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Introduction 

Cambridge International Examinations (CIE) Advanced Level Mathematics has been created 
especially for the new CIE mathematics syllabus. There is one book corresponding to each 
syllabus unit, exceptthat units P2 and P3 are contained in a single book. This book covers 
the first Pure Mathematics unit, Pl. 

The syllabus content is arranged by chapters which are ordered so as to provide a viable 
teaching course. The early chapters develop the foundations of the syllabus; students may 
already be familiar with some of these topics. Later chapters, however, are. largely 
independent .of each other, and teachers may wish to vary the order in wh~ch they are used. 

Some chapters, particularly Chapters 2, 3 and the first four sections of Chapter 8, contain 
material which is not in the examination syllabus for Pl, and which therefore cannot be the 
direct focus of examination questions. Some of this is necessary background material, such 
as indices and surds; some is useful knowledge, such as graphs of powers of x, the use and 
meaning of modulus, and work on sequences. 

A few sections include important results which are difficult to prove or outside the syllabus. 
These sections are marked with an asterisk(*) in the section heading, and there is usually a 
sentence early on explaining precisely what it is that the student needs to know. 

Occasionally within the text paragraphs appear in this type style. These paragraphs are 
usually outside the main stream of the mathematical argument, but may help to give 
insight, or suggest extra work or different approaches. 

Graphic calculators are not permitted in the examination, but they are useful aids in learning 
mathematics. In the book the authors have noted where access to a graphic calculator would 
be especially helpful but have not assumed that they are available to all students. 

Numerical work is presented in a form intended to discourage premature approximation. 
In· ongoing calculations inexact numbers appear in decimal form like 3.456 .. ., signifying 
that the number is held in a calculator to more places than are given. Numbers are not 
rounded at this stage; the full display could be, for example, '1.456123 or 3 .456 789. 
Final answers are then stated with some indication that they are approximate, for 
example ' 1.23 correct to 3. significant figures' . 

There are plenty of exercises, and each chapter ends with a Miscellaneous exercise which 
includes some questions of examination standard. Three Revision exercises consoliate work 
in preceeding chpaters. The book concludes with two Practice examination papers. 

In some exercises a few of the later questions may go beyond the likely requirements of the 
Pl examination, either in difficulty or in length or both. Some questions are marked with an 
<,tSterisf, which indicates that they require knowledge ofresults outside the syllabus. 

Cambridge U_niversity Press would like to thank OCR (Oxford, Cambridge and RSA 
Examinations), part of the University of Cambridge Local Examinations Syndicate (UCLES) 
group, for permission to use past examination questions set in the United Kingdom. 

The authors thank UCLES and Cambridge University Press, in particular Diana 
Gillooly, for their help in producing this book. However, the responsibility for the text, 
and for any errors, remains with the authors. 



1 Coordinates, points and lines 
\ 

~. 

This chapter uses coordinates to describe points and lines in two dimensions. When you 
have completed it, you should be able to 

• find the distance between two points 
• find ~he mid-point of a line segment, given the coordinates of its end points 
• find the gradient of a line segment, given the coordinates of its end points 
• find the equation of a line though a given point with a given gradient 
• find the equation of the line joining two points 
• recognise lines from different forms of their equations 
• find the point of intersection of two lines 
• tell from their gradients whether two lines are parallel or perpendicular. 

1.1 The distance between two points 

When you choose an origin,'draw an x-axis to the right on the page and a y-axis up 
the page arid choose scales ~ong the axes·, you are setting up·a coordinate system. 
The coordinates of this system are called cartesian coordinates after the French 
mathematician Rene Descartes, who lived in the 17th century. 

In Fig. 1.1, two points A and B have 
cartesian coordinates ( 4,3) and (10, 7). The 
part of the line AB which lies between A 

and B is called a line segment. The length of 
the line segment is the distance between the 
points. 

B 
y "' ..................... L .... : ............................ : (10.7) 

' :4 

(4_,3) --------------.!:! (10,3). ·················A! 6 c. 

A third point C has been added to Fig. 1.1 to 
form a right-angled triangle. You ~an see that 
C has the same x -coordinate as B and the 
same y -coordinate as A ; that is, C has 
coordinates (10,3). 

Fig. 1.1 

It is easy to see that AC has length 10 - 4 = 6, and CB has length 7 - 3 = 4. Using 
Pythagoras' theorem in triangle ABC shows that the length of the line segment AB is 

~(10-4) 2+(7-3) 2 =~62 +42 =~36+16=-J52. 

You can use your calculator to give this as 7 .21... , if you need to, but often it is better 
to leave the answer as m. 
The idea of coordinate geometry is to use algebra so that you can do calculations like 
this when A and B are any points, and not just the particular points in Fig. 1.1. It often 
helps to use a notation which shows at a glance which point a coordinate refers to. One 
way of doing this is with suffixes, calling the coordinates of the first point (Xi, Yi), and 

x 



I 
l 
I 

r 
! .. 

' !~-
/: 
[.' 

-!-

( 
'l 
~l 

•: 
l 
~--

2 PURE MATHEMATICS 1 

the coordinates of the second point (x2 ,y2 ). Thus, for example, x1 stands for 
'the x-coordinate of the first point'. · 

y 

Y2~---·--------·---------------- ------- -

' : Y2 - Yi 
' 

Fig. 1.2 shows this general triangle. You can 
see that C now has coordinates ( x2 , y1), and 

that AC = x2 - x1 and CB = Yz - y1 • 

Pythagoras' theorem now gives 

AB=J(x2 -x1) 2+(Y2 -y1) 2 · 

' 

Yi i·----------h·-1V- x; ~- x~ ---f (x2 'Yi) 

An advantage of using algebra is tha~ this 
formula works whatever the shape and position 
of the triangle. In Fig. 1.3, the coordinates of 
A are negative, and in Fig. 1.4 the line slopes 

X1 Xz 

Fig. 1.2 

downhill rather than uphill as you move from left to right. Use Figs. 1.3 and 1.4 to work 
out for yourself the length of AB in each 1::ase. You can then use the formula to check 

your answers. 

y y 

' ' ' 
' 

AL;J(l,5) C 

' : ! B(6,2) 

_______ ['! x 

A(-2,-1) I C x 

Fig. 1.3 Fig. 1.4 

In Fig. 1.3, 

x2 -x1 =3-(-2)=3+2=5 and y2 -y1 =.5-(-1)=5+1=6, 

so AB=~(3-(-2))2 +(5-(-1))2 =,/52 +62 =-h5+36=--J61. 

And in Fig. 1.4, 

x2 -x1 =6-1=5 and y2 -y1 =2-5=-3, 

so AB=~(6-1) 2+(2·-5) 2 =~52 +(-3) 2 ="125+9=J34. 

Also, it doesn't matter which way round you label the points A and B. If you think of 
B as 'the first point' (x1 ,y1) and A as 'the second point' (x2 ,y2 ), the formula doesn't 
change. For Fig. 1.1, it would give 

BA= fc4-10) 2+ (3- 7) 2 = J(-6) 2+ (-4) 2 = .,)36+16 = ,f52, as before. 

x 



CHAPTER 1: COORDINATES, POINTS AND LINES 
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The distance between the points ( x 1 , y1 ) and ( x2 , y2 ) (or the length of the 
line segment joining them) is 

J ( X2 - X1) 
2 + (Y2 - Y1) 

2 
· 

f_o!:f, 

1.2 The mid-point of a line segment 
You can also use coordinates to find the mid-point of a line segment. 

Fig. 1.5 shows the same line segment as in Fig. 1.1, but with the mid-point Madded. 
The line through M parallel to the y-axis meets AC at D. Then the lengths of the 
sides of the triangle ADM are half of those of triangle ACB, so that 

AD= ~AC= ~(10-4) = i( 6) = 3, 

DM =~CB= ~(7-3) = ~(4) = 2. y 
B 

...................................................... ~ (10,7) 

The x -coordinate of M is the same as the 
x-coordinate of D, which is 

' 

4 +AD= 4 + ! (10 - 4) = 4 + 3 = 7. 
(4.3)/ __ c ______ E: (10,3) ············ ... A'. . D Ci 

The y-coordinate of M is. 

3+DM = 3+!(7-3) = 3+2 = 5. x 

So the mid-point M has coordinates (7,5). Fig. 1.5 

In Fig. 1,.6 points Mand D have been added in the same way to Fig. 1.2. Exactly as before, 

1 I l ( ) AD = 2 AC = 2 X2 - X1 ' DM =iCB =i(Y2-Y1)· 

So the x -coordinate of M is 

1( )- 1 1 X1 + AD = X1 + 2 X2 - X1 - X1 + 2 X2 - 2 X1 

1 l· 1 ( ) = 2 X1 + 2 X2 = 2 X1 + X2 . 

y . B 
y2l ................... ;u ............................. !(xz,Y2) 

M i 
(x1 J'd ............. J ............ d (xz ,yl) 'Tm mAi D C! 

: i • I 

The y -coordinate of M is 

1 ( ) 1 1 Y1 + DM = Y1 + 2 Y2 - Y1 = Y1 + 2 Y2 - 2 Y1 
xi Xz x 

=!Y1 +!Y2 =i(Y1 +y2)· 
Fig. 1.6 

~~t.~~~tf~~~,~~~:f1~fM~®~~-~~ 

The mid-point of the line segment joining (x1 ,y1) and (x2 ,Ji) has coordinates 

i M@&&M­
~W~·~·'~l 

~,.· 
u·"' ', 

(i(x1 + x2),!(Y1 + Y2)). 

3 

< 
\ 



I 
t 
! 
fr 
f 
f 
1· 
l> 

I' 

!.; 

. i 
P. 
/: 

f 

.r-

I ,, 

4 PuRE MATHEMATICS 1 

Now that you have an algebraic form for the coordinates of the mid-point M you can 
use it for any two points. For example, for Fig. 1.3 the mid-point of AB is 

(i((-2)+3),i((-1)+5)) = (i(l),i(4)) = (i,2). 

And for Fig. 1.4 it is (i(l + 6),!(5 + 2)) = (!(7),!(7)) = (3! ,3!)· 

Again, it doesn't matter which you call the first point and which the second. In Fig. 1.5, 
if you take ( x1, y1) as (10, 7) and ( x2 , y2 ) as ( 4,3) , you find that the mid-point is 

(i(lO + 4),i (7 + 3)) = (7,5), as before. 

1.3 The gradient of a line segment 

The gradient of a line is a measure of its steepness. The 
steeper the line, the larger the gradient. 

Unlike the distance and the mid-point, the gradient is a 
property of the whole line, not just of a particular line 
segment. If you take any two points on the line and find the . 
increases in the x- and y-coordinates as you go from one 

to the other, as in Fig. 1. 7, then the value of the fra~tion 

y-step 

x-step 

is the same whichever points you choose. This is the gradient ~f the line . 

In Fig. 1.2. on page 2 the x-step and y-step are x2 - x1 and y2 - y1 , so that: 

The gradient of the line joining (x1 ,y1) to (x2 ,y2 ) is Yz - Yi . 
Xz -XI 

Fig.1.7 

This formula applies whether the coordinates are positive or negative. In Fig. 1.3, for 
5-(-1) 5+1 6 . 

example, the gradient of AB is --- = -·- = 5 . 
3-(-2) 3+2 

B . h . F' 1 4 h d" . 2 - 5 - 3 3 th . d' 11· ut notice t at m ig. . t e gra ient is 
6

-' l = S = - 5 ; . e negative gra ient te s 

you that the line slopes downhill as you move from left to right. 

As with the other formulae, it doesn't matter which point has the suffix 1 and which has 

the suffix 2. In Fig. 1.1, you can calculate the gradient as either 
7 

-
3 

= ~ = ~ , or . 
3-7_"""4_2 10-4 
4-10 - -6 -3· 

Two lines are parallel if they have the same gradient. 

: y-step 



CHAPTER 1: COORDINATES, POINTS AND LINES 

Example 13.1 
The ends of a line segment are (p - q, p + q) and (p + q, p - q) . Find the length of the 
line segment, its gradient and the coordinates of its mid~point. 

For the length and gradient you have to calculate 

X2 - XI = (p + q) - (p - q) = p + q - p + q = 2q 

and Y2 - y1 = (p - q) - (p + q) = p - q - p - q = -2q. 

The length is ~(x2 -x1)
2+ (y2 - y1)

2 = ~(2q) 2+ (-2q) 2 = ~4q2 + 4q2 = ~-

The gradient is Y2 - Y1 _ -2q --=-1 
X2 -xi 2q . 

For the mid-point you have to calculate 

x1 +x2 = (p-q)+(p+q) = p-q+ p+ q = 2p 

and y1 + y2 = (p + q) + (p - q) = p + q + p - q = 2 p. 

