 9 27 5

x=-z

© L1 O @®2 02
6 (@ 19 (toldp.)
(b) 22m (toldp.)

7 6.5cm (to1d.p.)
8 @ x=3 () y=-3 © z=

1
ry
© y=% ® z=-1 @ =% ® y=-]

28 (a) §=2¥3Ygpy¥
(b) v=273"gV25¥?

29 8x10° joules, or 8000 joules
3 Functions and graphs

Exercise 3A (page 35)
1 (@ 11 ®) 5 ) -3 @o
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2 (a) 50 M) 5 (c) 29 (d) 29
3 (@ 15 b) 5% (_c) 0 (dy 0
4 (a) 17 (®) 9 () 33
5 4
6 a=5b=-3
7 @ x=0 b) x<0
) x=4 ) x=<4
) x<Oandx=4 () x<Oandx=4
(® x<=3andx=4 th) x=2
(i) All real numbers except 2
Gy x>2 & x=0
(1) Allreal numbers except 1 and 2
8 (a) f(x)>7 () f(x)<0
©) f(x)>-1 (d) f(x)>-1
&) f(x)>3 ® fx=2
9 (@ f(x)=4 (b) f(x)=10
() f(x)=6 @ f(x)=s7
) f(x)=2 ® fx)=-1
10 (8 0<f(x)<16 b)) ~1=f(x)=<7
() 0=sf(x)<16 d) 4=f(x)=<25
11 (@) f(x)=0 (b) All real numbers
(c) All real numbers except 0
@ f(x)>0 ’ € f(x)=5
() Allreal numbers (g) 0=<f(x)=<2
t) f(x)=0
12 0<w<12,0<A=<36
13 0<x<4
Exercise 3B (page 40)
2 (a) RQP ‘) PQR () QPR (d) ORP
3 (@ =x>10 : K
(b) x<-50 orx>50 (ie., |x|>50)

©

-410/10 < x =+10/10, x#0

(e 0<|x|<2+10)

(d) x<-20o0rx>20 (ie., |x|>20)

7 (a) and (c) are odd; (b) is even.

8 (@ 7 ®) 5 © 5
@ 5 () -3 ) 4~=x
9 @@ 2 ® & © 0
(@ 2 e) 1
10 (a) 0<y<0.0001 (b) y>10000
11 (a) |y|>10"° ) |x]<0.1
12 |N -37000|<500
13 {m-n|s5
14 The lengthis 5.23 cm correct to 2 d.p.

Exercise 3C (page 41)
11 (¢)

12

(@

Exercise 3D (page 44)

1

@ N ;M AW

(@)
©
(a)
©
©
(@
(a)
(@
(@)
(@
(@)
©
O]
®

(@)
b
©
(@
©
®

(3,14)

(-4.8).(2.8)
¢ 2) (3.4,

1) (2, 17)

® (1

@ (-3,-3)
®) (-4,-5).(
@ (-2,-7),

3

3).(4
3%3)
(3.9

(2)

) (b) (—3,-1)

) (b) (1,0)

®) (-6,24),(-2,12)
®) (1.6)

®b) (~2,3)

® (1

@ (=1

© (0.1
)( 18)
-5),(2.,19)

( 3)
(—3 1) (-2.3)
(=3,65),(2.4,7.76)
(0,0),(8,80)

)
ff)(f )

332 (-3-32)
243) ( 1, —243)
(2 4),(-2,4)

Exercise 3E (page 47)

4

6

(a)
©
(a)
®)
©)
@
©
(a)
@
&

(b y=x2+17x+70
(@ y=x*-2x-15

y=x2-Tx+10
y=x*+2x-15
y=3x2-18x+15
y=4x>-20x-56
y=-1ix*-4x-6
y=—4x> —4x+24
y=5x%+15x-350
A,B,G,H (v) B,D,F
D () G
B,E () A,C,E

(¢) F,G,H
M1

Miscellaneous exercise 3 (page 48)

1

LI B W B R

1

>

(@)
(c)

-1,

o

(l
2"

45,-1,-39 ®) 2
z (@ 37
4

13}, (4-7)

(24.22).-(27)

(L.-

1

(2,0)

a

=2,b=-7,c=%6

(-3¢
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12 6 8 (@ (i)(2,2) (i) x=2
13 (0,108) o) @) 5—3,—1 )1) (ii) x = -3
14 =35, =_l 4 (C) (1) —‘5,32 (lll)x::—s
15 AU @ O-13-11) @x=-11
(3,33) KA
16 c=2,k=14,(32) © M[13-43) Gx=13
17 2 ® O(2-7) (i) x=2
18 p=gq=13 9 @ f(x)=-% ® f(x)=-1
19 (171)7(9,81) (C) f(x)?—%
21 (+3,-5V3), (—/3,5V3) .
22 (2+J§,13 +6 ﬁ) Exercise 4B (page 58)
23 @2 GO (o1 1 @ 3(-3%+29) () 22411
%4 @ fx)=1 (b f(x)=-1 (© -3 (repeated) (d) (-5:%+17)
(€) No solution 0 3(5£97)
4 Quadratics (g) -3and —5 ) 3(-3++31)
@ (2£+34)
Exercise 4A (page 54) 2@ 2 M1 ©0 @0 (2
! Eg ?38’”‘) Eii;x=§ ®2 @1 M2 ®2 @2
i{5,—4 iiyx= 9 25
L .. 3 (@ -2 by -5 (c) 81
~3.-7 =3 4 - 32
8; 8 33{) ) ggiz 3 @ +2V6 (¢) ¥46 (D p*lag
> § 4 @ k< ®) k=122
© 0-12) a@x=-2 7 v
® O(-1-4) @x=-1 © k> @ k>-5
® O 3)’ (i) 33 € k=% ® k.>%
1 =
® 6 (ra) P ®) k>dork<—4 (h) —6<k<6
i) @ (-bfa,c) (i)x=-b/a 5@2 B0 (©1 (fi) 0 (&2
2 @ @H-1 Gh)-2 ® @2 @)l ®2 @0 ®mo @1
© ()S ((i)-3 d -7 (ii)—% 6 Intersects x - axis twice, faces up.
(e ()3 ({4 ® G)q G)-p 7 Intersects x - axis twice, faces down.
(& (H—-q @Gp «(h) ()r (i) .
G e ()-bla Exercise 4C (page_tQ;l)
3 (a) 3%43 (b) 0,-4 1 () x=3,y=4orx=—4,y=-3
1 1 (b) x=3,y=4orx=4,y=3
@ 3:3410 (@ §(7:2V2) o o e,
() -pt+g () —bx.lc/a @d x=3,y=-1
4 (a) (x+1)2+1 ®) (x—4)"-19 (e)'x=0,y=50rx=;t,y=T3
© (x+1)-94 (@ (x-37-4 Eﬂ XoLy=0orr=g.y=y
(&) (x+7) (H 2(x+3)>-23 (ﬁ; fc;3’§;—20rx=l y=—10%
® 3(x~2)*-9 (h) 11-4(x+1) - 7 7
@ 2x+13) -6} 2 -(Z) (12,55)an§_(1,23)2_46
S@ (NS ®) (c-2)xe) © Gamdin
© (x+24)(x-18)  (d) (3x+2)(2x-3) @ ()and(-431)
) (2+7x)(7-2x) O (4x+3)(3x-2) © (4’3) )
o (4, ,
6 (a) 3whenx=2 (b) 23 whenx=1} ® (2.-1and(-7,43)
(c) 13whenx=3 ) —I%Whenleé (g (5,-2)and (27,42)
@ -4ywhenx=-1 ( 7TLwhenx=-11 () (5.-1)and(-13,-137)
7 (@ f(x)=1 ®) f(x)=-2 3 (@ 2 (®) 0 (© 2
© flx)=7 @ 1 @ 0 M 1
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4 (@ 1,2  (b) 1,43 (c) £2 5@ x=-9 (b) x=4 ©) x>6
@ +6 @ -12 O V-V @ x>2¢ (@ x<§ O x>-I
5@ 25 0 61  (© 33 @® x<-§ M) x>-3 @) x<-g
(d) —4,3 (e) - 36 ® 9 . 6 (a) x>5% ®) x<-3 () x=- 1—
® L=z 0 7.2 W 5-3 @ x<-2 (& x<5 ® x<11®
@ -7 & 22 @ =+l (2 x<-12 () x=43% ’
6 (@) 16 () 25,9 (c) 49 . ? 3
@ 25 € -8,27 ® -1,64 Exercise 5B (page 71)
1 2<x<3
Miscellaneous exercise 4 (page 62) Ei)) x <Z orx>7
1 x=3,y=-lorx=-4,y=] © 1<x<3
2 a=5,b=-8.Least value is —8 whenx = 5. (d) xS—Iorx>14
—3Borx>s3
3 x=2,y=—lorx=-3,y=1 () x< 2
4 8and-8 v 0 -27<x<3
5 (g) x<—20rx>—1%
5 f(x)'zz(x__%) _%, f(x)?—lS% (h) x<-3orx>1
) . (i) x<l%'orx>5
6 (@ 243,43 (b) £1.86,£2.63 0 _5<x<5
8 (3x-6) +16.Takes values = 16. k) -13<x<3
9 (-1.64,6.63),(0.24,~1.67) O x<-Zorx>}
10 (@ (Gx+2)*+3 “(b) 0<f(x)<] 2 (2) 3<x<6
11 +O991and+0131 () x<2orx>8
12 3.h= _ 13 (5 13) (© S<sx=<2
a=3,b= ,c T RT) d x<s-lorx=3
13 (1,6),(2,3) (e) x<- llorx>2
14 @ (blac-b*/a) () c=b(b+1)/a ® -s<x<2 .
15 (b) (i) Lineis tangent to curve. (E) xS-53 orxzz—s-
(i) Line and curve do not intersect. Ei)) ;C:;I(Z)rr);>>3
17 (@) 245/5 ) 45/5 () 1 6 x<—2l sl
19 @ 25m () 85m 3 5
(©) They collide! (&) "<‘.1§2‘_’”‘>71
20 @) 6-(2+x), 8+(4+x)" O x<-lyorx=3
(c) Forexample, y=2~(x-3) and y = x*. 3 (a) (3 \/_) or x> (—3+\/—)
21 $4800, 100 (b) True for nox
1(5_
Inequalities © 3(5-17)<x<}(5+-17)
(d) True forallx
Exercise 5A (page 68) (e) —3<x<3
1 (@) x>14 (b) x<4 ) x<21 (® x=-lonly
@ x=7 © x>-4 (9 x<-31 (g) 4(3 \/—)<x< (3+\/—)
(g) x<—3% (h) x<-4 (h) %( —3- J_)<x< (3+\/_)
1
2 (a) x>7 (b) x=<22 ©) x<—11i ) _xSl(—7—-'\/4_l) OI'JC/—(—7+\/ZI_)
T @d) x<6 ) x?—Z% ® x>-2 4 4
(g) x<3% ) x=-4 4 (@) x<-3orx>-2
3@ x=-4 () x<4 (0 x>9 O ex<t W
@ =2 (@ x=1 (@ x<1 ,(fi) s
(@ x<12  (h) x>3 (d) x==-3orx=
5 ; . . (&) x<lorx=1s
4 (a) x>-7 (b) x<2 c) x<-6 ® —2<x<1l
@) x>3 (e) xBZ% ® x<I19 3 z
® x<8L () x=9 @ x<i{-5-+17) orx>L(-5++17)
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() x<-121 orx>1421
(i) Trefornox
(G) True for all x