The mid-point is (!{x1 + x2 ),i(Y1 + y2 )) = (i(2p),i(2p)) = (p,p). 

f Try drawing your own figure to illustrate the results in this example. 

Example 13.2 
Prove that the points A(l,1), B(5,3), C(3,0) a?d D(-1,-2) form a parallelogram: 

-<' , 
You can approach this problem in a number of ways, but whichever method you use, it is 

worth drawing a sketch. This is shown in Fig. 1.8. 

Method 1 (using distances) In this method, find the 
lengths of the opposite sides. If both pairs of opposite 
sides are equal, then ABCD is a parallelogram. 

AB=J(s-1) 2+(3-1) 2 =-fiO. 

DC= ~(3-(-1))2 + (0-(~2))2 = -fiO. 

CB=~(S-3) 2+(3~0) 2 =-Ji3, 

DA=~(l-(-1)) 2+(1-(-2)) 2 =-Ji3. 

Therefore AB = DC and CB = DA , so ABCD is a parallelogram. 

y 

Fig. 1.8 

·Method 2 (using mid-points) In this method, begin by finding the mid-points 
of the diagonals AC and, BD. If these points are the same, then the diagonals bisect 
each other, so the quadrilateral is a parallelogram. 

·The mid-point of AC is (i (1+3),i (1+0) ), which is ( 2,i). The mid-point of BD is 

(i (5 + (-1)),i (3 + (-2))), which is also (2,i). So ABCD is a parallelogram. 

( \ 

5 

B(s,3) 
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6 PuRE MATHEMATICS I 

Method 3 (using gradients) In this method, find the gradients of the opposite 
sides. If both pairs of opposite sides are parallel, then ABCD is a parallelogram. 

3 -1 2 1 0 - (-2) 2 1 
The gradients of AB and DC are -- = 4 = 2 and = 4 = 2 respectively, 

5-1 3-(-1) 

so AB is parallel to DC. The gradients of DA and CB are both ~,so DA is parallel 

to CB. As the opposite sides are parallel, ABCD is a parallelogram. 

~~:::-~ i~tZilii~i~~~w~~~m~rim~~1ffi~~~~~ Exercise lA - A¥444¥M 

Do not use a calculator. Where appropriate, leave square roots in your answers. 

1 Find the lengths of the ltne segments joining these pairs of points. In parts ( e) and (h) 
assume that a> 0; in parts (i) and u) assume that p > q > 0 .. 

(a) (2,5) and (7,17) (b) . (-3,2) and (1,-1) 

\Jc) (4,-5) and (-1,0) Wfr) (-3,-3) and (-7,3) 

Ue) (2a,a) and (10a,-14a) (f) (a+ 1,2a + 3) and (a -1,2a -1) 

\jg-) (2,9) and (2,-14) (h) (12a,5b) and (3a,5b) 

~ (p,q) and (q,p) 0) (p+4q,p-q) and (p-3q,p) 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Show that the points (1,-2), (6,-1), (9,3) and (4,2)are vertices of a parallelogram. 

Show that the triangle formed by the points ( -3, -2) , ( 2, - 7) and ( -2, 5) is isosceles. 

Show that the points (7,12), (-3,-12) and (14,-5) lieonacirclewithcentre (2,0). 

Find the coordinates of the mid-points of the line segments joining these pairs of points. 

(a) (2,11), (6,15) (b) (5,7),(-3,9) 

(c) (-2,-3),(1,-6) (d) (-3,4),(-8,5) 

(e) (p+2,3p-l),(3p+4,p-5) (f) (p+3,q-7),(p+5,3-q) 

(g) (p + 2q,2p + 13q), (Sp- 2q,-2p- 7q) (h) (a+ 3,b - 5), (a+ 3,b + 7) 

A (-2,1) and B (6,5) are the opposite ends of the diameter of a circle. 
Find the coordinates of its centre. 

M(5, 7) is the mid-point of the l.ine segment joining A (3,4) to B. Find the coordinates of B. 

A(l,-2), B(6,--1), C(9,3) and D(4,2) arethe_verticesofaparallelogram. 
Verify that the mid-points of the diagonals AC and BD coincide. 

Which one of the points A(5,2), B(6,-3) and C(4, 7) is the mid-point of the other'two? 
Check your aJlSWer by calculating two distances. 

Find the gradients of the lines joining the following pairs of points. 

(a) (3,8), (5,12) (b) (1,-3),(--'2,6) 

(c) (-4,-3),(0,-1) (d) (-5,-3),(3,-9) 

(e) (p+3~p-3),(2p+4,-p-5) (f) (p+3,q-5),(q-5,p+3) 

fg-) (p+ q'-- 1,q+ p-3),(p-q+ 1,q -p+ 3) (h) (7,p),(11,p) 

_, 



CHAPTER 1: COORDINATES, POINTS AND LINES 

11 Find the gradients of the lines AB and BC where A is (3,4) ,Bis (7,6} and Cis (-3,1). 
What can you deduce about the points A, B and C? 

12 The point P(x,y) lies on the straight line joining A(3,0) and B(5,6). Find expressions for 
the gradients of AP and PB. Hence show that y == 3x - 9. 

7 

13 A line joining a vertex of a triangle to the mid-point of the upposite side is called a median. 
Find the length of the median AMin the triangle A(-1,1), B(0,3), C(4,7). 

14 A triangle has vertices A(-2,1), B(3,--4) and C(S,7). 

(a) Find the coordinates of M, the mid-point of AB, and N, the mid-point of AC. 

(b) Show that MN is parallel to BC. 

15 The points A(2,1), B(2,7) and C(-4,-1) form a triangle. Mis the mid-point of AB and N is 
the mid-point of AC. 

(a) Find the lengths of MN and BC. (b) Show that BC== 2MN. 

16 The vertices of a quadrilateral ABCD are A(l,1), B(1 ,3),C(9,-7) and D(-3,-3). The 
points P, Q, R a~d Sare the mid-points of AB, BC, CD and DA respectively. 

(a) Find the gradient of each side of PQRS. (b) What type of quadrilateral is PQRS? 

17 The origin 0 and the points P(4,1), Q(S,5) andR(l,4) form a quadrilateral. 

(a) Show that OR is parallel to PQ. (b) Show that OP is parallel to RQ. 

(c) Show that.OP== OR. (d) What shape is OPQR? 

18 The origin 0 and the points L(-2,3), M(4, 7) andN(6,4) form a quadrilateral. 

(a) Show that ON== LM. (b) Show that ON is parallel to LM. 

(c) Show that OM== LN. (d) What shape is OLMN? 

19 Theverticesofaquadrilateral PQRS are P(l,2),Q(7,0),R(6,-4) andS(-3,-1). 

·ca) Find the gradient of each side of the quadrilateral. 

(b) What type of quadrilateral is PQRS? \~~--

\".• 

20 The vertices of a quadrilateral are T(3,2), U(2,5), V(8, 7) and W(6,1). The mid-points of 
UV and VW are M and N respectively. Show that the triangle TMN is isnsceles. 

21 The vertices of a quadrilateral DEFG are D(3,-2), E(0,-3), F(-2,3) and G(4,1). 

(a) Find the length of each side of the quadrilateral. 

(b) What type of quadrilateral is DEFG? /A. ite. 

22 The points A(2,1), B(6,10) and C(lO,l) form an isosceles triangle with AB and BC of 
equal length. The point G is ( 6, 4). 

(a) Write down the coordinates of M, the mid-point of AC. 

(b) Show that BG== 2GM and that BGM is a straight line. 

(c) Write down the coordinates of N, the mid-point of BC. 

(d) Show that AGN is a straight l.ine and that AG== 2GN. 

I 

~i&ifiN2!li'&t.tl"l"f~@Wl.l!i't&\~.~~ill?~'llf£.m.~~;-z,'.:-;:_~~:;;'.'::.Ji.L'..'5;7-\'~~~--"".'.'.~·,'!:l·7:~~~-:~7~;.~<.·~:::."1'.:=':~;:g.T.;WJ~ 
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8 PuREMATHEMATICS 1 

1.4 What is meant by the equation of a straight line or of a curve? 

How can you tell whether or not the points (3, 7) and (1,5) lie on the curve y = 3x2 + 2? 
The answer is to substitute the coordinates of the points into the equation and see 
whether they fit; that is, whether the equation is satisfied by the coordinates of the point. 

For (3, 7): the right side is 3 x 32 + 2 = 29 and the left side is 7, so the equation is not 
satisfied. The point (3J) does not lie on the curve y = 3x2 + 2. . .. 

For (1,5): the right side is 3x12 + 2 = 5 and the left side is 5, so the equation is 
satisfied. The point (1,5) lies on the curve y = 3x2 + 2. 

The equation of a line or curve is a rule for determining whether 
or not the point with coordinates (x,y) lies on the line or curve. 

This is an important way of thinking about the equation of a line or curve. 

1.5 The equation of a line 

Example 1.5.1 
Find the equation of the line with gradient 2 which passes 
through the point (2, 1). 

Fig. 1.9 shows the line of gradient 2 through 
A(2,l), with another point P(x,y) lying on it. 
Plies on the line if (and only if) the gradient of AP 
is 2. 

The gradient of AP is y - l . Equating this to 2 gives 
_ 1 x-2 

_Y_ = 2, which is y - l = 2x - 4, or y = 2x - 3. 
x-2 

In the general case, you need to find the equation of the 
line with gradient m through the point A with coordinates 
( x1 ,y1) . Fig. 1.10 shows this line and another point P with 

coordinates (x,y) on it. The gradient of AP is y- Yi . 
x-x1 

Equatingtomgives y-y1 =m,or y-y1 =m(x-x1). 
x-x1 

'!'''t''i'~·iE?CT~~~~ 

Notice that the coordinates of A( x1 ,y1) satisfy this equation. 

y 

y 

gradient 2 

Fig. 1.9 

gradientm 

P(x,y) 

Fig. 1.10 

.-· 

x 

x 



CHAPTER 1: COORDINATES, POINTS AND LINES 

Example 1.5.2 
Find the equation of the line through the point (-2,3) with gradient -1. 

Using the equation y - Yi = m( x ~Xi) gives the equation y - 3 = -1( x - (-2)) , which 
is y - 3 = - x - 2 or y = -x + 1. As a check, substitute the coordinates (-2, 3) into both 
sides of the equation, to make sure that the given point does actually lie on the line. 

Example 1.5.3 
Find the equation of the line joining the points (3,4) and (-1,2). 

To find this equation, first find the gradient of the line joining (3,4) to (-1,2). 
Then you can use the equation y- Yi = m(x - xi). 

Thegradientofthelinejoining (3,4) to (-1,2) is~= - 2
4 =-}. 

(-1)-3 -

The equation of the line through (3, 4) with gradient 1 is y - 4 =-} (x - 3). After 

multiplying out and simplifying you get 2 y - 8 = x - 3, or 2 y = x + 5 . 

Check this equation mentally by substituting the coordinates of the other point. 

1.6 Recognising the equation of a line 

The answers to Examples 1.5.1-1.5.3 can all be written in the form y = mx + c, where 
m and c are numbers. 

It is easy to show that any equation of this form is the equation of a straight line. If 
y = mx + c, then y - c = m( x - 0) , or 

Y-c 
- =m 

x-0 
(except when x = 0). 

This equation tells you that, for all points (x,y) whose coordinates satisfy the equation, the 
line joining (O,c) to (x,y) has gradient m. That is, (x,y) lies on the line through (O,c) 
with gradient m. 

The point (O,c) lies on the y-axis. The number c is called they-intercept of the line. 

To find the x-intercept, put y = 0 it~-the equation, which gives x = - ~.But notice that 
m 

you can't do this division if m = 0. In that case Y 

the line is parallel to the x-axis, so there is no x -
intercept. 

When m = 0 , all the points on the line have 
coordinates of the form (something,c). Thus the 
points (1,2), (-1,2), (5,2), ... all lie on the 
straight line y = 2, shown in Fig. 1.11. As a 
special case, the x-axis,has equation y = 0. 

(-f.2) I (1.2 l 

The straight line 
y=2 

(5,2) 

x 

Fig. 1.1! 

9 
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10 PURE MATHEMATICS 1 

Similarly, a straight line parallel to the y-axis 
has an equation of the form x = k . All points 
on it have coordinates ( k, something) . Thus the 
points (3,0), (3,2), (3,4) ,. .. all lie on the line 
x = 3, shown in Fig. 1.12. The y-axis itself 
has equation x = 0 . 

The line x = k does not have a gradient; its 
gradient is undefined. Its equation cannot be 
written in the form y = mx + c . 