_3 1
&K x< zorx>z

M (7-37)<x< L(7++37)

Miscellaneous exercise 5 (page 72)

1
2
3
4
5
6

9
10

11

-6=sx<7

-4<x<2

—-4<x<3

-l<x<QOorx>1

-3<x=<Qorx=2

(@) k<Oork>8

(b) —11<k<17 provided k#0 (if k=0 the
equation is linear, and has just one root)

(¢) k<—2o0rk>2

(@ 0=k<5

(©) —%<k<o

k<Oork=$

x<-2 orx>%

—%<x<00rx>2

(a) x<2orx>2%

(b) k=0

() 1-/6<x<1+/6

Revision exercise 1

(page 73)
1. (~4,-16)
3 (x+5)7+13;
" (a) 13, -5 (b) x<-8or x=-2
4 8x’ . ’
5 (a) %$x<2 ®) -1<x<l (0 x>63
66
7 +-/65
8 (0,0),(-1,-1),(1,1)
9 $(12(x+y)+15xy); 523 +82-4=0, 0.4
10 x+y=5;7 //
11 () x>% (b) x % () xsOQorx=5
12 0,5 i
13 x=1’;,y x=4, y=-1
14 25 :
15 (2,1) line is a tangent to the curve.
16 2x+3y=7,3x-2y=4; (4,4)
17 (@ (3,-1) () 5 (c) 24/6-1
18 (a) x<-lorx>2 (b) —1<x<2o0r x>3
19 2/19cm
20 x=7, 3y+x=10; (7,1);all 5v2;30; 2v5

21 5, y=1; 242, y=x+1
22 3,-18,35; 3(x—3)" +8;8
23 2,0

24 152,-8.52

3 2
25 (2) [—2) (b) —:—Z\E

Differentiation

Exercise 6A (page 77)
1 y=3x-2 ‘
2 (a) 2.001

(©) 4.002
(e) 6.000 QOl

(b) 1.9999
(d 3.999
® 5.99999

Exercise 6B (page 79)

1 (@ 2 () 8 () 0 @ -4
e -04 () -7 (& 2p () 4p
2 (@ 2 (b) 8 (© 0 (@ ~4
©® 04 B -7 ®2p M) 4p
3 4and -4
4 (@) y=4x—4 () y=—-2x+1
(¢) y=2x-3 and y=-2x-3
@ y=-2
S (@) 2y=-x+3
() x=0
) 2yVe=—-x+Vc(dc+1)
6 12y=—4x+33

() dy=x+22

7 4y=4x+3
8 (-245%)
Exercise 6C (page 82)
1 (@ 2x () 2x-1 (c) 8x

d 6x-2 e) -3
(g) 4-6x (h) 2-2+3x
2 (a) 3 (b) —-6x (¢) 0
(d 2+6x (e) —2x # 6~6x
(g) 2-4x  (h) 4x+1
3@ 6 () 3 © -3 @ 8
(e) -8 fH -6 (g) 4 ) -17

 1-4x

4@ 2 ®5 ©-3
@ -1 ©3 o1

5 (a) y=-2x-1 ) y=—x
(© y=2x-1 d) y=6x+10
e y= ® y=0

6 (@ 2y=x-3 (b) 4y=-x+1
(c) 8y=—x-58 (d) x=0
(&) 2y=x+9 ) x=-%‘

7 4y=4x-1
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8 y=0 . : Miscellaneous exercise 6 (page 94)
y=-2x y=13x-16
10 12y=12x-17 — 19
" 3’1 (@ -9 ® -3.3
x= 80y =32x—51
12 Ty=-x+64

1
2
3
| ‘el
14 (a) 0499875... (b) 0.500012... 55
(c) 0.249968.. (d) 0.250015... )
7
8
9

17
(e) 0999999... () 1.000001... (—%,-4-27),(2,13)

+19y-153=0
Exercise 6D (page 86) ; Y
1 (@ 3x%+4x (b) —6x2+6x
© 3x'-12x+11 (&) 6x* —6x+1 (2.12)
€ 4x-24x H -3x° 10 2
2 (@ -10 () 6 (c) 58 . 11 Both curves have gradient 12.
@ -1 (8 ® 12 12 -183
3 (a 2,2 (b) —%,21 © -5,71 13 mn=-1
@ 11 (e) —11,—§ ) Novalues 14 (%%)
4 — b) ——+1 1-— 815
@ 7 ® 5t © =37 15 (F3)
: 1 1 1
T x 2 37 ications o
@ 1 o (e) 1+x ) 2x+1 s 7 Appl t ‘ f
2 1 differentiation
1-5 h) 1+—
® 2 (h) Np ',
5 y=dx+2 Exercise 7A (page 96)
6 y=x+2 3@ > B (Y N
7 dy=x+d VAR s
8 4y=-x+4
y
9 x=1 @ __§
11 y=-2x-6 il IAN
12 y=-a’x,y=2a*x+24a*,y=2a"x-24° 4 ®)
B (3) |
' 1 .6 :
14 (a) el (b) - (0
3 2 2 Exercise 7B (page 103)
) -7~ e — O ——
43x it e 1 (@) 2x-5x=3 (b) 2x+6,x= -3
5
® 3% ® 10 @ @ 3-2xx<-3 (@ 6x-5.x>3
X , (&) 10x+3,x=-3 () —4—-6x,x<-2
. 1 4—x 3x-1 10 3
G 5= & — O = 2 (a) 2x+4,x<-2  (b) 2x-3,x<3
C —d+ilx,x == X—08, X =
‘ XS5 ,
15 3y-x=4,y+3x=28 (e) 7—4x,x>% ® _5_14x’x>_1i4
2 <-2andx=2
16 (0.12), (2.0) 3 (@ 3x’-12,x a
: - (b) 6x*-18,x<-+3andx=3
. () 6x2—18x—24,x<-landx=>4
Exercise 6E (page 93) ) 3x>—6x+3,allx
1 £(p)=3p> - (€) 4x*—4x,~1<x<Oandx>1
2 f'(P)=8P7 O 4x’+12xr,x=-3
2 ‘ : (&) 3-3x% -1sx=1
3 fp)=—--— : 4 _ 3 < >
(p) p3 (h) 10x"-20x",x<Qandx=2

() 3(1+x2),all x
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4 (a)
(b)
()
(d
(e)

(g
(h)
@

[
—_
=
Rl

®

(b)
(c)
(d)
(e
3]

7 (a)
(b)
()
«(d)

(e)
6]
@
(h)
®
)
k)
0y
(m)
(n)
(o)
8 (a)

(b)
o (©)

3x7-27,-3sx<3

453 +8x,x<0

3x2 —6x+3,none
12-6x2,x< - 2 and x = 2
6x2+6x~36,-3<x=<2
12x* —60x2,x <5

72x—8x3,—3$x$0andx23
sxt-5,-1=sx=1
ax" ' —n; x<lifniseven,

-1=sx=<lifnisodd
1 3 3
2x(5x-3f0<x<d; x=>2
L ifagg_ > 3.
7% (3 14x)x/14,0 sSxs

:|u

LxP(sx+a)-t=x<0;
xS——%andeO

B (a2 -3 -3 < x <3
3 ande«E

1——32—;—«/5sx<0and0<xs«/§;
X

3andx2«/§

O0<x=sLx=1

x<-—

X~

2x\/’
) (4,—12) (ii) minimum (iv) f(x)=-12
@) (—2 =7) (ii) minimum (iv) f(x)=-7
M (-3 ;) (i) minimum (iv) £(x) > 1
@ (- 3 ,13) (i) maximum (iv) f(x)<13
(i) (-3,0) (i) minimum (iv) f(x)=0
@ (-1.2) G maximum (iv) f(x)<2

(-4,213), maximum; (3,—130), minimum
{—3,88), maximum; (5,-168), minimum
(0,0), minimum; (1,1), neither

(—2,65), maximum; (0,1), neither;

- (2,-63), minimum

(—%, é;) minimum; (
(~1,0), neither
(-1,-2), maximum; (1,2), minimum
(3,27), minimum

none

(% ,—%), minimum

(6%) maximum

(-2,17), minimum

(1,3), maximum

(~1,-5), minimum

3
5 4) maximum

(0,0), minimum; (% %) maximum
f(x)=%
f{(x)=-16

flx)<-2,f(x)=2

Exercise 7C (page 109)

1

-2 IS BN

10

11
12
13
14
15

16

(2)
(b)
(©)

(@
(e)

(a)
(b)
©
Q)
(a)
©

©
(®
(a)
()
©
()
(b)