1.7 The equation ax+ by+ c = 0 

y 

(3,4) 

(3,2) 

(3,0) 

The straight line 
x=3 

Fig. 1.12 

x 

Suppose you have the equation y = 1 x + 4. It is natural to multiply by 3 to get 
3y = 2x + 4, which can be rearranged to get 2x - 3y + 4 = 0 . This equation is in the 
form ax+ by+ c = 0 where a, b and c are constants. 

Notice that the straight lines y = mx + c and ax +by+ c == 0 both contain the letter c, 
but it doesn't have the same meaning. For y = mx + c, c is the y-intercept, but there is 

no similar meaning for the c in ax + by+ c = 0 . 

A simple way to find the gradient of ax + by -i- c = 0 is to rearrange it into the form 
y = .... Here are some examples. 

Example 1.7.1 
Find the gradient of the line 2x + 3y - 4 = 0 . 

Write this equation in the form y = ... , and then use the fact that the straight line 

y = mx + c has gradient m. 

From 2x + 3y - 4 = 0 you find that 3y = -2x + 4 and y = -ix+ 4 . Therefore, 

comparing this equation with y = mx + c , the gradient is - j. 

Example 1.7.2 
One side of a parallelogram lies along the straight line with equation 3x - 4 y - 7 = 0. 
The point (2,3) is a vertex of the parallelogram. Find the equation of one other side. 

The line 3x - 4y- 7 = 0 is the same as y = tx - ~,so its gradient is t. The line 

through (2,3) with gradient tis y-3=~(x-2),or 3x-4y+6=0. 

1.8 The point of intersection of two lines 
Suppose that you have two lines with equations 2x - y = 4 and 3x + 2y = -1. How do 
you find the coordinates of the point of intersection of these lines? 

You want the point (x,y) which lies on both lines, so the coordinates (x,y) satisfy both 
equations. Therefore you need to solve the equations simultaneously. 



CHAPTER 1: COORDINATES, POINTS AND LINES 

From these two equations, you find x = 1, y = -2, so the point of intersection is (1,-2). 

This argument applies to straight lines with any equations provided they are not parallel. 
To find points of intersection, solve the equations simultaneously. The method can also 
be used to find the points of intersection of two curves. 

Exercise lB 

1 Test whether the given point lies on the straight line (or curve) with the given equation. 

(a) (1,2) ony = 5x-3 (b) (3,-2) on y = 3x - 7 

(c) (3,-4) on x2 + y2 = 25 (d) (2,2) on 3x2 + y2 = 40 

(e) ( 1 1 l) on y = x + 2 
' 2 3x-1 

(f) (5p,~)ony=~ 
(g) (p,(p-1) 2+1)on y=x2 -2x+2 (h) (t2 ,2t) on y2 = 4x 

11 

2 Find the equations of the straight lines through the given points with the gradients shown. 
Your final answers should not contain any fractions. 

(a) (2,3), gradient 5 (b) (1,-2),gradient -3 

(c) (0,4), gradient! (d) (-2,1), gradient-~ 

(e) (0,0), gradient - 3 (f) (3,8), gradient 0 

(g) (-5,-1), gradient-~ (h) (-3,0), gradient ! 

(i) (-3,-1), gradient i U) (3,4), gradient -! 
(k) (2,-1), gradient -2 (1) (-2,-5), gradient 3 

(m) (0,-4), gradient 7 (n) (0,2), gradient -1 

(o) (3,-2), gradient-~ (p) (3,0),gradient -~ 

(q) (d,O), gradient 7 (r) (0,4), gradient m 

(s) (O,c), gradient 3 (t) (c,O), gradient 

3 Find the equations of the lines joining the following pairs of poin. 1e your final 
answer without fractions and in one of the forms y = mx + c or ax -, .., y + c = 0. 

(a) (1,4) and (3,10) (b) (4,5) and (-2,-7) 

(c) (3,2) and (0,4) (d) (3,7) and (3,12) 

(e) (10,-3) and (-5,-12) (f) (3,-1) and (-4,20) 

(g) (2,-3) and (11,-3) (h) (2,0) and (5,-1) 

(i) (-4,2) and (-1,-3) U) (-2,-1) and (5,-3) 

(k) (-3,4)and(-3,9) (1) (-1,0) and (0,-1) 

(m) (2, 7) and (3,10) (n) (-5,4) and (-2,-1) 

(o) (0,0) and (5,-3) (p) (0,0) and (p,q) 

(q) (p,q) and (p + 3,q -1) (r) (p,-q) and (p,q) 

(s) (p,q) and (p + 2,q+ 2) (t) (p,O) and (O,q) 
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4 Find the gradients of the following lines. 

(a) 2x+ y = 7 (b) 3x-4y = 8 (c) 5x + 2y = -3 

(d) y = 5 (e) 3x - 2y = -4 (f) 5x=7 

(g) x+ y =-3 (h) y=3(x+4) (i) 7-x= 2y 

(j) 3(y-4) = 7x (k) y = m(x -d) (1) px+qy = pq 

5 Find the equation of the line through ( -2, 1) parallel to y = ! x - 3. 

6 Find the equation of the line through ( 4, - 3) parallel to y + 2x = 7. 

7 Find the equation of the line through (1,2) parallelto the line joining (3,-1) and (-5,2). 

8 Find the equation of the line through (3,9) parallel to the line joining (-3,2) and (2, -3). 

9 Find the equation of the line through (1, 7) parallel to the x-axis. 

10 Find the equation of the line through ( d, 0) parallel to y = mx + c. 

11 Find the points of intersection of the following pairs of straight lines. 

(a) 3x-t4y=33, 2y=x-l (b) y=3x+l, y=4x-l 

(c) 2y=7x, 3x-2y=l (d) y=3x+8, y=-2x-7 

(e) x +Sy= 22, 3x+ 2y = 14 (f) 2x+7y=47, 5x+4y=50 

(g) 2x+3y=7, 6x+9y=ll (h) 3x+y=5, x+3y=-l 

(i) y=2x+3, 4x-2y=-6 (j) ax +by = c, y = 2ax 

(k) y=mx+c, y=-mx+d (1) ax-by=l, y=x 

12 Let P, with coordinates (p,q), be a fixed point on the 'curve' with equation y = mx + c 
and let Q, with coordinates (r,s), be any other point on y = mx + c. Use the fact that the 
coordinates of P and Q satisfy the equationy = mx + c to show that the gradient of PQ ism 
for all positions of Q. 

13 There are some values of a, b and c for which the equation ax+ by+ c = 0 does not 
represent a straight line. Give an example of such values . 

. ':-'-- ~:; ;,·~··:~7"'..~:'.rnjf7_~r,·~±'J,~"!7~7..:11t1'"~~;'[,~~>l't'--~"fJ;~~f,"-~~~ff'¥"¥'Witt*WtTi!f"W'* &M"l!#iftliW!riWilii.m~~Zl 

1.9 The gradients of perpendicular lines 

In Section 1.3 it is stated that two lines are parallel if they have 
the same gradient. But what can you say about the gradients of 
two lines which are perpendicular? 

Firstly, if a line has a positive gradient, then the perpendicular 
line has a negative gradient, and vice versa. But you can be more 
exact.than this. 

In Fig. 1.13, if the gradient of PB is m, you can draw a 'gradient 
triangle' PAB in which P1 is one unit and AB is m units. Fig. 1.13 
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In Fig 1.14, the gradient triangle PAB has been 
rotated through a right-angle to PA'B', so that 
PB' is perpendicular to PB. They-step for 
PA'B' is 1 and thex-step is -m, so 

gradient of PB' = y-step = _l_ - 1 
x-step -m - -; 

Therefore the gradient of the line perpendicular to PB is _ _!_. 
m 

Fig. 1.14 

Thus if the gradients of the two perpendicular lines are m1 and m2 , then m1 m2 = -1 . It 
is also true that if two lines have gradients m1 and m2 , and if m1 m2 = -1 , then the lines 
are perpendicular. To prove this, see Miscellaneous exercise 1 Question 22. 

Two lines with gradients m1 and m2 are perpendicular if 

m1m2 =-1, or- m1 =--, 
mz 

1 
or mz = - m

1 

Notice that the condition does not work ifthe lines are parallel to the axes. However, 
you can see that a line x = constant is perpendicular. to one of the form y = constant. 

Example 1.9 .1 
Show that the points (0,-5), (-1,2), (4,7) and (5,0) form a rhombus. 

You could tackle this question in several ways. This solution shows that the points form a 

parallelogram, and then that its diagonals are perpendicular. 

The mid-points of the diagonals are (! (0 + 4),!(-5 + 7)), or (2,1), and 

(!((-1) + 5),! (2 + 0)), or (2,1). As these are the same point, the quadrilateral is a 

parallelogram. 

7 - (-5) 12 0 - 2 -2 1 
The gradients of the diagonals are --- = 4 = 3 and ---= - = - 3 . As 

. . 4-0 5-(-1) 6 
the product of the gradients is -1, the diagonals are perpendicular. Therefore the 
parallelogram is a rhombus. 

Example 1.9.2 
Find the coordinates of the foot of the perpendicular from A(-2, -4) to the line joining 
B(0,2) and C(-1,4). 

Always draw a diagram, like Fig. 1. 15; it need not be to scale. The foot of the 

perpendicular is the point of intersection, P, of BC and the line through A 

perpendicular to BC. First find the gradient of BC and its equation. 

13 
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14 PuREMATHEMATICS 1 

The gradient of BC is 
4

-
2 

= ~ =-2. 
-1-0 -1 

The equation of BC is y - 2 = -2(x - 0), 
which simplifies to 2x + y = 2 . 

The gradient of the line through A 

perpendicular to BC is - _!__ = i . 
-2 

The equation of this line is 

y-(-4)=i(x-(-2)), 

or x-2y=6. 

These lines meet at the point P, whose 
coordinates satisfy the simultaneous 
equations 2x + y = 2 and x - 2 y = 6 . 
This is the point (2,-2). 

Exercise lC 

x 

Fig. 1.15 

1 In each part write down the gradient of a line which is perpendicular to one with the given 
gradient. 

(a) 2 (b) -3 (c) l 
4 (d) -% 

(e) -1 (f) 11 
1 

(h) m (g) --4 m 
(i) 

p 
U) 0 (k) -m (1) 

a 
b-c q 

2 In each part find the equation of the line through the given point which is perpendicular to 
the given line. Write your final answer so that it doesn't contain fractions. 

(a) (2,3), y = 4x+3 (b) {-3,1)' y=-ix+3 

(c) (2,-5), y =-5x-2 (d) (7,-4), y=2i 

(e) (-1,4), 2x+3y=8 (f) (4,3)' 3x-5y=8 

(g) (5,-3), 2x=3 (h) (0,3)' y = 2x-l 

(i) (0,0), y=mx+c U) (a,b), y=mx+c 

(k) (c,d), ny-x = p (1) (-1,-2)' ax+by=c 

.;. 3 Find the equation of the line through the point (-2,5) which is perpendicular to the line 
y = 3x + 1 . Find also the point of intersection of the two lines. 

4 Find the equation of the line through the point (1, 1) which is perpendicular to the line 
2x - 3y = 12. Find also the point of intersection of the two lines. 

5 A line through a vertex of a triangle which is perpendicular to the opposite side is called an 
altitude. Find the equation of the altitude through the vertex A of the triangle ABC where A 
is the point (2,3),Bis (1,-7) andCis (4,-1). 
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6 P(2,5), Q(l2,5) andR(8,-7) form a triangle. 

(a) Find the equations of the altitudes (see Question 5) through (i) Rand (ii) Q. 

(b) Find the point of intersection of these altitudes. 

(c) Show that the altitude through Palso passes through this point. 

Miscellaneous exercise 1 

1 Show that the triangle formed by the points (-2,5), (1,3) and (5, 9) is right-angled. 

2 Find the coordinates of the point where the lines 2x + y = 3 and 3x +Sy - l = 0 meet. 

3 A triangle is formed by the points A(-1,3), B(5, 7) and C(0,8). 

(a) Show that the angle ACB is a right angle. 

(b) Find the coordinates of the point where the line through B parallel to AC cuts the 
x-axis. 

4 A(7,2) and C(l,4) are two vertices of a square ABCD. 

(a) Find the equation of the diagonal BD. 

(b) Find the coordinates of B and of D. 

S A quadrilateral ABCD is formed by the points A(-3,2), B(4,3), C(9,-2) and D(2,-3). 

(a) Show that all four sides are equal in length. 

(b) Show that ABCD is not a square. 