©

Gradient of road

Rate of increase of crowd

Rate of increase (or decrease if negative) of
magnetic force with respect to distance
Acceleration of particle

Rate of increase of petrol consumption with
respect to speed

j—z , p in millibars, /s in metres

—, 8 indegrees C, ¢ in hours

dh
, h in metres, ¢ in hours

, Win kllograms t in weeks

1
® 1

6 1
(@ 21—7&
() 125°—6s

5 ) —2-1
r

Velocity

(i) Increasing (ii) Decreasing

9, occurs when velocity is zero and direction

of motion changes

dx
dt

da =kA; A stands for the amount deposited
t

o
dx
dt

temperature

=c

=1(0); x stands for diameter, 8 for air

80 kmh™'
20 m

36

45

Greatest V=327 whenr =4,
least V=0whenr=0o0rh=0

25

(b) 1800 m*
0<x<20,736cm
20 cm

(b) 38400 cm? (to 3 s.f.)
2420 em? (to 3 s.f)



ANSWERS

297

Miscellaneous exercise 7 (page 110)

1

[ B Y B N

10
11

12
13

14

16

17

Maximum at (—2,—4); minimum at (2,4);
y increases with x for x < -2 and x> 2

dn de-
(a) P kn (b) e —k6
© L=-ko-p)
(20-4)ms™, —-4ms?;for0s¢=<5
(a) 20m (b) 65 (c) 40ms™!
50
(a) 9+/2 ¢cm (b) 40% em?
@ (-1,-7),(2,20)

(b) Graph crosses the x-axis three times.
(c) y=-5 has three intersections with graph.
(d) (@) -20<k<7 (i) k<—20and k>7
(-2.4), (2,-28); -28<k=<4
24 . 4
(-2.5), (0,0); 0<k<
(-15),(2,-22), (0,10);
(@) 5<k<10 (b) —22<k<5andk>10

14 2 2
3.55), (1,0); k<— and k >
(3:77) WO): k<—gmandk> 7

(@) P=2x+2r+gmr,A=qnr’+rx
(b) x=1r(4-n)

Maximum at (2,%)
@ (253)

(®) (3.1): thatis, when x—1=2

(a) 1100-—20x () £x(1100 - 20x)

() £(24 000-400x);

£37.50-

(a) The gradient at P’ is the negative of the
gradient at P.So f’'(-p)=—1"(p). The
derivative of an even function is odd.

8 Sequences

Exercise 8A (page 115)

1

(@ 7.14,21,28,35  (b) 13,8,3,-2,~7

() 4,12,36,108,324 (d) 6,3,1.5,0.75,0.375
) 2,7,22,67,202  (f) 1,4,19,364,132499

@ wy=2,u,,=u+2
®) wy=11Lu,,,=u -2
©) uyy=2,u,,=utd
d) w,=2,u,, =3u,

1 1
O] U =34 =34,

(f) ul =%a’urﬂ =%ur
(8) uy=b-2c,u,, =u +c
(h) u=1Lu

rel = Uy

O u=u.,=q,
q

3

. a bu,
)] W= gt =70
Su

& w=x" ., ==L
x
M w =Ly =1+ x),

3 @ 57,915,134 =5u, =u +2
®) 1,4,9,16,25u =1,u,, =u, +2r+1
(© 1,3,6,10,15;uy =l u,,, =u, +r+1
) 1,5,14,30,55u, =1,u,, =u, +(r+1)
(e) 6,18,54,162,486;1; =6,u,,, =3u,

(® 3,15,75,375,1875,u = 3,u,,, =54,

4 (@ u,=10-r  (b) u, =2x3"

() u,=r*+3 (d) u, =2r(r+1)

_2r-1 r’+1

r+3 ® u"_= 2"

) u,

Exercise 8B (page 119)

2@ r @© P=52-122%=1"-17,

Pttt =t
3 (@ 5040 (b) 6720 (¢) 35
8! 12 n!
4 (@ 2 ) m (c) (=31
(n+1) (n+3) (n+6)
@ o @ oy D ey
(8) 8! (h) n!
5 (@ 12 (b) 22x22!
() n+l (d) nxnl!

7 @ 1,5,10,10,5,1,0,0,...
(b) 1,6,15,20,15,6,1,0,0, ...
© 1,8,28,56,70,56,28,8,1,0,0,...

11! 11! 10!
8 b
@ 77 @ axa © sxs
12! 12!
d
@ 3o @ G

1
10 n + n — n+
r r+l r+l
11 The sum of the terms in the sequence is 2”.-

Exercise 8C (page 124)
1 (a),(d), (), h); 3, =2, ¢, x respectively

2 (a) 12,2r (b 32,14+3r
(¢) -10,8-3r (d) 33,09+0.4r
© 3%,%+%r (f) 43,79-6r

() x+10,x—-2+2r (h) 1+4x,1-2x+xr
3@ 14 (b) 8 () 36

@ 11 (e) 11 ® 11
(@ 16 (h) 28
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4 (a) 610 (b) 795 9 The binomial theorem
() -102 (d) 855%
(e) -1025 ) 998001 Exercise 9A (page 130)
(8) 3160a (h) -15150p 1 (a) 4x?+4xy+y?
5 (a) 54,3132 (b) 20,920 (b) 25x%+30xy+9y>
(c) 46,6532 (d) 28,-910 (¢) 16+56p+49p?
) 28,1120 ) 125,42875 (d) 1-167+64s
(g) 1000,5 005000 (h) 61,-988.2 () 1-10x%+25x*
3
6 () a=3,d=4 (©) a=2,d=5 © 4:4)6 ffﬁ 2,6 119
© a=14,d=03 (d) a=12,d=-25 (@) x°+3x"y7+3x%y° +y
(€) a=25d=-3 ) a=-7,d=2 (h) 27x%+54x%y® +36x2y° +8y°
(g a=3x,d=-x (h) a=p+1,d=%p+3 2 (@) x3+6x2+12x+8
7 (a) 20 ®) 12 © 16 (b) 8p3+36p2q-:54pq23+27q3
D 40 % 28 (©) 1-12x+48x2~64x
@ © ® @ 1-3x3+3x5—x°
8( 62 (b 25
3@ 42 (b 150
9 (a) $76 (b) $1272
10 (@) 5050 (b) 15050  (c) 1n(3n+1) 4 @ 230 (B 34
a C) =nan
2 5 (a) 1+10x+40x2+80x>+80x*+32x°
11 §1 626 000 (b) pb+12p5g+60p%q2 +160p°¢°
Miscellaneous exercise 8 (page 125) +240p%g* +192pg® +644°
1(a) @ 1,2,5,14,41 (i) 2,5,14,41,122 (©) 16m* —96mn+216m?n? —216mn> + 81n*
(iii) 0,~1,—4,~13,—40 @) 1+2x+3x%+ Jad + gt
vy 1,113,011 6 ( 270 (b) -1000
®) @) b=l G)b=3 i) b=—1 7 1+2x+5x2+4x% +4x°
Gv) b=0 8 x3+12x2+48_x+64;
2 1444 x*+13x3 +60x2 +112x +64
3 () 3,1,3;alternately 1 and 3 9 72x° +420x* +950x> +1035x2 + 540x +108
(b) All terms after the first are 2 ) 2 10 7
4 (a) Alternatety 0. and —.1; 1, then alternately 0 11 x" +11x% +55x%y% +165x%y> +330x7y*
and —1; gets increasingly large +462x5y5 +462x5y5 +330x%y7
® L(1£45)
s n(2n13) +165x%y® +55x2y° +11xy10 + y!!
6 168 12 59136
7 -750 Exercise 9B (page 134)
8 2n-1 1@ 35 () 28 (o) 126 (& 715
9 167167; 111445 @ 15 ®45 @1 (0 1225
10 40 2@ 10 (b) -5 (o) 165 (d) —560
99
() a=6,d=4,sum="2004 000 (¢) 560431872 (d) 48048
13 71240 5 (a) 14+13x +78x2 +286x>
) (b) 1-15x+105x%—455x3
14 (a) 47, 12 yearsleftover (b) £345450 (©) 1+30x+405x2 +3240x3
15 a=2200 50 1y. 73 (d) 128-2240x+16800x — 70 000x"
n ' 6 (a) 1+22x+231x
! 16 (@ 0,1,4,9,16r*  (b) 0,1,2,3,4r (b) 1-30x+435x
| (C) 1,2,4,8 16;2’ (C) 1—72x+2448x2
(d) 1+114x+6156x2



ANSWERS

299

7 1+16x+112x%; 1.17

9
10
11
12

13

4096 +122 880x + 1 689 600x2; 4220.57
14+32x+480x2 +4480x3; 5920
1-30x+405x2; 234

7

2+56x% +140x* +56x° +2x5;
2.005 601 400 056 000 2

a=4,n=9

Miscellaneous exercise 9 (page 135)

1
2
3
4
5
6

7

10
11
12
13
14

15

16
17
18
19
20
21
22
23
24

25

27

29.

30

27 +108x +144x% + 64x3

(@) 1+40x+720x2  (b) 1-32x+480x?
(a) -48384 ®) &
2187+25515x +127575x2; 2455

256 +256x + 1_12x2 +28x3; 258.571

256 -3072x +16128x2; 253

1
x0+3x3 +3+—
3

216_216 81

i
2 X A

16x*-96x +

o 15x2 15 1

2x0
2 8x% 32xS

48

20 000

495,

30

1+40x +760x2;
(a) 1.0408 (b) 0.9230

1024— 25(;50 . 28§0 :
x X

© 2

(a) 40095 iz

(b) 7920

999

B,D
7
16
5376

6435
128

-2024
1+12x+70x%; 1.127

270x2+250; +3
5
3
(@) 1+5at+10ct?
1002 — 4008 + 2832
(b) @) 4or7 @i) 3orl3
(iit) 7or13 (iv) 17 or 28
() () a=3,b=6,c=8
(i) a=6,b=4,c=9
1.005 413792 056 807

(a) 217+88/6  (b) 698v2+569+3

(b) 1-8Br+28p%%;

31 (a)

568; 567 and 568 (b) 969 and 970

32 2n(n+1)

10 Trigonometry

Exercise 10A (page 141)

1 @
(®)
(©
@
(e
®
®
h)

2 (a
(b)
(©)

(i) 0.9063  (ii) 04226  (iii)) 04663
(i) —-0.5736 (ii) 0.8192  (iii) —1.4281
(1) -0.7071 (i) -0.7071 (i) 1

(i) 0.8192  (ii) -0.5736 (iii) —0.7002
(i) —0.3420 (i) 0.9397  (iii) —2.7475
(i) 0.3843 (i) 09232  (iii) 2.4023
(i) —-0.5721 (i) 0.8202  (iii)) —1.4335
(i) -09703 (i) —0.2419 (iii) 0.2493
max 3 at x =90, min [ at x =270

max 11 at x =180, min 3 at x =360
‘max 13 at x =180, min —3 at x =90

(d) max 4 atx=90,min2at x=270
(e) max10 atx=27%,min8atx=72%
(f) max5atx=90,min 1.875 at x =450

3 () 160 (b) 320 (c) 240
(d 50 (e) 220 (H 340
(g) 40,140 (h) 30,330 (i) 70,250
(G) 80,100 (k) 160,200 (1) 100,280

4 (a) 160 (b) —40 () —-120
d 30 (e) —140 (f) -20
(g) 40,140 (h) 30 i) -110,70
G) 80,100 v k) 160 @O -80,100

5@ V2 ® - © -3 @3
© —3V2 ) 33 (® ~1 () -3+3
@ -32@H o  ®1 O 32
m -2 @-1 ©~3 ®O0

6 @ 60 () 240 (c) 120 (@) 30
(e) 30 @® 135 (g) 210 (h) 90

7 (a) 120 ) 60 (¢} 90 (d) 180
(e) 60 M -30 (g ~45 t) O

8 A=5,B=28; 742m

Exercise 10B (page 144)

3 (@ 9 (b) 45 (c) 180 (@ 30

(©

360 (B 11}

Exercise 10C (page 148)

1 (@
(©)

(e

®
@)
(k)

57,1743 (b) 237.1,302.9
720,1080 (d) 36.9,323.1
147.1,2129 () 353,324.7
76.0,256.0 (h) 162.3,3423
6.3,186.3 () 203.6,3364
214.8,3252 (D) 161.6,341.6
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(m) 495,160.5  (n) 240,360 11 (2 120 (b) 180 (c) 90
(0) 10,70 (@ 540 (&) 720 () 720
2 (@) 53.,1269  (b) %755 (® 120 () 90 () 360
(c) —1166,634 (d) —137.9,-42.1 12 (a) 0986
(&) 196.9 () —36.9,143.1 (b) A=12,B=6,6 hours 7 minutes
(g -1287,513 (h) +45,%135 (c) Days 202,345
i) 0,+60,+180 .
® . Exercise 10D (page 152)
3 (a) 35.3,144.7,2153,3247
(b) 21.1,81.1,141.1,201.1,261.1,321.1 L@ @ (i.2,4
(c) 108.4,161.6,288.4,341.6 : 15 8 15
) 26.1,63.9,116.1,153.9,206.1,2439, ® @375  @DF.my
296.1,333.9 © @13 (ii)%\/ﬁ’%\/ﬁ,%
(&) 10.9,100.9,190.9,280.9 . s s
(f) 683,111.7,188.3,231.7,308.3,351.7 @ mn (i) 2+3,1,243
4 (a) =*16.1,%£103.9,4136.1 ‘ () ()17V5 (i) 2+/5,3145,22
(b) —125.8,-3538,54.2,144.2 . i fsz 851 3
(¢) -176.2,—-123.8,—56.2,-3.8,638,116.2, ® 0)12v2 (11)3,3«/5,1«/5
(d) £379,%142.1 11 20 1
V] +13
() —1723,-1363,—100.3,~64.3,~28.3,7.7 2@ - O F © £33
437,79.7,115.7,151.7 @ 0,+785(t01dp)
() -785,-11.5,101.5,168.5 4 (a) 30,150,210,330 (b) 0,180,360
5 (@) +964 (b) —1073,1627 (¢) 369,143.1,199.5,340.5
(c) -56.0 (d) No roots in the interval (d) 0,510,180,309.0,360
(e) 354 () —-436 5 -116.6,—26.6,634,153.4
6 (a) 30,90,210,270 . )
(b) 22.5,112.5,202.5,292.5 Miscellaneous exercise 10 (page 152)
{¢) 65,85,185,205,305,325 1 (@ 360 (b) 90
(d) 110,230,350 2 (a) cosx® (b) —cosx®
E;) 2(5),145,265,325 3 (0,1),(+180,0)
(2) No roots in the interval 4 (a) 218,2018  (b) 11.8,78.2,191.8,258.2
(h) 45,105,165,225,285,345 5 24.1,155.9
M 80 6 (a) Examples are tanx°, sin2x°, cos2x°
7 (a) -1708,-9.2 (b) 10,50,130,170
(b) -90.90 7 30,270
(c) -180,—135,0,45,180 .
(d) —1734,‘_96.6,66,834 8 (a) 251n‘2x° (b) 105,165,285,345
(e) 113,787 9 (a) 1685 (b) 3334 (c) 225 (d) 553.1
() -150.5,-90.5,—30.5,29.5,89.5,149.5 11 (a) 2,0;180,90 (b) 9,1;240,60
8 (a) 27,63,207,243 (c) 49,9;105,45 (d) 8,5,90,180
(b) 4.68,76,140,148,212,220,284,292,356 (e) 6,3,180,360 (f 60,30;75,524
(c) 20,80,140,200,260, 320 12 (a) 0,180,360  (b) 0,30,150,180,360
9 0,60,120,180 (c) 674,1571,2472,3371
10 For example, (d) 30,120,210,300
(@) (i)sin46° (ii) cos46°  (iii) tan 20° 13 @ 60  (b) 8.9,689,1289
(b) ()sinl88° (i) cos1860° (iii) tan 96° ORI (ii) 21.1
(© @sin26°  (i)cos26° (i) tan26° 14 (@) 4.8+12sinl15° or 4.8+12cosI5°
(d) (i)Si[l39° (ii)COS39° (iii)tan%9° (b) 21 500 £ 6500sin 36¢° or
N 1no . 1 po Lo 21 500 % 6500 cos 36¢°
(€ @sinz8°  (i)cos38°  (iii) tan 76 (© 12+10sin#° or 12+10cos
6 (@)sin6° (i) cos36° (i) tan 2.6°
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15

16

17

18

19

(@)
(b)
(©
(a)
(©

(@ .

(a)
(b)

(a)

0.1 cm, 0.0009 seconds
0.0036 seconds
278  (d) 0.002 13 séconds
110cmand 90 cm  (b) 0.36 seconds
0.72 seconds (d) 0468
360 K
T 360
72 :
@ N-C (i) N+C,after 37.5 weeks

30 (b) 325m  (c) 27

k=

20 A=05B=45,a0=1,8=12

Combining and
inverting functions

2

Exercise 11A (page 162)

1 @ 121 (). 4 (c) 676

2 @ 17 (b8 © 152

3@1 (4 © 1

4 (@ 1 (b) 4 © 63

5@ 0 (b) 21
(@ 32 @ x*-4

6 (@) 27 (b) 8
© 33 (d) (cosx°+2)°

7 (@) 16 ) 4 ,

() 81 (d)'(zﬁ—lo)

8 (& x.4,+9 ®) +9,=,%,4
(c) square,X;2,~-,5 (d) —5,=,square,Xx,
(e) \/_,.'—,3,=,cube
() ¢,2,=,square,+,10,,=,\/7

9 @ Rf(x)=0 ) R—1<f(x)<1
() x=3,f(x)=0 @ Rf(x)=5
(e) x>0,f(x)>0 ) R,f(x)<4
(g 0sx<40<f(x)<s2
(h) R,f(x)=6 @ x=3,(x)=0

10 (a) 4 () -14 () -9 (@ 33
© 23 (H -17 (» 16 () 0.

11 @ 49 (b)) 59 (o) 35
@ % @9 (B 89

12 () 7 () -19 (o) 1 @ i
© 1+ ® -1 @32 0?2

13 @ x—2xX+5 () x> (2x+5)*

2 1
©) xf——);+5 ‘(d) xb—>2x+5
(&) x—>4x+15 ) x—=x
® xH(3'+5)2 ) x>—1
' x (2x+5)°

14

15

16

17
18
19

21

22

(a). x+>sinx°—3 (b) x> sin(x—3)°
) x— sin(x3 - 3)° d x— sin(x3)°
e x—>x-9 ) x> (sinx°)’
(@ fh (b) fg

() bh (d) hgorggh

(e) gforfffg . () gffh

(g) fefgorffffgg (h) hf

(i) hffg

(@ x=0,gf(x)=-5

b) x=-3,gf(x)=0

(©) x=2,gf(x)#0

@ R,0sgf(x)s1

(e R,gf(x)=0 .