6 Pis the point (7,5) and l1 is the line with equation 3x + 4y = 16. 

(a) Find the equation of the line l2 which passes through P and is perpendicular to 11• 

(b) Find the point of intersection of the lines 11 and l2 • 

( c) Find the perpendicular distance of P from the line 11 • 

7 Prove that the triangle with vertices (-2,8), (3,20) and (11,8) is isosceles. Find its area. 

8 The three straight lines y = x, 1y = 2x and 4x + y = 60 form a triangle. Find the 
coordinates of its vertices. 

9 Find the equation of the line through (1,3) which is parallel to 2x + 1y = 5. Give your 
answer in the form ax + by = c. 

10 Find the equation of the perpendicular bisector of the line joining (2,-5) and (-4,3). 

11 The points A(l,2), B(3,5), C(6,6) and D form a parallelogram. Find the coordinates of 
the mid-point of AC. Use your answer to find the coordinates of D. 

12 The point P is the foot of the perpendicular from the point A( 0, 3) to the line y = 3x. 

(a) Fin~ th~ equation of the line AP. 

(b) Find the coorciinates of the point P. 

(c) Find the perpendicular distance of A from the line y = 3x. 

\.A 

\ 
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13 Points which lie on the same straight line are called collinear. Show that the points (-1,3), 
(4,7) and (-11,-5) are collinear. 

14 Find the equation of the straight line that passes through the points (3,-1) and (-2,2), 
giving your answer in the form ax + by+ c = 0. Hence find the coordinates of the point of 
intersection of the line and the x-axis. (OCR) 

15 The coordinates of the points A and B are (3,2) and ( 4, -5) respectively. Find the 
coordinates of the mid-point of AB, and the gradient of AB. 

Hence find the equation of the perpendicular bisector of AB, giving your answer in the 
form ax+ by+ c = 0, where a, band care integers. (OCR) 

16 The curve y = 1 + -
1

- crosses the x-axis at the point A and the y-axis at.the point B. 
2+x 

(a) Calculate the coordinates of A and of B. 

(b) Find the equation of the line AB. 

( c) Calculate the coordinates of the point: of intersection of the line AB and the line 
with equation 3y = 4x. (OCR) 

17 The straight line p passes through the point (10,1) and is perpendicular to the liner with 
equation 2x + y = 1. Find the equation of p. 

Find also the coordinates of the point of intersection of p and r, and deduce the 
perpendicular distance from the point (10,1) to the liner. (OCR) 

18 Show by calculation that the points P(O, 7), Q(6,5), R(5,2) and S(-1,4) are the vertices of 
a rectangle. 

19 The line 3x - 4 y = 8 meets the y-axis at A. The point Chas coordinates (-2, 9). The line 
through C perpendicular to 3x - 4 y = 8 meets it at B. Calculate the area of the triangle 
ABC. 

20 The points A(-3,-4) and C(5,4) are the ends of the diagonal of a rhombus ABCD. 

(a) Find the equation of the diagonal BD. 

(b) Given that the side BC has gradient ~, find the coordinates of B and hence of D. 

21 Find the equations of the medians (see Exercise lA Question 13) of the triangle with 
vertices (0,2), (6,0) and (4,4). Show thatthe medians are concurrent (all pass through the 
same point). 

22 Two lines have equations y=m1x+c1 and y=m2x+c2 ,and m1m2 =-1.Provethatthe 
lines are perpendicular. 

2:'~~21:r.;":?:'!~~;:;o:._7;y;;.-3::/-'.J_.! ,.;::~~-':,_"..'..:.-!:::!.Z:-.:;.c;t;~::i_~~:;I.;:;~~~~:w;:..r~;::-r,R2~-~"1:":::t:.ti;::~-~~l'#'""~<l~~ax:r~~tr-~~ill.~~ 
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2 Surds and indices 

The first part of this chapter is about expressions involving square and cube roots. The 
second part is about index notation. When you have completed it, you should 

• be able to simplify expressions involving square1 cube and other roots 
• know the rules of indices 
• know the meaning of negative, zero .and fractional indices 
• be able to simplify expressions involving indices. 

2.1 Different kinds of number 

At first numbers were used only for counting', and 1, 2, 3, ... were all that was needed. 
These are natural numbers, or positive integers. 

Then it was found that numbers could also be useftil for measurement and in commerce. 
For these purposes fractions were also needed. Integers and fractions together make up 

the rational numbers. These are numbers which can be expressed in the form ~ where 
p and q are integers, and q is not 0. 

One of the most remarkable discoveries of the ancient Greek mathematicians was that 
there are numbers which cannot be expressed in this way. These are called irrational 
numbers. The first such number to be found was '12 , which is the length of the 
diagonal of a square with side 1 unit, by Pythagoras' theorem. The argument that the 
Greeks used to prove that '12 cannot be expressed as a fraction can be adapted to show 
that the square root, cube root, ... of any positive integer is either an integer or an 
irrational number. Many other numbers are now known to be jrrational, of which the 
most well known is n. 

Rational and irrational numbers together make up the real numbers. Integers, rational 
and irrational numbers, and real numbers can be either positive, negative or zero. 

When rational numbers are written as decimals, they either come to a stop after a 
number of places, or the sequence of decimal digits eventually starts repeating in a 
regular pattern. For example, 

1'6 = 0.7, 1
7
1 = 0.6363 .. ., ;; = 0.5833 ... , ?3 = 0.538 461538 46153 .. ., 

l~ = 0.5, ?s = 0.466 .. ., ?6 = 0.4375, ?7 = 0.411 764 705 882 352 941176 ... 

The reverse is also true: if a decimal number stops or repeats indefinitely then it is a 
rational number. So if an irrational number is written as a decimal, the pattern of the 
decimal digits never repeats however long you continue the calculation. 

J 
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2.2 Surds and their properties 

When you met expressions such as ..J2, ,JS and -!Ji before, it is likely that you used a 
calculator to express them in decimal form. You might have written 

..J2=1.414 ... or ..J2=1.414 correct to 3 decimal places or -.fi"' 1.414. 

Why is the statement •..J2=1.414 'incorrect? 

Expressions like ..J2 or V9 are called surds. This section is about calculating with surds. 
You need to remember that Fx always means the positive square root of x (or zero 
when x = 0). 

The main properties of surds that you will use are: 

,JXY = Fx x{Y and ~- Fx 
~y- fY. 

You can see that as ( Fx x JY) x (-JX x JY) = (-JX x -JX) x ( fY x fY) = x x y = xy , and 

as Fx x JY is positive, it is the square root of xy. Therefore ,JXY = Fx x JY. Similar 

. '11 . . th ~ -JX reasomng wr convmce you at ~ y = {Y . 

The following examples illustrate these properties: 

..J8 = .J 4 x 2 = .J4 x -J2 = 2-12; 

.../18 x -J2 = .J1s x 2 = .../36 = 6; 

../12 = .V4x 3 = .J4 x -J3 = 2-J3· . , 

11 =fi=~= 3 · 
It is well worth checking some or all of the calculations above on your calculator. 

Example 2.2.1 
Simplify (a) -fi8 +-163, (b) -15 x -JiO. 

Alternative methods of solution may be possible, as in part (b). 

(a) -fi8 +-163 = ( .J4 x -ft)+ (-J9 x -ft)= 2-!7 + 3-ft. = 5-fi. 
'I ' 

(b) Method 1 -15x-JiO=-J5x10 = -J"5Q = -J25 x 2 = 5-.fi. 

Method 2 -15 x -JiO = -15 x (-15 x -.fi) = (-15 x -15) x -.fi = 5-.fi . 

It is sometimes useful to be able to remove a surd from the denominator of a fraction 
1 . . . . . · ~ lx-12 -J2 

such as ~ . You can do this by multrplymg top and bottom by -v 2 : r;: r;: = -
-v2 · -v2x-v2 2 

\\ 
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R~sults which it is often helpful to use are: 

x r d' . 1 1 fX r = -vx, an its rec1proca r = -· - . 
-vx -vx x 

Removing the surd from the denominator is called rationalising the denominator. 

Example 2.2.2 
Rationalise the denominator in the expressions 

6 3x2 2 
(a) -fi = -fi = 3 x -fi = 3-fi. 

3-fi 3 x -fi 3 3-JS 
(b) ..J10 = -JS x -fi = -JS = -5-

6 
(a) -fi' 

3-fi 
(b) ..JiO . 

Similar rules to those for square roots also apply to cube roots and higher roots. 

Example 2.2.3 
Simplify (a) Zli6, (b) ifi"2 x m. 

(a) Zl16 = Vs x 2 =Vs x Vi = 2 x Vi. 

Cb) ifi2 xm = V12x1s = Vii6 = 6. 

Example 2.2.4 
Fig. 2.1 shows the vertical cross-section of a roof of a 
building as a right-angled triangle ABC, with AB= 15 m. 
The height of the roof, BD, is 10 m. Calculate x and y. 

•IS m 

zm 
,A 

19 '', 

B 

~ 
ym 

\ 
7c Starting with triangle ADB, by Pythagoras' theorem 

z2 + 102 = 152
, so z2 = 225 -100 = 125 and 

+----- x m -----

z =-Jill= .)25 x 5 = 5-JS. 

Now notice that the triangles ADB andABC are 
similar. You can see the similarity more clearly by 
flipping,triangle ADB over to make the side AB 

horizontal, as in Fig. 2.2. The sides of triangles ADB 

and ABC must therefore be in the same proportion, so 

~ = .1_ = 15. Since 15 = ~ = l_ = 3-JS 
15 10 z z 5-JS -JS 5 ' 

3-JS . . 3-JS 
x = 15 x - = 9-15 and y = 10 x - = 6-15 . 

5 5 

Fig. '2.1 

D 

D 
A I5m B 

Fig.2.2 

Use Pythagoras' theorem in triangle ABC to check that x 2 = 152. + y2. · 
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[g',.~~f~~~~?~f'!~~,J&~ir>'tiiiif~if,~ Exercise 2A ~~)l,~~~~~~~ 

1 Simplify the following without using a calculator. 

(a) -J3 x-!3 (b) -JiO x -JiO (c) -Jl6 x -Jl6 (d) -18 xf2 
(e) m x~ (f) -J3 x-!12 (g) s-!3 x-!3 (h) 2-JS x 3-JS 

(i) 3-J6 x 4-16 U) 2-fiQ x 3-JS (k) (2'17)2 
(I) (3-!3)2 

(m) VS xVS xVS (n) (2V3}4 (o) (2Vi)6 (p) Vi2s x if5 

2 Simplify the following without using a calculator. 

(a) -J18 (b) -fiO (c) -J24 (d) m 
(e) Ko (f) -J4s (g) -148 (h) -J50 
(i) -154 U) m (k) -Ji3s (1) J675 

\, 3 Simplify the following without using a calculator. 

I. (a) -18 + -J18 (b) -J3 +-!12 (c) -fiO - -JS ,, 
(d) m--18 (e) -J50 --JlS --18 (f) m+m 

I. (g) m + +44 + .JU (h) 8~ + 2-18 (i) 2-fiO + 3-/4s I 
I 

-152--!13 (k) 20JS + 5-fifi -148 + -J24 - ,J7s + ~ I U) (I) 

I 4 Simplify the following without using a calculator. 
'· -18 (b) m (c) Ko (d) -J50 (a) ~ -J3 -JiO ~ 

f 

(e) ~ (f) 
E4 -J3 (h) -J50 

JS -16 (g) -148 
"1200 

5 Rationalise the denominator in each of the following expressions, and simplify them. 

r 1 (b) _1 4 
(d) ~ (a) - (c) -

I 
-!3 -JS ~ -16 
11 

(f) 
2 12 

(h) ~ ! (e) .JU -18 (g) -J3 
f -fl 
i 
I -16 ~ (k) 3JS 4-f6 

I 
(i) 
~ 

U) -16 .. {3 
(I) 

JS 

(m) 7~ (n) 4~ (o) 9-J12 2.Ji8 
2-!3 -J12 2.Ji8 (p) 9-J12 

6 Simplify the following, giving each answer in the form k-J3. 

(a) ,J7s + -J12 (b) 6+-!3(4-2-!3) 12 
(c) 

13
-m 

(d) -2._+ ~ 
-J3 -16 

(e) ~ x-18 xm (f) (3--J3)(2--J3)--J3 x m 
' 7 ABCD is a rectangle in which AB= 4-JS cm and BC= -JiO cm. Giving each answer in 

simplified surd form, find 

(a) the area of the rectangle, (b) the length of the diagonal AC. 

\__ 
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8 Solve the following equations, giving each answer in the form k-fi. 

(a) x-fi = 10 (b) 2y-/i- 3=.%-+1 (c) zm -16 = z-JS - 4 

9 Express in the form k V3 
(a) Vi4, (b) VSI+V3, (c) (V3)4, (d) V3ooo -Vlli. 

10 Find the length of the third side in each of the following right-angled triangles, giving each 
answer in simplified surd form. 