() -4=sx<4,0sgf(x)<2

(® x<-2o0rx=3gf(x)=0

h) x<-2,gf(x)>0

@ —2%or4 (b) 7 © 1
a=3,b=-Tora=-3,b=14

a=4,b=1lora=45,b=10

(a) t:r»—)%r(r+1)

For p,: (a). N

) 2,3,5,7,11,13,17,19,23,29,31
(c) The set of prime numbers

For m: (a) N

(b) 0,1,2,2,3,3,4,4,4,4

“(c) Nu{o}

Exercise 11B (page 169)

1

y—4

®) fira+(F-1)d

@ xPx—4 ®) x> x+5

() x—ix (d) x—>4x

© x—3x ® xPx°

(@ 10 b 7 ) 3

@ 5 (e —4

(@) 4 ® 20 (© 1

(@ 15 (e) -6

@ 8 ®) 3 (¢) 512

(@ 27 () 5

a,d, f, gk

a,c,e, f, g, h,j

@0 ®-1 @© 3

@ 4 (e -5 ® -1

® 12 M1 G 4

@ xP1(x+l)  ® xP2x-4)

() x—3x-5 @ x> (x+3)%,x>-3
€ x—1(2x+3) ® xP1+Vx-6,x>6
@ yPg(y=5) () yoSy-4

© yo3(4-y) @ y—=3(68-7)

© yoilo-5) ©® yo——.y=4
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5 11 1%+3
B =+1,y#0 ‘
®. v y Y 12 k=1;xl—>1—\/‘x—6,x>6
Ek;) yl—h/lz;7-2,2)37 S : 13 a=-2,b=1lora=2,b=-13
D yo3(3+4yF3)y=- 4 ) —Vi—x,x<1 () -1
. = _ ? )
G yP3+yy+9,y=-9 ' 15 (@ x1i(x-5) ®) x> 3(3-x)
10 @ x> lx ®) x> x-3 4 2
) X L ©) xl—>—§(7+x) d x> -8x-7
© xpx%x=0 @ x5(x-1) © x> —1(7+x)
© xox+2,x20 @ xoii-x) 6 @ lefx_n ®) xis V5Tl
3 : "2 '
® x> =,x#0 @ x>7-x © xpfE-5 @ o IFxF1-7)
2y . C ay+l € x-253+5 ® xo(2x+7)° -1
2@ y= 7yl Oy Tyl ©® xeitE=5 @ xoi{¥x+1-7)
‘ 8@ x 2 (@«
13 (@ flx)>-1 : 2x-1
) x> 2+Vx+1,x>-5Lf"(x)>2 : @ x @ X3
14 (a). f(x)>3 v ‘ 2x-1
®) xk—>2+(x—3)2,x>3;f"(.x)>2_ 19 (2 2'4 ®) 54— © =x
_ . —-X - X '
15 k=-1 ) 2x—4 . 2x—4
@ f(x)=5 _ @ @) x ®
() x>-1-Vx-5x=5f"(x)<-1 * x
16 a=3%,b=3 ’ .
o : 8778 12 Extending
differentiation

o1
18 x> x-52-1,x>67(x)>0

19 x>1- [_%(x+5)’_x <=5,£7(x) <1 Exercis_e 12A (page 174)

1 (@ 2(x+3) ®) 4(2x-3)
Miscellaneous exercise 11 (page 172) : (©) -9(1-3x)>  (d) 3a(ax+b)
1@ 29 (6l () 2 @ -Bap-ax () -5(1-x)"
@ -3 () 290 (O 497 () 8(2x-3)° ) -8(3-2x)°
2 (a R.f(x)<4 ® R,f(x)=-7 2 na(ax+b)"" :
© x=-2fx=0 () R,R 3 (a 10(x+3)° () 1002x-1)*
©® R,i(x)=0 ® x=0,f(x)<2 () -28(1—4x) (d) 15(3x-2)*
3@ xp(1-20° () xo1-24 @ -12(4-2x (® 722+35)
© x>1-24° @ xm>dx—1 (& 10(2x+5) (h) 18(2x-3)
© xP3(-x) Exercise 12B (page 176)

4 (a) 48 ®) 3 (© -1

@ 4 () 4 1 (@ 204x+5° (b) 16(2x-7)

5@ 12 () 27 © 600" @ s

6 x+——>—31+«./x—1,x>10 o 2 (a) -3 5 (b) 2 3

7 x> 37(x=3),xeR; reflections in y = x (3x+5) (4-x)

8 () \3(x+4) (b) 3x*+24x+44 © —S Z @ = 5

9 @ gf ®) ff (2x+1) (4-1)
© g (d) fghor thg 1 2z
() hfg ® £ 2@ V2x+3 © (6x—1)*
(® g'fghorgthg (b hi” .

10 £ (x)=vx-1,x=1 © = ;@ — 5
gf(x)=x*-2,gf(x) = -2 \/(4x+7) %/(3"_2)
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4 60
5 (-6,125) 1
—-_3 5
6 y=-gr—g 2
7 y=-3x+48 3
Exercise 12C (page 179) 4
1 @ 30(5x+3° () 3(5x+3)* 5
G 6
(5x+3) 7
2 (@ —20(1-4x)* (b) 12(1—4x)"* 8
o -2 9
v1-4x
3 @ 15:2(1+x%)" () -12x2(1+x%)7
x2 1
©. 3 5
(1+x3)3 .
4 @) 24x(2x2+3)° (b) % 3
) (227 +3)
© — 4
(222 +3) 6
7
5 24x3(3x* +2) : 8
6 @ 72x8+72x5+18x%  (b) 18x2(2x3+1)° o
7 @ 20x4(x5+1)°  (b) 48x2(2x°-1)
© S=(=-1) | o
C — Xx—=1]
2k LA ‘ 1
8 (@ 8x(x2+6) (b) 45x2(5x3 +4)°
© 28x3(x*-8)° (@) -45x8(2- %) :;
9 () ——2 () 12x(x+4)’
(4x+3)
© -36x2(6x*-5)" (@ 3x2(5-x%)7 14
10 @ -5 ®O0
13 15
3(2x+5) 16
12 @) 6x*+3x+1)2xr43) b) 2> )
(x2+5x)_ 7
13 y=12x-25
14 x+4y=8 18
15 x+6y=23 19
- 5
16 6x(x?-1) (Vo -1+1) 2.
17 ! ) 21
J(4x+3)(1+w/4x+3) 2
18 (0,3); minimum

Exercise 12D (page 182)

4500 per hour

0.622 °C per minute
(a) 48cms!

(a) 240 mm? s
942 mm? s~}

0.25 m min~!
0.0076 ms™!
0011ms!

0.0040 cm s~

(b) 24cm?s7!
(b) 2400 mm?> s~!

Miscellaneous exercise 12 (page 184)

80(4x—1)"
8. .

(3 —4x)3
40x3(x* +3)4
24x+y=49
)

27 ]
y=20x+11

1

(04)
3x+4y=18
0.377 cm? 57!

(a) % cm  (b) 4—\1/—5 cms™!
8x+5y-34=0

(2,-4); (0,0),(4,0)

(0,16),(4,-16); (2,0),(2£2+3,0),(0,16)

(1-1/%?)

2/(x+1/x)
4m?s!
y=2x-3
-12¢
5 3
(3t +5)
(@) _21
Nax—x2’

(a) Minimum

(2,2)

®. 20

3 =l
—cms
207
0052ms™}
(—\/5,—4),minimum; (-1,0), maximum;
(0,~4),minimum; (1,0), maximum;

(\/5,—4),minimum
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23
24

(% ,i) , maximum

(2%,6) , minimum

Revision exercise 2

(page 187)

1 9%%-y=16

2 (-1,7)

3 (L,0)

4 (-35)

5 (_411’16) (2 »5 )

6 y+2x=3(3 - g)

7 (@ 225cm (b) 45cm, 15cm
) 033,367 (@ 15

8 () 4x7%; y=x+16 (b) 23y-22x=360
() (-8.8)

0 1 1 -3 12

\/— 2xw/— x x3

10 -4, maximum; -8, minimum

11 Maximum

12 (a) x50.8,%129.2 (b) -150,-30

13

14

15
16

17
18
19
20

21
22
23

24
25

26

i 27
28

(¢) —-166.7,~76.7,133,1033

(d) *165,%15

(@) 15,75,105,165,195,255,285, 345
(©) 180;e.g., (45,1.5)

111

2Wx 2xx’

3

x> i ,xeR,x#-1
142x 2

$@n+1)  (b) 20 _

(@) x®-8x%+28x* (b) 216

—@2x+3)73

@ (x-1)7-2; —2 < f(x) < 14; not one—one
(b)) x=1

b 22

@ 5 ® 1
(@ f(x)<4

©) m,x$
1215

21

@ 3(3x
®) —x(x2+1)_%

@ 27x10" km3s~!
a) 360  (b) 720

(b) Reflectin y=2
4 (d) 1.56

+ _2)(x3 +2x— 1)2

(b) 47x10° km®s™!
(c) 240 '

29
31

(@) 89 (b) $1341 600
(3(p-a)i(r+a). (;(p+q),%(q—1f));
pPtq and =P

p-q9  p+q

13 Vectors
Exercise 13A (page 194)

2

A B

9
10

1
14,

@ (4i+j)+(-3i+2j)=i+3]

®) 3(i—2j)=3i—6j

© 4j+2(i-2j)=2i

@ Gi+)-(5i+j)=-2i

@ 3(-i+2j)—(—4i+3j)=i+3j

()  4(2i+3j)-3(3i+2§) = ~i+6j

(&) (2i-3))+(di+5))+(-6i-2j)=
() 2(3i—j)+3(~2i+3§)+(~7j) =

@ () o) o) e

s=4,q=4(r-p)
2,3

©

1
2
(_42) and (—36) are parallel, G) is in a different

U a2 A 1 3
dlrectn.)n, ( 2 ) is not parallel to (1)— ( 4).

Any multiple of 1,-1,2

(a) No (b) 2,0
p is parallel to r,but q is in a different direction

Exercise 13B (page 197)

1

i0

ISR N VRN

@ (9.3) ®) (-4-2)  © (2,-1)

@ (-8-1) (o) (105) (©® ?5,2%)

(a)- (-13,-23) (b) (-1,1)

c=2b-a

3a+21b

b-a=c—d

’ %(b+c—-2a),%(b+c—2a); G is the mid-point

of AD

“b=a+c, m——(a+2c) p——(a+2c)

O, P and M are collinear, and OP——OM

d——(b+c) e-4(2a+b+c) f——(2a+c)
(b+2a+c)

4h—13a k= 13,r—l‘gh,

R ison OB, with OR:RB=4:9
S ison OA,with OS:SA=2:9
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Exercise 13C (page 200)

2

3

4

5

6

3
0
2
3
(@ | -6 (b) 3i-6j-6k
-6

(2) ABC is not a straight line.
(b) ABC is a straight line.