M "" (b) 1M= r--z 
12=~ '"=V V"'= 

8cm 

(c) 6cm 
(d) 

~3Eom 
11 You are given that, correct to 12 decimal places, -fi6 = 5.099 019 513 593. 

(a) Find the value of -Ji04 correct to 10 decimal places. 

(b) Find the value of .J650 correct to 10 decimal places. 

(c) Find the value of ~ correct to 10 decimal places. . ~26 

12 Solve the simultaneous equations 7 x -( Tv'5')y = 9-JS and ( 2-JS)x + y = 34. 
13 Simplify the following. 

(a) (.J2-1)(.J2+1) 
(c) (-ff +-J3)(-fl - -J3) 

,,, (b) (2--J3)(2 +-J3) 
(d) (2-fi + 1)(2-fi -1) 

( e) ( 4-J3 - -fi)( 4-J3 + -fi) 
c (g) ( 4-fl - .JS)( 4-fl + .JS) 

( t) ( -v'iO + -JS)(-v'IO ~ -JS) 
(h) (2'16 - 3-J3X2'16 + 3-J3) 

14 In Question 13, every answer is an integer. Copy and complete each of the following. 

(a) (-J3-1)( )=2 (b) (-J5+1)( 
(c) ('16--fi)( )=4 (d) (2-f7+-J3)( 
(e) (.Jil+-v'W)( )=1 (t) (3-JS-2'16)( 

)=4 
)=25 

) = 21 

The examples in Questions 15 and l(i indicate a method for rationalising the 
denominator in cases which are more·complicated than those in Question 5. 

15 (a) 
. 1 1 -J3+1 1 -J3+1 

Explam why ~ = ~ x ~ and hence show that ~ = --. 
~3-1 ~3-1 ~3+1 ~3-1 2 

1 2.J2--J3 
Show that . .J2 -J3 = 2 2+ 3 5 

.,. (b) 

16 Rationalise the denominators and simplify these fractions. 

1 
(a) 2--J3 

1 
(b) 3-JS - 5 

4-J3 
(c) 2'16 + 3-fi 

~ i! ~~~¥§ biW!fMf,I ~lFTZ°' 

""-~ '1 
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22. P1JRE MATHEMATICS 1 

2.3 Working with indices 

In the 16th century, when mathematics books began to be printed, mathematicians were 
finding how to solve cubic and quartic equations. They found it was more economical to 
write and to print the products xxx and xx.xx as x3 and x 4

. 

This is how index notation started. But it turned out to be much more than a convenient 
shorthand. The new notation led to important mathematical discoveries, and mathematics 
as it is today would be inconceivable without index notation. 

You will already have used simple examples of this notation. In general, the symbol am 
stands for the result of multiplying m as together: 

m of these 

am = a x a x a x . . . x a. 

The number a is called the base, and the number mis the index (plural 'indices'). Notice 
that, although a can be any kind of number, m must be a positive integer. Another way of 
describing this is 'a raised to the mth power', or more shortly 'a to the power m'. 
Expressions in index notation can often be simplified by using a few siinple rules. 

One of these is the multiplication rule, 

m of these n of these m + n of these 
m n ,--------A----- ,--------A----- ,--------A----- m+n 

a xa =axax ... xaxaxax ... xa=axax ... xa=a 

This is used, for example, in finding the volume of a cube of side a: 

volume= base area x height= a 2 x a= a 2 x a1 = a 2
+

1 = a 3
. 

Closely linked with this is the division rule, 

m of.these n of these 

am +an =(axax ... xa)+(axax ... xa) 

m-n of these 
,.--A------, 

=ax ax . : . x a (since n of the as cancel out) 

= am-n, provided that m > n. 

Another rule is the power-on-power rule, 

n of these brackets 

m of these m of these m of these 

( m )n ,--------A----- ,--------A----- ~ 
a =axax ... xaxaxax ... xax ... xaxax ... xa 

mxn of these 
,--------A----- mxn 

=axax ... xa=a 

One further rule, the factor rule, has two bases but just one index: 

m of these brackets m of these m of these 
m · ----"--------, ,....---"----- ,....---"----- m m 

(axb) =(axb)x(axb)x ... x(axb)..=axax ... xaxbxbx ... xb=a xb . 
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In explaining these rules multiplication signs have been used. But, as in other parts of algebra, 
they are usually omitted if there is no ambiguity. For completeness, here are the rules again. 

Multiplication rule: am x an =am+n 

Division rule: 

Power-on-power rule: 

am +an = am-n, provided that m > n 

(am)n = amxn 

Factor rule: (axbr =am xbm 

Example 2.3.1 
Simplify (2a2b)3 +(4a4b). 

(2a 2b) 3 +(4a 4b) =(23(a 2
)
3b3) + (4a 4b) 

= (8a 2
x
3b3) + ( 4a4b) 

=(8+4)x(a6 +a4)x(b3 +b1
) 

= 2a6-4b3-I 

= 2a 2b2
. 

2.4 Zero and negative indices 

factor rule 

power-on-power rule 

rearranging 

division rule 

The definition of am in Section 2.3, as the result of multiplying mas together, makes 
no sense if mis zero or a negative integer. You can't multiply -3 as or 0 as together. 
But extending the meaning of am when the index is zero or negative is possible, and 
useful, since it turns out that the rules still work with such index values. 

Look at this sequence: 25 = 32, 24 =16, 23 = 8, 22 = 4, .... 

On the left sides, the base is always 2, and the indices go down by 1 at each step. On the 
right, the numbers are halved at each step. So you might continue the process 

22 = 4 21 = 2 20 = 1 2-l = l 2-2 = l 2-3 = l ' ' ' 2' 4' 8' ... 

and you can go on like this indefinitely. Now compare 

21 = 2 with T 1 = l 22 = 4 Wt.th T 2 = l 23 = 8 With T 3 = l 2, 4' 8. 

It looks as if rm should be defined as 2~ 'with the special value in the middle 2° = 1. 

This observation, extended to any base a (except 0), and any positive integer m, gives 
the negative power rule. 

Negative power rule: a-m=_l_ 
am 

and a0 =1. 
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24 PuRE MATIIEMATICS 1 

Here are some examples to show that, with these definitions, the rules established in 
Section 2.3 for positive indices still work with negativ~ indices. Try making up other 
examples for yourself. 

Multiplication rule: 

Power-on-power rule: 

Factor rule: 

Example 2.4.1 

1 1 3 -7 - 3x-----a xa -a 7 - 1 3 
a a +a 

a 7-3 

1 = a4 = a-4 = a3+(-7) 

using the division rule 
for positive indices 

)

-3 1 1 
(a-2t3 =(:2 = (1/a2)3=1/(a2)3 

1 
-1/a6 

= a6 = a{-2)x(-3) 

(abt3 = _1_ - 1 
(ab)3 - a3b3 

1 1 
=3X3=a-3b-3 

a b 

using the power-on-power 
rule for positive indices 

usi~ the factor rule 
fc)r positive indices 

If a = 5, find the value of 4a -2 . 

The important thing to notice is that the index -2 goes only with the a and not 

with the 4. So 4a-2 means 4 x-1z. When a= 5, 4a-2 = 4 x __!__ = 0.16. 
a 25 

Example 2.4.2 
Simplify (a) 4a2b x (3ab-1 t 2

, (
MLr

2
). (LT-

1
) (b) --2 - ~ -- . 

L L 

(a) Method 1 Tum everything into positive indices. 

4a2bx(3ab-1t 2 =4a2bx 
1 

2 =4a2bx 2

1 
/ 2 =4a2bx b

2

2 (3axl/b) 9a xl b 9a 

= ibl+2 = ib3 9 9 . 

Method 2 Use the rules directly with positive and negative indices. 

4a2bx (3ab-1)-2 = 4a2bx (T2a-2(b-1)-2) factor rule 

= 4a2bx (3-2a-2b2
) power-on-power rule 

= ( 4 x ; 2 ) x (a 2a-2
) x (bb2) = la0b3 = ib3. 

(b) This is an application in mechanics: M, L, T stand for dimensions of mass, 
length and time in the measurement of viscosity. Taking the brackets separately, 

(
MLT-

2 J (Lr
1J --V-- =ML1

-
2T-2 =ML-1T-2 and , L =L1

-
1T-1 =L0T-1 =T-1

, 
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so ( M~;-2) + ( L~-1) = (ML-lr2) + rl = ML-IT-2-(-1) =ML-IT-I. 

One application of negative indices is.in writing down very small numbers. You 
probably know how to write very large numbers in standard form, or scientific notation. 
For example, it is easier to write the speed of light as 3.00x108 ms-1 than as 
300 000 000 m s-1. Similarly, the wavelength ofred light, about 0.000 000 75 metres, 
is more easily appreciated written as 7 .5 x 10-'7 metres. 

Computers and calculators often give users the option to work in scientific notation, and 
if numbers become too large (or too small) to be displayed in ordinary numerical form 
they will switch into standard form, for example 3.00E8 or 7 .5E±7. The symbol E 
stands for 'exponent', which is yet another word for 'index'. You can write this in 
scientific notation by simply replacing the symbol Em by x 10m, for any integer m. 

Example 2.4.3 
2 

Calculate the universal constant of gravitation, G, from G = gR where, in SI units, 
M 

g ""9.81, R"' 6.3ix 106 and M"' 5.97x1024 . (Rand Mare the earth's radius and 

mass, and g is the acceleratiel). due to gravity at the earth's surface.) 

G"" 9.8lx(6.37x106
)
2 

= 9.81x(6.37)
2 

x(10
6

)
2 

5.97x1024 5.97 1024 

12 
""66.7 x 

10 
24 = 6.67x101 x 10-12 = 6.67x101- 12 = 6.67x10-11

. 
10 

25 

tr rn nm ~ Exercise 2B U' ®41l!!W"""'fW ?W!l!"i&& M 

1 Simplify the following expressions. 

(a) a2 x a3 x a 7 (b) (b4)2 (c) c7 +c3 

(d) d5 xd4 (e) (e5)4 (f) (x3y2 )2 

(g) 5g5 x 3g3 (h) 12h12 + 4h4 (i) (2a2)3 x(3a)2 

(j) (p2q3)2 x(pq3)3 (k) ( 4x2y )2 x (2xy3)3 (1) (6ac3)2 +(9a2c5) 

(m) (3m4n2 )3 x (2mn 2 )2 (n) ( 49r3 s2 )2 + (7rs )3 (o) (2xy2z3)2 +(2xy2z3) 

2 Simplify the following, giving each answer in the form 2n. 

(a) 211 x(25)3 (b) (23)2x(22)3 (c) 43 (d) 32 

27 x28 

(f) 
22 x23 

(g) 42 +24 (h) 2x44 +83 
(e) ~ (22)2 

3 Express each of the following as an integer or a fraction. 

(a) T3 (b) 4-2 (c) 5-l (d) r 2 

(e) 10-4 (f) i-7 (g) (!)-1 (h) (t)-3 

(i) (2!)-1 (j) T1 (k) 6-3 (1) (1~)-3 
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4 If x = 2, find the value of each of the following. 

(a) 4£'3 (b) (4xr3 (c) lx-3 
4 

(d) (±x)-3 (e) (4+xt3 (f) (x+4r3 

5 If y = 5 , find the value of each of the following. 

(a) (2yr1 (b) 2y-1 (c) (tY)-1 

(d) -!Y-1 1 
(f) 

2 
(e) (2yt1 (y-lr1 

6 Express each of the following in as simple a form as possible. 

(a) a4 x a-3 
(b) b~l (c) (c-2)3 

(d) r 1x2d (e) e-4 x e-5 (f) 
r2 

f 3 

(g) 12g3 x (2g2 t2 (h) (3h2t 2 (i) (3i-2t2 

U) (-! 1-2)-3 (k) (2x3y-I )3 (1) (p2q4r3t4 

(m) ( 4m2 t 1 x 8m3 (n) (3n-2)4 x(9nt1 (o) (2xy2t1 x(4xy)2 

(p) (5a3c-1) 2 +(2a-1c2) (q) (2q-2t2 +( ~r (r) (3x-'2y)2 +(4xyt2 

7 Solve the following equations. 

(a) 3x = ~ (b) 5Y = 1 (c) 2z X 2z-3 = 32 

(d) 73x + 7x-2 = 19 (e) 4Y X 2y = 8120 (f) 31 x 9t+3 = 272 

8 The length of each edge of a cube is 3x10-2 metres. 

(a) Find the volume of the cube. (b) Find the total surface area of the cube. 

9 An athlete runs 2x10-1 km in 7.5x10-3 hours. Find her average speed in km h-1. 

10 The volume, V m3
, of l metres of wire is given by V = rcr2l, where r metres is the radius 

of the circular cross-section. 

(a) Find the volume of 80 m of wire with radius of cross-section 2x10-3 m. 

(b) Another type of wire has radius of cross-section 5x10-3 m . What length of this 
wire has a volume of 8x10-3 m3? 

(c) Another type of wire is such that a length of 61 m has a volume of 6x10-3 m3. 
Find the radius of the cross-section. 

11 An equation which occurs in the study of waves is y = Ad . 
a 

(a) Calculate y when ').., = 7x10-7 , d = 5x10-1 and a= 8x10-4 • 

(b) Calculate ').., when y = 10-3, d = 0.6 and a= 2.7x10-4. 

35x+2 -274+3x 
12 Solve the equation - 91-x = 729 . : 

I 
I 
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2.5 Fractional indices 
In Section 2.4, you saw that the four index rules still work when m and n are integers, 
but not necessarily positive. What happens if m and n are not necessarily integers? 

If you put m = i- and n = 2 in the power-on-power rule, you find that 

x2 = x 2 =x = x. ( 
1 

)2 
1 

X2 I 

I 

Putting x2 = y , this equation becomes y2 = x, so y = --Jx or y = ---Jx, which is 
I I I 

x 2 = --Jx or -Fx. Defining x 2 to be the positive square root of x, you get x2 = --Jx. 

Similarly, if you put m = j- and n = 3 , you can show that x t = ~. More generally, by 

1 ( 1\n 1 xn putting m = - , you find that x"} = x" = x, which leads to the result n . 

El 
i r 1 3/ 

Notice that for the case x 2 = -v x , you must have x ;;;;. 0 , but for the case x 3 = 'V x you 
do not need x;;;;. 0, because you can take the cube root of a negative number. 

A slight extension of the x ~ = '.!,/x rule can show you how to deal with expressions of 
2 

the form x 3 . There are two alternatives: 

l lx2 ( 1)2 
(3/)2 1. 2x! ( 2)1 3/'2 x 3 =x3 = x 3 ·= vx and x 3 =x 3 = x 3 ='\Jx-. 

(If x has an exact cube root it is usually best to use the first form; otherwise the second 
form is better.) In general,· similar reasoning leads to the fractional power rule. 

Fractional power rule: x 'ii' = ('.!,Jxt =if?. 

Fractional powers can also be written as x1l 2
, xm/n and so on . . 

Example 2.5.1 
. 1 1 3 3 

Simplify (a) 92, (b) 32 x 32 , (c) 16-4. 

(a) 9! = ..J9 = 3. (b) 3tx3'~=3t+f=32 =9. 

(c) Method 1 16-t = (24 )-t = r3 = l .. 8. .· 

Method 2 16-~ = ~ = _i_ = ~'S.$;::-1~:.t ,, 
164 (~/16)3 23 ·' .,g',/ "'.•./(, 

r: )fH· .f;:< '., 

,,;. 

'~ -

''.•: 

/ 

27 
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There are often good alternative ways for solving problems involving indices, and you 
should try experimenting with them. Many people prefer to think with positive indices 

rather than negative ones; if you are one of them, writing 16-~ =~,as in method 2 of 
Example 2.5.l(c), makes good sense as a first step. 16

4 

Example 2.5.2 
Simplify (a) (2i)-t, 

I 5 

(b) 2x 2 x 3x - 2 , 

<a) (2tr+ =(%ft =(~)t =Ji =l 

(b) 2xt x 3x -t = 6xt-t = 6x-2 = 6
2 . x 

(c) (2x2y2 rt 
(2xy-2)! . 

(c) Method 1 
I 1 1 2 2)-- --- - so The numerator is (2x Y 
2 

= (
2

x2y2)t - 2+ xy' 

(2x2y2rt 1 1 1 y2 
~~~3~=-, -x 3 3 = 5 =-,. 
(2xy-2)2 22xy 22x2y-3 22x2y-2 4x2 

3 . 3 

Method 2 Dividing by (2xy-2)2 is equivalent to multiplying by (2xy-2r2, so 

(2x2y2)~t = (2x2y2r+(2xy-2r~ = (2-t x-ly-1 )(2-i x-iy3) = z-2 x-~y2. 
(2xy-2)2 

Notice that in part (c) the final answer has been given in different forms for the two 
methods. Which is 'simpler' is a matter of taste. 

~~:E;;~..f-~""t-::.::Zi • ~ .... ~,~i.,.,Ft:~ :-..2-~ .. ;, <';,~:::-:.. ;~~, :'.t!'. "'".;>':"1·:·1;-,; ~ ~ _ • Exercise 2C ,• ,1 ·:.~~'l,,,~=- .. ~~: .: :i ~ ~ ' ~ 

1 Evaluate the following without using a calculator. 
1. I I 

(d) 32t (a) 25 2 (b) 83 (c) 362 
1. I I I 

(e) 81 4 (f) 9-2 (g) 16-4 (h) 49-2 
I I 2 

(-12sr4 (i) 1000-3 (j) (-27)3 (k) 643 (l) 

2 Evaluate the following without using a calculator. 
1. 

(a) 4 2 (b) (t)2 (c) (t)-2 (d) 4-t 

(e) (tt+ (f) (t)+ (g) 42 (h) ((t)*)2 

3 Evaluate the following without using a calculator . 
.£ 3 3 4 

(a) 83 (b) 42 (c) 9-2 (d) 2T3 

.£ 3 
(g) 64-i (h) 424-(e) 32 5 (f) 325 

(i) 
3 

Cist4 (k) (3i)~ (2itt 10000-· (j) (l) 
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4 Simplify the following expressions. 
l 5 I 3 

(a) a3 xa3 (b) .3b2 x4b-2 (c) (6c±) x (4c)t 

(d) (d2)t +(d+)2 I I ( I 3) (e) (2x 2 y3 )
6x !x•y• 4 (f) 

I I 

(24e)' +(3e)' 

(i) 
(2x2y-'r± 

(8x-'y2r+ 

2 4 l 
(g) (Sp q )31 

I 3 I 
(h) (4m3n)4 x(8mn )2 

c2spq2r' 

5 Solve the following equations. 
I I 1 

(a) x2 = 8 (b) x3 =3 (c) x 3 = 4 
l 

(d) x 2 = 27 
_l 

(e) x 2 = 8 (f) -• x 3 =9 (g) x! = x-fi (h) x! = 2,,Jx 

6 The time, T seconds, taken by a pendulum of length l metres to complete one swing is 

given by T = 21tl+ g-+ where g"" 9.81 m s-2
. 

(a). Find the value of T for a pendulum of length 0.9 metres. 

(b) Find the length ofa pendulum which takes 3 seconds for a complete swing. 

7 The radius, r cm, of a sphere of volume V cm3 is given by r = (3v)t. Find the 
radius of a sphere of volume 1150 cm3

. 
4n 

8 Solve the following equations. 

(a) 4x =32 (b) 9Y =-tr (c) 16z = 2 (d) 100x = 1000 

(e) 8Y = 16 (f) 8z _ 1 (g) (21)3 x 4t-I :::; 16 
9Y 

- 128 (h) ~=81 
27 

29 

~~'!!~ Miscellaneous exerdse 2 m_~~ifc~~~f~f~jf~] 

1 Simplify 

(a) s(-fi +1)--fi(4-3-!2), 

(c) (-JS-2)2 +(-JS-2)(-JS +2), 

2 Simplify 

(a) m +m--J3' 
(c) -)100 000 + :J1000 + .JlO, 

3 Rationalise the denominators of the following. 

9 1 
(a) 2-J3 (b) 5-JS , 

4 Simplify 
4 4 

(a) -Ji - -JS ' 

(c) ~ (2-Ji-1)+-Ji(1--J8), 
·..;2 . 

(b) (-Ji)4 + (-J3)4 + (--14)4 ' 

(d) (2-Ji)5. 

(b) ~--Ji8, 

(d) ~ +Vi6. 

2-JS 
(c) 3-JIO 

10 
(b) -JS +-JiO, 

-JS 
(d) Jl5 

(d) 
-J6 3 Jl5 -Ji8 
-Ji + -J3 + -JS + -J6 . 

5 Exoress ~ in the form kf? where k is a rational number. 
f ~7 , I (OCR) 

·,,. 



i· 

! 

I 
t· 
I. 

~-
'\,"',·,,, 

30 PURE MATHEMATICS 1 

6 Justify the result m x .J75 = 30 

(a) using surds, (b) using fractional indices. 

7 In the diagram, angles ABC and ACD are right angles. 

Given that AB= CD= 2{6 cm and BC= 7 cm, show 

that the length of AD is between 4f°6 cm and 7.J2 cm. IS:?" 
B 

8 In the triangle PQR, Q is a right angle, PQ = ( 6- 2.J2) cm and QR= ( 6 + 2.J2) cm. 

(a) Find the area of the triangle. (b) Show that the length of PR is 2-fn cm. 

9 Simplify if36 x ~ x .fi7 by writing each factor in index notation. 

10 In the triangle ABC, AB= 4..J3 cm, BC= s..J3 cm and angle B is 60°. Use the cosine rule 
to find, in simplified surd form, the length of AC. 

11 Solve the simultaneous equations 5x - 3y = 41 and (7.J2)x + ( 4.J2)y = 82. 

12 Use the 'raise to power' key on your calculator to find, correct to 5 significant figures, 
1 5~ 

(a) -
5

, (b) -v3.7. 
3.7 

13 The coordinates of the points A and Bare (2,3) and ( 4,-3) respectively. Find the length of 
AB and the coordinates of the midpoint of AB. (OCR) 

14 (a) Find the equation of the line l through the point A(2,3) with gradient -! . 
(b) Show that the point P with coordinates (2 + 2t,3- t) will always lie on l 

whatever the value of t . 

(c) Find the values of t such that the _length AP is 5 units. 

(d) Find the value of t such that OP is perpendicular to l (where 0 is the origin). 
Hence find the length of the perpendicular from 0 to l. 

15 P and Q are the points of intersection of the line 

::+~=1 
a b 

(a>O, b>O) 

with the x- and y-axes respectively. The distance PQ is 20 and the gradient of PQ is - 3. 
Find the values of a and b. 

16 The sides of a parallelogram lie along the lines y = 2x - 4, y = 2x -13 , x + y = 5 and 
x + y = -4. Find the length of one side, and the perpendicular distance between this and 
the parallel side. HenGe find the area of the parallelogram. 

17 Evaluate the following without using a calculator. 

(a) (!)-1+(!)-2 (b) 32-4 (c) (4+rt (d) (l~)'t 

18 Express (9a4rt as an algebraic fraction in simplified form. 

l l _! 
19 By letting y = x', or otherwise, find the values of x for which x' - 2x 3 = 1. 

20 Solve the equation 4 Zx x gx-I = 32. 

(OCR) 

(OCR) 

' 
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21 Express --
1
-. in the form an, stating the value of n. 

(-Ja)' 
(OCR) 

22 Simplify 

( 1 1 (a) 4p' q-3)2, (b) (Sb)-: , 
(8b6)3 

(c) (2x6y8)+x(8x-2)t, (d) (mtnt) 2x(mint) 4x(mnr2. 

23 Given that, in standard form, 3236 "' 4x10112 , and r 376 "'4x10-180 , find approximations, 
also in standard form, for 

(a) 3316, (b) 3612, (c) (.J3)236, (d) (r376)i. 

24 The table below shows, for three of the planets in the solar systei:n, details of their mean 
distance from the sun and the time taken for one orbit round the sun. 

Planet Mean radius of orbit Period of revolution 
r metres Tseconds 

Mercury 5.8x 1010 7.6x106 

Jupiter 7.8x1011 3.7x108 

Pluto 5.9xl012 7.8x109 

(a) Show that r 3T-2 has approximately the same value for each planet in the table. 

(b) The earth takes one year for one orbit of the sun. Find the mean radius of the 
earth's orbit around the sun. 

25 Simplify 
3 1 1 3 r;;;-

(a) r 2 +2-2 + 22 + 22, giving your answer in the form k-v2, 

(b) ( .J3)-3 + ( .J3)-2 + ( .J3)-1 + ( .J3) 0 + ( .J3) 1 + ( .J3) 2 + ( .J3) 3 , giving your answer 

in the form a + b.J3 . 

26 Express each of the following in the form 2n. 
(a) 210+ 210 

(d) 2100 - 299 

(b) 2-400 + r4oo (c) 21+ 21+ 21+ 21 

(e) go.I + gO.l + gO.l + gO.l + 80.1 + g0.1 + gO.l + g0.1 

1253x 25x-2 
27 Solve the equation ~ = --.. 

5x 3125 

28 The formulae for the volume and the surface area of a sphere are V = 1 nr3 and S = 4nr2 

respectively, where r is the sphere's radius. Find expressions for 

(a) Sin terms of V, (b) V in terms of S, 

giving your answer in the form (Sor V) = 2m3nnP(Vor S)q. 

29 The kinetic energy, K joules, possessed by an object of mass m kg moving with speed 

v ms:-1 is given by the formula K = imv2
• Find the kinetic energy_ possessed by a bullet of 

mass 2.5x10-2 kg moving with speed 8x102 ms-1. 
Ml lifib!Dll\UMU i!W>MWM5"?i'mr111111Bllllliii11B 
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3 Functions and graphs 

This chapter introduces the idea of a function and investigates the graphs representing 
functions of various kinds. When you have completed it, you should 

• understand function notation, and the terms 'domain' and 'range' 
• . know the shapes of graphs of powers of x 

• know the shapes of graphs of functions of the form f( x) = ax2 +bx+ c 
• be able to suggest possible equations of such functions from their graphs 
• know how to use factors to sketch graphs 
• be able to find the point(s) of intersection of two graphs. 

If you have access to a graphic calculator or a computer with graph-plotting software, 
you can use it to check for yourself the graphs which accompany the text, and to carry 
out further research along similar lines. 

3.1 The idea of a function 

YOU are already familiar with formulae which Summarise calculations that need to be 
performed frequently, such as: 

the area of a circle with radius x metres is nx 2 square metres; 

the volume of a cube of side x metres is x 3 cubic metres; . 

the time to travel k kilometres at x kilometres per hour is !:_ hours. 
x 

You will often have used different letters from x in these formulae, such as r for radius 
or s for speed, but in this chapter x will always be used for the letter in the formula, 
and y for the quantity you want to calculate. Notice that some formulae also involve 
other letters, called constants; these might be either a number liken, which is irrational 
and cannot be written out in full, or a quantity like the distance k, which you choose for 
yourself depending on the distance you intend to travel. 

Expressions such as nx2
, x 3 and !:_ are examples of functions of x. Having chosen a 

x 
value for x, you can get a unique value of y from it. 

It is often useful to have a way of writing functions in general, rather than always having 
to refer to particular functions. The notation which is used for this is f(x) (read' f of 
x ',or sometimes just 'f x ').The letter f stands for the function itself, and x for the 
number for which you choose to evaluate it. 

If you want to refer to the value of the function when x has a particular value, say 
x = 2, then you write the value as f(2). For example, if f(x) stands for the function x 3

, 

then f(2) = 23 = 8. 

\.___ - --- ·-
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If a problem involves more than one function, you can use a different letter for each 
function. Two functions can, for example, be written as f(x) and g(x). 

Functions are not always defined by algebraic formulae. Sometimes it is easier to 

describe them in words, or to define them using a flow chart or a computer program. All 
that matters is that each value of x chosen leads to a unique value of y = f(x). 

3.2 Graphs, domain and range 

y 
You know how to draw graphs. You set up a coordinate 
system for cartesian coordinates using x- and y-axes, and 
choose a scale on each axis. 

Second 
quadrant 

(x<O,y>O) 

First 
quadrant 

(x>O,y>O) 

x 
The axes divide the plane of the paper or screen into four 
quadrants, numbered as shown in Fig. 3 .1. The first 
quadrant is in the top right comer, where x and y are both 
positive. The other quadrants then follow in order going 
anticlockwise round the origin. 

Third 
quadrant 

(x<O,y<O) 

Fourth 
quadrant 

(x>O,y<O) 

Fig. 3.1 

Example 3.2.1 
In which quadrants is xy > 0? 

If the product of two numbers is positive, either both are positive or both are 
negative. So either x > 0 and y > 0, or x < 0 and y < 0. The point (x,y) 

therefore lies in either the first or the third quadrant. 

It is often convenient to describe the direction of the y-axis as 'vertical', and the x-axis as 

'horizontal'. But of course if you are drawing the graph on a horizonta! surface like a 

table, these descriptions are not strictly accurate. 

The graph of a function f(x) is made up of all the points whose coordinates (x,y) 

satisfy the equation y = f(x). When you draw such a graph by hand, you choose a few 
values of x and work out y = f(x) for these. You then plot the points with coordinates 
(x,y), and join up these points by eye, usually with a smooth curve. If you have done 
this accurately, the coordinates of other points on the curve will also satisfy the equation 
y = f(x) . Calculators and computers make graphs in much the same way, but they can 

plot many more points much more quickly. 

When you produce a graph of y = mx + c or y = x 2 you cannot show the whole graph. 
However small the scale, and however large the screen or the paper, the graph will 

eventually spill over the edge. This is because x can be any real number, as large as you 
like in both positive and negative directions. When you have to draw a graph like this, 

the skill is to choose the values of x between which to draw the graph so that you 
include all the important features. 

You have met some functions which can't be defined for all real numbers. Examples are 

..!_,which has no meaning when x is O; and Fx, which has no meanfng when x is negative. 
x ' 

/ 
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34 PuRE MATHEMATICS 1 

Here is another example for which there is a restriction on the values of x you can choose. 

Example 3.2.2 
Draw the complete graph of f(x) = ~ 4 - x 2 

. 

You can only calculate the values of the function 

f(x) = ~ 4 - x 2 if x is between -2 and 2 inclusive. 
~ ~-~4-x2 

If x > 2 or x < -2, the value of 4 - x 2 is negative, and 
a negative number does not have a square root. 

Also y = f(x) cannot be negative (recall that square 
roots are positive ·or zero by definition) and it can't be 

greater than .J4 = 2. So the graph of f(x) = ~ 4 - x 2 
, 

shown in Fig. 3.2, lies between -2 and 2 inclusive in 

-2 

the x-direction, and between 0 and 2 inclusive in the y-direction. 

0 

Fig. 3 .2 

Even when you use a function which has a meaning for all real numbers x, you may be 
interested in it only when x is restricted in some way. For example, the formula for the 
volume of a cube is V = x 3

. Although you can calculate x 3 for any real number x, you 
would only use this formula for x > 0. 

Here is an example in which x is restricted to a finite interval. 

Example 3.2.3 
A wire of length 4 metres is cut into two pieces, and each piece is bent into a square. How 
should this be done so that the two squares together have 
(a) the smallest area, (b) the largest area? 

.2 x 

Let the two pieces have lengths x metres and +-xm-+ +-(4-x)m-+ 

( 4 - x) metres. The areas of the sq_uares in Fig. 3 .3 D D 
are then (ix )2 and (t(4-x)) 2 square metres. So 

the total area, y square metres, is given by 
side ix m side i(4-x) m 

y = /6 (x2 +(16-8x+x2
)) =Hx2 -4x+8). 

Notice that, since (x - 2) 2 = x 2 -4x + 4, this can be written as 

y = H(x:... 2)2 + 4). 

You can evaluate this expression for any real 
number x , but the problem only has meaning if 
0 < x < 4 . Fig. 3 .4 shows the graph of the area 
function for this interval. As (x - 2)2 

;;,, 0, the 
area is least when x = 2, when it is 0.5 m2

. 

From the graph it looks as if the largest area is 

y 
1 

0.75 

0.5 

0.25 

Fig. 3.3 

y= t(x2 -4x+s) 

1 m2
, when x = 0 and x = 4; but these values 

of x are excluded, since. they do not produce 
two pieces of wire. You can get areas as near to 
1 m2 as you like, but you cannot achieve this 
target. There is therefore no largest area. 

O+-~~~-....~~,..-~--.-+ 

0 2 3 4 x 

Fig. 3.4 

··:;. 



CHAPTER 3: F'uNCTIONS AND GRAPHS 

So two possible reasons why a function· f( x) might not be defined for all real numbers x are 
• the algebraic expression for f(x) may have meaning only for some x 
• only some x are relevant in the context in which the function is being used. 

The set of numbers x for which a function f(x) is defined is called the domain of the 
function. For example, the domains of the functions in Examples 3.2.2 and 3.2.3 are the 

intervals -2.;;; x.;;; 2 and 0 < x < 4. The largest possible domain of the function .!... is 
x 

all the real numbers except 0, but if the function is used in a practical problem you may 
choose a smaller domain, such as all positive real numbers.' 

Once you have decided the domain of a function f(x), you can ask what values f(x) 
can take. This set of values is called the range of the function. 

In Example 3.2.2 the range is 0.;;; y.;;; 2. In Example 3.2.3 the graph shows that the 
range is -!- .;;; y < 1. Note that the value y = -!- is attained when x = 2, but the value 

y = 1 is not attained if 0 < x < 4 . 

The function f ( x) = .!... , with domain all real numbers except 0, takes all values except 0. 
x 

35 