1 -6\ (-2
@ [2].|4], |0
_ - 3
7) =83

(b) (—4,7,—1‘7%)

i+j—6k, i+j—6k; itisa parallelogram

-3 -2 2

@ (6| B | 4| @3
2 2

1 2 22

"2 2
7 (@ (2 M) |2
1 1
Exercise 13D (page 206)
_1 -8,11,3
2 11, -3,8
3 18, 0, 0; r is perpendicular to both p and q.
4 (a) and (d) are perpendicular; so are (b)-and (c).
5 -4, -8, -12
6@ 5 OV ©V5 @1
@3 ®13 @5 0
5 G V13 ® B0 2
4
7 5’ ( 53]
3
1
3
8 |-31|, 2i-1j+2k
2
3
9 (a)' 45° (b) 167.3° (c) 180°
(@ 1367°  (e) 7.0° ® 90°
10 \/(x2 -x) +(3, =) ; the distance between the

11
12
13
14
15

points with position vectors T, and T, .
172.2°(or 7.8°)

99.6° (or 80.4°)

70.5°

76.4°

48.2°

16 48.2°

Miscellaneous exercise 13 (page 207)
1 aandb,aandc, bandc, bandd
2 585°
3 @ 7,7 () -32 (c) 1308°

9 3
4 (a) d=| 4 ) |3 (c) 120.5°
: -5 0

5 (a) «xi, —%xi+%\/§xj, —%xi—%\/ng
N
®) @) AP=0P-0A
(i) —xi+30k, xi—1v3xj+30k

© 30V2
i-3j-2k 3i+j-2k
6 , , 7340
V14 V14
7 (a) 85°
8 (@) 29 (b) 119.9° (or 60.1°)
%
9@ | 1| a5
12
10 @ 60° () 343

12 %, % ; break>up 4 Individual bags and 9 Jumbo
bags, and use the fruit to make 5 King-size bags.

14\ (-5Y
13 @ |[2],]10]; 13,14,18)
5) (10 .

(b) 3,75 the origin lies in the plane of the

parallelogram.
14 (114,3,0) at 8.04 am.

14 Geometric sequences

Exercise 14A (page 213)

1 (a) 2;24,48 (b) 4;128,512
© 54,2 (d) -3;162,-486
_ ' 1,11
() 1.1;14641,161051 () =; - —
X XX

2 @ 2x3" ®) 10><(%)"_1 © 1x(-2)"

@ 331><(§)"_l @ x' ® pg”
3 (@ 11 ®) 13 © 7
@ 14 € 6 ® 13
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4 (@ 311 ®) 21} or -2;13 11 (a) Edgeoftable (b) 8
© ;531441 d) 2;4 Exercise 14C (page 221)
© 4_,7;68% 1 $7103.39
£7) 2 $1239.72
5 (2 59048 (b) —29524 3 40000x108% - P(1+1.08+...+108%)=0,
(©) 19922 (d) 0.6641 $3747.15
(e) 12285 () 89998 4 $1167.70
© x(1~x") (h)x(l—(—x)?) 5 $317.23
¥ 15 1+x 6 (a) 63000 (b) 36200 (c) 19700
2n 2n n
W XL g Z=CD 7 (a) 583107 (b) 5.65x10’
xz""a(x2 - 1) ch”"z(x2 + 1)
. 8 (a) 17800  (b) 29100
6 (a) 2047 (b) 683 9 (a) 85.1kg (b) 68.1kg
(©) 262143 @ 22 10 (@) $225432 (b) 139
29 525
© 3535 () 19.84375 11 $2718.28
341 : 1\* Miscellaneous € ise 14 e 222
® 2 (h) 2_—(5) e1 neous exercise 14 (page 222)
N 1\" N1 1\ 163
@ 3(64‘(2)) 0 I_(m"('i)) 3 a=3r=-%24(1-(-1))
7 2% -1~1.84x10" 4 62
8 $2684354.55 5 wyim
10 () 2 (b) 8th 6 %18
11 @@ 3 (b) 14th 7 8(1—(—%) );8,13
p. . A<l s —(n41) 8 r=0917,a=40
12 (@ “3n. (©) () n @) -n
q P v 9 20x1.17%17
Exercise 14B (page 217) 10§56 007
: 11 @ 20
3 1 1
1@ i ®) 3 © g @ 5 (b) The sum of the infinite series is only 80 cm.
1
@3 ®l @3 mi 12 n=45,19.8 seconds
M 2 G oes & o —L 13 845%
1-x 1+ x2 1
3 14 r=—3
(m) > m) - k-1
x-1 x+1 16 r=z__
N 4 41 5 157 +1-
2@ Ff o4 ©3F @ 17 sesor
©@:; ®F ©®3 OS] 1
3 1 18 $200000(1———];$77217,$124622,
5 ' 105"
4 -3 $153 725, $171 591, $182 559
53 (1-x)(1- x**)
6 192 19 ———-—( 3 );|x|<1;
1-x
7 2m 1 .
—  x<1
8 0.375meastof0,1.5m T+x+x2+x3+x*
9 10 seconds 20 (2)  tan®=x°, x#90(2n+1),neZ
10 19m

®) cos’x®, 180n—-45<x<180n+45, neZ
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9 (a) %Nt—=—kN,k>O © +

Exercise 15B (page 232)
1 (a) (-1,-2), minimum;(1,2), maximum

(b) - (0,0),maximum;(2,—4), minimum
‘ (¢ (0 1) minimum
1 (& (-111), maximum;(2,-16), minimum
1 ) ( )mlmmum
71 (® (-1,2), minimum;(1,2), minimum
| :
r r+l r+2 nYy_(n+1 ® (2’1) maximum
O R 5 L T Ul e (h) (2,22),inflexion
22 Possible if | x|<1; within these bounds, the larger 2 (2) (-1,-8),minimum;(0,-3), maximum;
the value'of n the better the approximation. (2,-35), minimum
() (1.6),inflexion
4 2 :
15 Second derivatives @ (~$,-143), minimur; (§.14 ), maximum
' @ (23 )rmmmum
Exercise 15A (page 228) (&) (-2,-4),maximum;(2,4),minimum
1
1 (a) At x=-1,0,1 (b) 3x%-1 ® (6,—2) maximum
(c). 6x (g) (0,~7),inflexion
2 () 3x2+L6x () x=0 (hy (0,1),minimum;(1,2),inflexion
4 (@ G) (0,0), (+\/— 4) @) (£6,-3) Exercise 15C (page 234)
) @ (0,0),(-3, 27) G (-1.2) 1 (@ 2x+3,2,0,0
(©) () (xL*2) (i) None (b) 6x? +1——1— 12x + 23,12—%,%
(d) () None (ii) None L x" %
© O @3 (ii) None © 4 _,1/122)6 24_;6/22‘; I
® @ (-2,-3) (ii) None (@) a3 - s
5 (a) Rate of increase of inflation, positive (e) —; xR, 3 Jc"s/2 185 ‘7/ 2 11065 -2
6 ( 'R+ (x)+ (b) £(x)+1"(x)— ® 4x_3/4,— 27 e, DL 1
@ F+ 100 @ 0~ 2 @ 2x-52,0,0
() For 0<x<3, £(x)+,"(x)+; (b) 10x* - 6x,40x" —6,120x%,240x
for x>3, £'(x) = £"(x) + (©) —4x*,20x°%,~120x7 8403
(B For x<—1,f(x)+ f(x) + () 6x—6x%,6-30x",~120x°,—360x>
for ~1<x<0,f"(x)+,f"(x)=; (€ x4, 3 xS 15 -9js _ 135 134
for 0 <x<1,f'(x)—,"(x)~ 4 ’ 16 >4 =
- - ~ 5 -
for x>1,£(x)~, £"(x) + GIEPRL PR < Sa a
7 (a2) Both positive, sudden change (drop in ), 3 n(n-D(n-2)x...3x2x1 (e, n!)
' 4 (n+2)n+n(n-1)x...x3x>
then ds is negative changing to positive (n+2)(n + 1) -1)
dr ) . 5 0
odis . .
with a positive. Miscellaneous exercise 15 (page 234)

(b) Price rising sharply, sudden ‘crash’, price -Minimum 6, maximum 10
continues to drop but less quickly and then

recovers to give steadier growth.
8 ® +-—+

Minimum 32
Maximum 6 when x =1

. 1 _l) o . (l )
Maximum (2, 7} » minimum 6,9

n oA W N =

+, -+
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4 _5.3,3.2

dy 3x4-3 3
6 (a) Subsonic: %+,initially small then @ 2% ?x3+2x2+2x+k
ds (e) %x4+€x +%x +%x+k
2 1.4_1.3,1 2_1
increasing; — +, decreasing to zero. B gx'-gxiaxiogxtk
g}f _ ® Lx*-2+xk
Transonic: s + at first, zero at speed of (h) %x“ +%x3 + %xz +x+k
&k 4 4x*-5x
d, then —; — zero, —, zero again. 3
sound, ' is? 5 y=2x3—x-19
. 2 6 y=lx4_+%x2+x—21
Supersonic: — —; — zero, then +. 33 R
ds ds 7 5x°-3x"+4x-6
(b) At the boundaries between the regions. 9 y=dx Jr—17
¢) Possibly levelling out, becoming constant
g, : 10 @ y=2Pek ) y=120P+k
10 (c) y=%x4/3+k'
7 10x—2x2—'%ﬂ:x2,z——'-1.40 @ y=dxlx—arrk
' +7
_153/,2 _ g3
8 (a) Maximum O when x =0, @ y=FVx'+k ® y=-6Vx+k
L 4 2 _2,
minimum —=-a yvhen x=%a v 11 (2 “l+.k (b) ——15+k
. X
(b) Minimum _21576‘14 when x‘=%a 3 3
- +k d) 2x*+=+k
(c) Minimum O when x =0, © -2 @ 25"+
i 1,4 =1 1 . 2
maximum ga® when x=3a, © __12'+F+k ® ———%x3+k
minimum 0 when x=a 2{1 x :
: 108 5 3 12 y=—4x"+13
(d) Maximum 3125 4 when x=za, 13 y=\/;—2
minimum O when x=a 14 yo3x4 34245
9 (a) -(-1)"(n+2)(n+Dn(n-1)x...x 35" > ¢
A% 5x7 @ Ty 15 (@ y=x"+3x>+k
— XIX/X,..X — —(2n-1) . .
®) ()" = n=3) e i ) y=dx®+2x% —5x+k
n=3 ' © y=22-1+k
x
10 L1S), 331) () q,
16 Integration L s @ y=1x"+Rax+25x+k
' . =x+10Vx +k
Exercise 16A (page 238) @® y=x+10vx+k
4 . 6 16 (a) 118cm (to3sf) (b) 27
1 (@ x"+k (b) x°+k :
© 4k (@) CrxS 4k 17 17 months (to the nearest month)
() x-x¥-x+k ® —x"+x*+x+k 18 192
3 2
2 (z) ix3_§x2_ix +’I‘( ' Exercise 16B (page 244)
+3x°+4x+
EC; B 1@ 2x%+k () Sx°+k (O xf+k
(d) 4x*-2x*+5x2-3x+k ’ (d 9x+k © Tlﬁxg"'k ® %xs"'k
@ zx'+3x%+k 2 (@ 7 (b) 84 (o) 4
) 12 +2x%+k @4 @5 2
2 :
(g %x3—%x2—4x+k 3 (a) 3x3+7;c+k
. 2% .3 (b) 2x°=x"-5x+k
(h) x-x"-x"+k 194 ,7.2
3@ Leotly ‘ ) ©) 2% +7x+k
= ax+x+ _
A @ 2x°-2x* 4300~ L1a¥ tax+k
(b) sx“-3x+k ‘ g 3 32 "
L2x°—2x°—=20x+
(c) %x3+lx2—8x+k © ?x 2” *