~~~s~~~ Exercise3A ~~~:~ 

1 Given f(x) = 2x + 5, find the values of 

(a) f(3), (b) f(O), (c) f(-4), (d) f(-2-!-)-' 

2 Given f(x) = 3x2 + 2, find the values of 

(a) f(4), (b) f(±l), (c) f(±3), (d) f(3). 

3 Given f(x) = x 2 + 4x + 3, find the values of 

(a) f(2), (b) f(t), (c) f(±l), (d) f(±3). 

4 Given g(x) = x3 and h(x) = 4x + 1, 

(a) find the value of g(2) + h(2); 

(c) show that g(S) = h(31); 

(b) find the value of 3g(-1)- 4h(-1); 

(d) find the value of h(g(2)). 

5 Given f(x) = xn and f(3) = 81, determine the value of n. 

6 Given that f(x) =ax+ b and that f(2) = 7 and f(3) = 12, find a and b. 

7 Find the largest possible domain of each of the following functions. 

(a) -JX (b) r-x (c) -Jx-4 (d) -J4-x 

(e) ~x(x - 4) (f) ~2x(x-4) (g) ~x2 -7x+12 (h) ~x3 -8 

(i) ' (j) 
1 (k) _1_ (1) 

1 
--

-Jx-2 
--

x-2 1+-JX (x-l)(x-2) 

8 The domains of these functions are the set of all positive real numbers. Find their ranges. 

(a) f(x)=2x+7 

(d) f(x) = x 2 -1 

(b) f(x)=-Sx 

(e) f(x)=(x+2) 2 -1 

(c) f(x)=3x-1 

(f) f(x) = (x -1)2 + 2 

\ 

''-, 



( 
i 

36 PURE MATHEMATICS 1 

9 Find the range of each of the following functions. All the functions are defined for all real 
values of x. 

(a) f(x)=x2 +4 

(d) f(x)=-(1-x) 2 +7 

(b) f(x)=2(x2 +5) 

(e) f(x) = 3(x + 5)2 + 2 

(c) f(x)=(x-1)2+6 

(f) f(x) = 2(x + 2)4 -1 

10 These functions are each defined for the given domain. Find their ranges. 

(a) f(x)=2xfor O.:;;x.:;;8 (b) f(x)=3-2x for -2.:;;x.:;;2 

(c) f(x)=x 2 for -1.:;;x.:;;4 (d) f(x)=x 2 for -5.:;;x.:;;-2 

11 Find the range of each of the following functions. All the functions are defined for the 
largest possible domain of values of x. 

(a) f(x) = x8 (b) f(x)=x 11 1 1 
(c) f(x) = 3 (d) f(x) = 4 x x 

(e) f(x)=x 4 +5 (f) f(x)=ix+~ (g} f(x) = ~4- x 2 (h) f(x)=vl4-x,, 

12 A piece of wire 24 cm long has the shape of a rectangle. Given that the width is w cm, 
show that the area, A cm2

, of the rectangle is given by the function A = 36 -( 6 - w )2
. Find 

the greatest possible domain and the corresponding range of this function in this context. 

13 Sketch the graph of y = x(8 - 2x )(22 - 2x) . 
Given that y cm3 is the volume of a cuboid with height 
x cm, length (22 - 2x) cm and width (8 - 2x) cm, state 
an appropriate domain for the function given above. 

/] a 
xi ~-2x) 

(22-2x) 

l,';1~I~%f;":~i\'.iiH;,'l~i: •• ~~~~"""-rn~A~~~~rn'r:~'"SR>l'.!f~~~;3 

3.3 Graphs of powers of x 

· (i) Positive integer powers 
Consider first the graphs of functions of the form f( x) = :x,.n, where n is a positive 
integer. Notice that (0,0) 'and (1,1) sati~fy the equation /= xn for all these values of n, 
so that all the graphs include the points (0,0) andf(l,1). 

First look at the graphs whe~ x is positive. Then xn is also positive, so that the graphs 
lie entirely in the first quadrant. Fig. 3.5 shows the graphs for n = 1, 2, 3 and 4 for 
values of x from 0 to somewhere beyond 1. 

y 

2 
y 

2 
y 

2 
y 
2 

y=x3 y= x4 

1 
1,1) 

0-1-""----...+ 0 
2x 2x 0 2x 0 

Fig. 3.5 

Points to notice are: 
• n = 1 is a special case: it gives the straight line y = x through the origin, which 

makes an angle of 45° with each axis. 