2 ® Zx“ ~2x% +k
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13 36
4@ 2 (2 (© 36 .
@ 7 % @ 210 ® 0 Exerclse 16D (page 253)
5 77 1@ L@x+1)+k () £Bx-5+k
11
: izs © -%0-Tx)'+k @ 12—1(%“1) +k
s 5 © -1(x+2)7+k ® 2(1-3x)7'+k
9 80 © -2(+D) 4k @ -L(4x+1)7 4k
10 102 @ Lox+1)?+k (G V2x-1+k
5 15
11 18 s
2 16 ® S(Ix+2)+k @ 199(2+6x)%+k
26 2 16
13 @ 39 (O 55 (o 102 2@ 820 O F ©gp @ g
@ 10. (e) 500 (® 53 3225
) 1L 1; L1 4 9.1125
14 (a) —Ezf (b 3x +;+k 5 (a) 21i03 ®) 4% (©) % (d) 28
S @ 2xx+k @ B4k 6 %
6
© 20-2+k . ® 2Vx+k 7 ‘11387
.. Xx 8 =
6
15 144 () 11 20
23; 63 Ee)) lé E;)) 3 Miscellaneous exercise 16 (page 254)
6 13 1 4xx+k; 28
P .
17 6 2 13;32
18 31 33
19 7 4 83
20 5 5 (a) ——1—2+%x4+k ® 6
1@ 27 023 2 0
6 311
22 96 )
% 0] 77
» 8 63
Exercise 16C (page 250) 9 1l
] ) . - 13
1 —4,the2graph 11e§ below mex—a;x1$f0r 0.<’;<.2' 10 0;integrandis >0 for 0<x <1, <0 for
2@ 102 ®8 (@21 @1 l<x<2
3@ 105 ® 8 (o) 100 11 @ ixf-xl+k (b) 2
4. 1 ®) 6 (©) 100 12 +2
5 s-1 1 14 (a) y=-lx+3 ®) 22
lem * m-1 15 @ 6 (b) 67 (c) — @ 45
. 1_,1—m..m<1 1 (&) 17 ® -11 (g 17 () 11
1-m ’ “1-m 17 @ y=2x-2 ) 62
7 12 19 (0,0),(£2,~16);32.4
- | _
8 103 20 % :
9 32 U@ %0 ®O (0 G (4-5)
10108 2 @ L2 (b 10}
11 423 23 (b) 257
12 41
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17 Volume of revolution : 4 (a) s=84,A=294
‘ (b) s=7235A=128625
Exercise 17 (page 261) o (c) 8=15,A=48 @ r=20,A=140
1 98 by 3093 () 8=24,5=12 f) s=8
® 2379”808 N 35 " ‘ (@ r=86=2 ® 6=3
© ——7 (@ g7 5 (@ 226cm® (b) 147cm? (c) 830cm?
2 2
2 @) Sodr () Hin () 9.030111 (e) 0556 cm
s 16 6 6.72cm
© 37 @ 57 7 282cm
3 @ 4r (b) 97 (c) 33557 9 263cm?
@ S © Bz ©® 3% 10 155cm, 14.3cm?
R 2
@ 156r B ?6” 11 (2 161r (b) 032r
4 512 b) 16
@ 77 ®) 57 . Exercise 18B (page 270)
© Lz @ ¥r A
> 0 3@ in mir @7
5@ &7 (b) &7 ; 4 1
6 (a) %” (b) %” (d) gﬂ' (e) 2r (f) i—gﬂ'
7@ &7 ®) 57 Exercise 18C (page 272) ‘
8 &7 1 (2 %71: (b) ,g,;lz (©) %7;: @ iz
9 or o @ 3w () 37 (B -z W7
_ 2@ in b -ir ©%r @ i
Miscellaneous exercise 17 (page 262) 3@ 05 (b -1 © 3 (@ 0
1 o 4@ ir M ir ©ir @O0
3 %rab®; $ma’p 5 @ 3 ® 3 © 3 @1
4 ) 3 (c) 3n ) %” 6 0.739; cosx=x
5 (i) (a) Infinite (b) 1% Exercise 18D (page 274)
© 57 @ 3r 1 (@ 0.12,302 (b) 4.18,5.25
iy . ! © 118,196  (d) 0.63,566
() (2) Infinite  (b) 3 € 251,377  (f) 096,533
(©) Infinite  (d) 1= (g) 133,447 (h) 2.80,5.95
1296 . @ 0.17,331 G) 3.45,5.98
6 (2 36,18 b om © 7 () 369,573 () 290,604
7 4rn (m) 099,268  (n) 4.19,6.28
(©) 0.17,122
18 Radians 2 (@ 100,214  (b) 130,130
. () 206,109  (d) —2.32, —0.82
Exercise 18A (page 267) © -172,172 (D -090,225
1@ 37 O3 © iz @ ir (® -2.50,0.64
5 1 5 X (h) -2.53, —0.62,0.62,2.53
® 57 O g7 @ 57 O g7 () -7,-123,0,123, 7
M 41 O Bz 03z O L 3 (a) 0.66,2.48,3.80,563
o . . . (b) 0.42,146,2.51,3.56,4.61,5.65
2 @ 60° () 9° () 36 1 @ 223 () 191,2.81,5.05,595
(& 20° () 120° () 1123° (h) 108° (d) 0.44,1.13,2.01,2.70,3.58,4.27,5.16,5.84
(@ 4° () 1080° (k) -90° (I) 50° (&) 0.23,1.80,3.37,494 '
3@ 1 T © M @ o (H 120,194,3.30,4.03,5.39,6.13
© 320 -3B@® -3 ® 2
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4 () —233,~1.85, —0.24,024,185,233 s
®) -2.12, -0.55,1.02,2.59 11 §=2z-=
(©) -303,-2.20, —0.94, —0.11,1.16,1.99 53 14
() —249, —0.65,0.65,2.49
(&) -302,-239,-1.76,-1.13, 0.51,0.12, 14 (a) -lsx<I, -r-d4<ys<zg-4

0.75,1.38,2.01,2.64
®. -135, -0.22,1.79,292

5 (a) 246,246  (b) -2.06,2.65

(®b) 3=x<5, -n<y=sgq

15 0,123,505, 2

©) -101 @ = 16 (a) Noroots- (b) —%n’, —%n’, %n:, %ﬂ'
(e) 0.70 ® -1.03. (© -2z,-7,0, 7, 2z
6 e Ig,3g,02 L .
@ 37, z7, 37 Revision exercise 3
®) %ﬂ' %ﬂ', i—;ﬁ, %ﬂ (page 279)
. 5
© 2r,Zr, 2n,4x,8x, 2x 1 (-48),(1,3);20%
(d) iﬂ Hﬂ-, 1_7.71' 2 (a) (—1,5),(1,1) (b) (0’3)
?7 , 29 953 65 (C) 9y+x=7 (d) 4
(e) 37 367, g7 gg”. 4 n_—l_
6 i n+l
(g) Noroots : 5 y=%x2+3x+4
i B, :
® In gr Y, 3n, Br, B 6 1
® 3= 7 0;between x=1 and x =3, there is tlie same
7 @ 090,225 (b) —1.14,1.14 area above and below the x-axis. =~
(¢) -2.19, -0.96,096,2.19 8 24w
(@ -2.53, -0.62,0.62,2.53 9 18
(e) -1.04,0,1.04 _
® -236, ~0.79,0.79,2.36 10 () 2
n X
Miscellaneous exercise 18 (page 275) .
1 36cm,108cm’ - 12 The point does lie on the line.
1 i .
2 13 () 7-260) 22 +2%cos2  (b) 2rcosd
3 T 5 14 o
4 Zrm,m—143
5 e 15 (@ 3(3x2+2)(x*+2x-1)
_3
6 (@) -298,-0.16 () -1z, in ) —x(x”+1)7
© -3r.0 ir 16 (a) £16 600 (b) Year 9
4 4 (©) £(475n* +12325n) for 0<n<9;
) -3.02,-1.69,0.12,145 £(20 400n - 34 200) for n>9
(&) 177,2.94 (d) £13500x1.05™"
) -229,-125, —0.20,0.85,1.89,2.94 ® Year 10
" ® 0007.0020,0077 L7 226524
() 0.007,0.020,0. 18 @ S ®S © i
8 () k=2—” (b K 19 27zcm,2(ﬂ—x/§)cm2
T 2 \

20 —2,132.5°
9 1r(6-sing), 12<6<13
10 DE=2r-2rcosé
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2
2 o Zis +,0,—withd—;C -,0,+
dt dt
. dx d2x is 4
(ii) :1? is — o is
(a) Graph dips below x =0 with a minimum,
then tends to x =0. Hence
2

911s—0+w1thd2 +0—
dt dt

: 2
® Fiso,—with&F —0,+.
dt dr

23 2
24 (@ (24) ) %=z
25 80.9°
1
26 31
27 1,071

28 (a) gaz ) 2ma’; B gdd

240
Practice examinations

Practice examination 1 (page 283)
1 81

2 ) -%-Nﬁk (i) y=—i—2x/;+3

330 y=2x+1 Gi) 5
4 (i) iz, 3n
5@ (x+3)-6 . :

() @ (3.-6) () 3-V6<x<-3+6
6 () f(x)=1 i) o (i 3(x+1)

Reflectionsin y=x
7 () x=-5,y=8or x=2, y=1

8 B @
b y P
0 a A" P
(i 14
(iii) 30°
9 () A=3r—r®> (i) #=2
10 ) y+6x=8 (iif) 16 ’

Practice examination 2 (page 285)

1 81x* +216x>+216x*+96x+16

1
12

2
3 (@) y=3x-14 (11)()
4

ANV
_Iv N

(i) 672,112.8,247.2,292.8
. _ s 2
5 M) (L) ) =
6 () a+d,a+5d (i) 660, 715827 882

7 () f(x)eR, fx)=1; gx)eR, gx)=-1
(ii) g is not one—one

T

(i) fhixrs xeR, x=1

+x
3(1-x)’
(i) 402cm?
(iv) 840 cm
2
2J_ (2x+1)*
(b) () 3x%-6x+12
10 (i) 4j+3k,5
(iii) The scalar product is non-zero.
(iv) 101°

8 () 1107
(i) 4.33 cm?
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absolute value, of a number, 40
addition
of position vectors, 196
of vectors, 191
alphabet convention
for position vectors, 195
angle units, 264
arbitrary constant of integration, 237

. arc length, of a circle, 265

area
of a circular sector, 265
under a graph, 242
between graphs, 249
by integration, 240

arithmetic progression, 120

. arithmetic sequence, 120

arithmetic series, 121
sum of, 122
ascending powers, 134
associative rule .
for addition of vectors, 192
axes, 1, 33
equations of, 9, 10
right-handed, 198
axis of symmetry of a parabola, 43, 52

base, 22
basic unit vector, 193, 198
binomial theorem, 131

cartesian coordinates, 1
centroid of triangle, 197
chain rule, 178 :

derivation of, 183
circular arc, length of, 265
circular sector, area of, 265
coefficients

binomial, 132

of quadratic, 51
common difference, 120
common ratio, 210
commutative rule

for addition of vectors, 191

for scalar products, 202
completed square form, 52, 68
completing the square, 52
component vectors, 193
components, of vector, 191

composite function, 158

rule for differentiating, 178

rule for forming, 160
constant, 32

arbitrary, of integration, 237

term of quadratic, 51
continuous function, 97
convergent geometric series, 216
coordinates, 1
cosine (cos), 138

graph, 139, 269

inverse, 271 ,

symmetry properties, 143, 270
critical values of quadratic inequality, 69
curve, equation of, 8

decreasing function, 98
definite integral, 243
degree, 264 :
delta notation, 76
dependent variable, 104
derivative, 81, 89
as a function, 95
higher, 233
as rate of change, 105, 181
second, 225
second order, 225
of (ax+h)", 175
of f(ax +b), 176
of f(F(x)), 178
“of multiple of function, 84
of quadratic function, 81, 84
of sum of functions, 84
of x", 84,85
derived function, 95
differential operator, 233
differentiating, 81
notation, 81, 105, 225, 233
rules for, 84, 85,96, 175,176, 178
discriminant of quadratic, 57
displacement vector, 195
distance between two points, 3
distributive rule
for-scalar products, 202, 205
for vectors, 192 '
divergent geometric series, 216
division rule for indices, 23
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domain
of composite function, 160
of a function, 35, 159
of inverse function, 166
of inverse trigonometric

functions, 272

natural, 159 -

dot product, 201

ellipsoid, 263
equation(s) _
of a curve, 8
of a line, 8
quadratic, 55
reducible to quadratic, 60
root of, 55 .
satisfying an, 8
simultaneous, 59
solution of, 55"
trigonometric, 145,273
even function, 37
exponent, 25,220
exponential
decay, 219
growth, 219

f notation, 32, 157
f’ notation, 81 ,
factor form of quadratic, 45, 51, 68
factor rule for indices, 23
factorial sequence (r1), 117
Fibonacci sequence, 127
fractional indices, 27
graphs, 38
function, 32, 156
composite, 160
continuous, 97
decreasing, 98
derived, 95
domain of, 35, 159
even, 37
identity, 166
increasing, 98
inverse, 166
notation, 32, 157
odd, 37
one-one, 166
periodic, 139
predicting from graphs, 46
range of, 35, 159
self-inverse, 164

geometric progression, 210
geometric sequence, 210
geometric series, 211

convergent, 216

diverge to infinity, 216

oscillate infinitely, 216

sum of, 212

sum to infinity, 216
gradient

formula for a quadratic, 81

derivation of, 87

of a chord, 75

of a curve, 75, 89

of a line, 4

of a line segment, 4

of paralle] lines, 4

of perpendicular lines, 13
graph, 33

of cosine, 139, 269

of fractional powers of x, 38

of inverse function, 169

of negative integer powers of x, 37

of positive integer powers of x, 36

of quadratic functions, 43

of sine, 140, 269

of tangent, 140,270

higher derivatives, 233

identity, 150
identity function, 166
improper integral, 249
increasing function, 98
indefinite integral, 237
independent variable, 104
index (indices), see also exponent
fractional, 27
negative, 23
notation, 22
properties of, 23
zero, 23
inequality
allowable operations on, 67
critical values of, 69
linear, 66
quadratic, 68
strict, 65
weak, 65
infinite integral, 249
inflexion, point of, 227
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integers, 160

positive, 17

set of (Z), 160
integral ’

definite, 243

improper, 249-

indefinite, 237

infinite, 249

properties of, 246
integrand, 243
integration, 237

limits of, 243

of (ax +b)",252

of glax+b),252

of x",237
intersection

of two graphs, 43

of two lines, 10
interval, 69, 99 -
inverse function, 166

graph of, 169
inverse trigonometric functions, 271

domain of, 272

- range of, 272

irrational numbers, 17

length
of circular arc, 265
of line segment, 3
limits of integration, 243
line segment, 1
gradient of, 4
length of, 3
mid-point of, 3

maximum (point), 101

procedure for finding, 102, 230
median, 197
mid-point of line segment, 3
minimum (point), 101

procedure for finding, 102, 230
modulus, of a number, 39
multiplication rule for indices, 23

natural domain, 159
natural numbers, 17
set of (N), 161
negative indices, 23
normal to a curve, 78
numbers
irrational, 17
natural; 17
rational, 17
real, 17

odd function, 37
one—one function, 166

parabola, 43
axis of symmetry, 43, 52
vertex, 43, 52
parallel lines, gradient of, 4
parallelogram rule of addition, 196
Pascal sequences, 118
Pascal’s triangle, 118, 129
period, 139
periodic function, 139
perpendicular lines, gradient of, 13
point
of inflexion, 227
of intersection of graphs, 43
of intersection of lines, 10
position vector, 195

power-on-power rule for indices, 233

progression
arithmetic, 120
geometric, 210
projection of vector, 205
Pythagoras’ theorem, 150

quadratic, 51
discriminant of, 57
quadratic equation, 55
equations which reduce to, 60

radian, 264
range
of a function, 35, 159
of inverse trigonometic
functions, 272
rate of change, 105, 181
rational numbers, 17
rationalising the denominator, 19
real numbers, 17
‘set of (R), 159
reciprocal, 164
related rates of change, 181
relations between trigonometric
functions, 150
repeated root, 57
root of quadratic equation, 55

scalar, 191

scalar product, 201
in component form, 203
‘commutative rule for, 202
distributive rule for, 202, 205
of unit vectors, 203

second derivative, 225

second order derivative, 225
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self-inverse function, 164
sequence, 114
arithmetic, 120
factorial, 117
as function, 161
geométric, 210
inductive definition of, 115
. Pascal, 118
sum, 215
term of, 114
of triangle numbers, 116
series
arithmetic, 121
geometric, 211
simultaneous equations, 59
sine (sin), 140
graph, 140, 269
inverse, 271
symmetry properties, 143,270
sketching graphs, 33
using completed square form, 52
using differentiation, 225
using factors, 45
skew lines, 199
solid of revolution, 258
solution of equations, 55
quadratic, 55
trigonometric, 145, 273
square root, 18
stationary point, 101
strict inequality, 65
subtraction .
of position vectors, 196
of vectors, 193 '
sum : .
of arithmetic series, 122 ~
of geometric series, 212
to infinity of geometric series, 216
sequence, 215
surds, properties of, 18

tangent (tan), 140
graph of, 140,270 s
inverse, 272 ' ’
symmetry properties, 144, 270

_tangent to a curve, 75
- term, of sequence, 114

anslation vector, 190
trianglé number sequence, 116

Mgonometnc equations, 145, 273

mg pomt 101

Wit vector 201
. basic, 193,198
s for angle 264

: bles 104
" dependent, 104
independernt, 104
vector(s) 190
addition of, 191, 196
associative rule for addition of, 192
basic unit, 193,198
commutative rule
for addition, 191
for scalar products, 202
component, 193
components of 191
displacement, 195
distributive rules, 192, 202, 205
dot product, 201
parallelogram rule of addition, 196
position, 195
alphabet convention for, 195
projection of,, 205
scalar product, 201
subtraction of, 193, 196
in three dimensions, 198~
translation, 190
unit, 201
zero, 192
vertex of parabola, 43, 52
volume of revolution, 258

weak inequality, 65

zero index, 23
zero vector, 192