2x 
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• For n > 1 the x-axis is a tangent to the graphs at the origin. This is because, when 
x is small, xn is very small. For example, 0.12 = 0.01, 0.13 = 0.001, 0.14 = 0.0001. 

• For each increase in the index n , the graph stays closer to the x-axis between 
x = 0 and x = 1, but then climbs more steeply beyond x = 1. This is because 
xn+I =xx xn, so that xn+I < xn when 0<x<1 and xn+I > xn when x > 1. 

What happens when x is negative depends on whether n is odd or even. To see this, 
suppose x =-a, where a is a positive number. 

If n is even, f(-a) = (-ar =an= f(a). So the value of yon the graph is the same for 
x = -a and x = a . This means that the graph is symmetrical about the y-axis. This is 
illustrated in Fig. 3.6 for the graphs of y = x 2 and y = x 4

• Functions with the property 
that f(-a) = f(a) for all values of a are called even functions. 

y=x4 

-1 0 2x -1 0 2x 

Fig. 3.6 

37 

If n is odd, f(-a) = (-ar =-an= -f(a). The value of y for x =-a is minus the valu' 
for x =a. Note that the points with coordinates ( a,an) and (-a, -an) are symmetrically ~ 
placed on either side of the origin. This means that the whole graph is symmetrical about ' -
the origin. This is illustrated in Fig. 3.7 for the graphs of y = x and y = x 3

• Functions 
with the property that f(-a) = -f( a) for all values of a are called odd functions. 

-1 0 

(-1,-1) / 7 -1 

(ii) Negative integer powers 

2x 

y= x3 

2x 

Fig. 3.7 

You can write a negative integer n as -m, where mis a positive integer. Then xn 

becomes x -m , or x~ 

It is again simplest to begin with the part of the graph for which x is positive. Then ~ 
x 

is also positive, so the graph lies in the first quadrant. Just as when n is positive, 
the point (1,1) lies on the graph. But there is an important difference when x = 0, since 

then xm = 0 and -
1
- is not defined. So there is no point on the graph for which x = 0 . 

xm 

~-
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38 PuRE MATHEMATICS 1 

To look at this more closely, take a value of x close to 0, say 0.01. Then for n = -1 the 
corresponding value of y is O.Oi-1 

:;::: - 1-1 = 
0

1
01 

= 100; and for n = -2 it is 
0.Dl . 

0.01-2 = - 1
-

2 
= - 1- = 10 000 . Even if you use a very small scale, the graph of x n 

O.Dl 0.0001 

will disappear off the top of the page or screen as x is reduced towards zero. 

What happens if x is large? For example, take x = 100. Then for n = -1. the 

corresponding value of y is 100-1 = 1~ 1 = 
1
6

0 
= 0.01; and for n = -2 it is 

10W2 = -1z = - 1- = 0.0001. So xn becomes very small, and the graph comes very 
100 10 000 

close to the x-axis. 

Now consider the part of the graph for which x is negative. You found in (i) above that, 
for positive n, this depends on whether n is odd or even. The same is true when n is 
negative, and for the same reason. If n is even, xn is an even function and its graph is 
symmetrical about the y-axis. If n is odd, xn is an odd function and its graph is 
symmetrical about the origin. 

-5 

y 

5 

-5 

y=x-1 

5 x -5 

--------

Fig.3.8 

y 

5 

0 

-5 

y= x-2 

5 x 

All these properties are shown by the graphs of y = xn for n = -1 and n = -2 in Fig. 3 .8. 

(iii) Fractional powers 
When n is a fraction, the function xn may or may not be defined for negative values of 

l _i 1. 
x.Forexample,-x 3 (the cube root of x)and x 5 have values when x<O,but x 2 (the 

3 

square root of x) and x -, do not. Even when xn is defined for negative x, some 

calculators and computers are not programmed to do the calculation. So it is simplest to 
restrict the discussion to values of x "" 0. 

It is easy to sketch the graphs of many of these functions by comparing them with 
graphs of integer powers of x. Here are two examples. 

. 5 2 3 
The graph of y = x 2 must lie between the graphs of y = x and y = x 
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I 

The graph of __ Y =J -,., is not defined when x = 0; its graph resembles the graph of 

y = x-1 (see Fig. 3.8), but lies below it when x < 1 and above it when x > 1. 

If you are able to experiment for yourself with other fractional powers using a calculator 
or a computer, you will find that: 

• It is still true that the graph of y = xn contains the point (1,1). 
• If n is positive the graph also contains the point (0,0). 
• If n > 1 the x-axis is a tangent to the graph; if 0 < n < 1 the y-axis is a tangent. (To 

show this convincingly you may need to zoom in on a section of the graph close to 
the origin.) 

Much the most important of these graphs is that of 
y = x t , or y = ·.,Jx . The clue to finding the shape of 

I 

this graph is to note that if y = x 2 , then x = y2 
. 

The graph can therefore be obtained from that of 
y = x 2 by swapping the x- and y-axes. This has 
the effect of tipping the graph on its side, so that 
instead of facing upwards it faces to the right. 

y 

2 

0 2345678X 

Fig. 3.9 

But this is not quite the whole story. If x = y2, then either y = +Fx or y = -Fx. Since you 
want only the first of these possibilities, you must remove the part of the graph of x = y2 
below the x-axis, leaving only the part shown in Fig. 3 .9 as the graph of y = x t , or y = .,Jx . 

3.4 The modulus of a number 

Suppose that you want to find the difference between the heights of two people. With 
numerical information, the answer is straightforward: if their heights are 90 cm and 
100 cm, you would answer 10 cm; and if their heights were 100 cm and 90 cm, you 
would still answer 10 cm. But how would you answer the question if their heights were 
H cm and h cm? The answer is, it depends which is bigger: if H > h, you would 
answer ( H - h) cm; if h > H you would answer (h - H) cm; and if h = H you would 

·answer 0 cm, which is either (H - h) cm or (h- H) cm. 

Questions like this, in which you want an answer that is always positive or zero, lead to 
the idea of the modulus. 

The modulus of x , written I x I and pronounced ' mod x ' , is defined by 

lxl=x 

lxl=-x 

if x""' 0, 

ih<O . 
. , 

Using the modulus notation, you can now write the difference in heights as I H - h I 
whether H > h , h > H or h = H . 

39 
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40 PuRE MATHEMATICS 1 

Another situation in which the modulus is useful is when you 
want to talk about numbers which are large numerically, but 
which are negative, such as -1000 or -1000 000. You can 
describe these as 'negative numbers with large modulus'. 

For example, for large positive values of x, the value of _!_ 
. x 

approaches 0 . The same is true for negative values of x with 

large modulus. So you can say that, when Ix I is large, I~ I is 
close to zero; or i!n a numerical example, when Ix I > 1000; 

I~ I< 0.001. (See Fig. 3.10.) 

y~L= ~ . 
(_ 

\ 
Fig. 3.10 

Some calculators have a key which converts any number in the display to its modulus. 
This key is often labelled [ABS], which stands for 'absolute value'. 

~~r~~~;~j~~~l~~~B-1~~~ Exercise 3B ~~ 

x 

If you have access to a graphic calculator, use it to check your answers to Questions 4, 5 and 6. 

1 Sketch the graphs of 

(a) y.= x 5 , (b) y = x6", (c) y=x.10 , (d) y = x~5. 
2 Three graphs have equations (p) y=x-2, (q) y=x-3

, (r) y=x-4
. 

A line x = k meets the three graphsatpoints P, Q and R, respectively. Give the order of 
the points P, Q and R on the line (from the bottom up) when k takes the following values. 

(a) 2 (b) ! (c) -! (d) -2 

3 For what values of x are these inequalities satisfied? Sketch graphs illustrating your answers. 

(a) 0 < x-3 < 0.001 (b) x-2 < 0.0004 (c) x-4 ~ 100 (d) 8x-4 < 0.000 05 

4 Sketch the graphs of these equations for x > 0 . 
3 I I 

(a) y = x2 (b) y=x3 (c) y = -2x2 

I 4 l _l 
(d) y = 4x-• (e) y = x -, (f) y=x' -x 3 

5 Sketch these graphs, including negative values of x where appropriate. 
• 3 4 

(a) y=x' (b) y=x4 (c) y=xs 
_l 4 _l 

(d) y=x 3 (e) y = x' (f) y=x 2 

6 Draw sketch graphs with these equations. 

(a) y=x2+x-1· (b) y=x+x-2 (c) 2 · -I y=x -x 

(d) y=x-2 -x-1 (e) -2 -3 y=x -x (f) -2 y=x -x -4 

7 Of the following functions, one is even and two are odd. Determine which is which. 

(a) y=x7 (b) y=x4 +3x2 (c) y=x(x2 -l) 
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8 State the values of the following. 

(a) l-7 I 

(d) 14-91 
,, 

(b) l-26o I 
(e) ln--31 

9 Find the values of I x - x2 I when x takes the values 

(a) 2, (b) 1-· 
(d) -1, (e) 0. 

10 You are given that y = 1z. What can you say about y if 
x 

Ca) Ix I> 100, 

11 You are given that y = ~ . 
x 

(b) lxl<0.01? 

(a) What can you say about y if Ix I< 1000? 

(b) What can you say about x if I y I > 1000 ? 

(c) 19-41 
Cf) 1 n- - 4 I 

(c) 1, 

12 The number, N, of people at a football match was reported as '37 000 to the nearest 
thousand'. Write this statement as !ill inequality using the modulus sign. 

13 The mathematics marks, m and n, of two twins never differ by more than 5. Write this 
· statement as an inequality using the modulus sign. 

41 

14 A line has length x cm. You are given that Ix - 5.23 I< 0.005. How would you explain this 
in words? - ll?FF'WM¥ nzr~ - -

3.5 Graphs of the form y = ax2 +bx+ c 
.... . ·- . 

In Chapter 1, you found out how to sketch graphs of straight lines, and what the 
constants m and c mean in the equation y = mx + c . 

Exercise 3C gives you experience of plotting the graphs of functions with equations of 
the form y=ax2 +bx+c. 

If you have access to a graphic calculator, use it and do all the questions; if not, work in 
a group and share out the tasks. 

A summary of the main points appears after the exercise. 

Exercise 3C 

1 Draw, on the same set of axes, the graphs of 

(a) y=.x2 -2x+5,, (b) y=x2 -2x+l, (c) y=x2 -2x. 

2 Draw, on the same set of axes, tlie. graphs of 

(a) y=x2 +x-4,-<"' (b)' y=x2 +x-1, (c) y=x2 +x+2. 

-
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3 The diagram shows the graph of y = ax2 
- bx. On a 

copy of the diagram, sketch the graphs of 

(a) y = ax2 
- bx+ 4, 

(b) y = ax2 
- bx - 6. 

y 

x 

4 What is the effect on the graph of y = ax2 +bx+ c of changing the value of c? 

5 Draw the graphs of 

(a) y == x2 
- 4x + 1, 

(c) y=x2 +1, 

(b) y=x2 -2x+l, 

(d) y = x2 +2x+1. 

6 Draw the graph of y = 2x2 + bx + 4 for different values of b . How does changing b affect 
the curve y = ax2 +bx+ c? 

7 Draw the graphs of 

(a) y = x2 +1, (b) y = 3x2 +1, 

(c) y = -3x2 +1, (d) y = -x2 + 1. 

8 Draw the graphs of 

(a) y = -4x2 + 3x + 1, (b) y = -x2 + 3x +I, 

(c) y=x2 +3x+l, (d) y = 4x2 +3x+1. 

10 How does changing a affect the shape of the graph of y = ax2 + bx + c? 

11 Which of the following could be the equation of y 

the curve shown in the diagram? 

(a) y = x2 -2x+5 

(b) y=-x2 -2x+5 

(c) y=x2 +2x+5 I x 

(d) y=-x2 +2x+5 

12 Which of the following could be the equation of 
the curve shown in the diagram? 

(a) y=-x2 +3x+4 

(b) y = x2 
- 3x + 4 

(c) y=x2 +3x+4 I I \ x 

(d) y=-x2 -3x+4 
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3.6 The shapes of graphs of the form y = ~2 +bx+ c 

In Exercise 3C, you should have discovered a number of results, which are summarised 
in the box below. 

All the graphs have the same general shape, which is called a 
parabola. These parabolas have a vertical axis of symmetry. 
The point where a parabola meets its axis of symmetry is called 
the vertex. 

Changing c moves the graph up and down in the y-direction. 

Changing b moves the axis of symmetry of the graph in the 
x-direction. If a and b have the same sign the axis of 
symmetry is to the left of the y-axis; if a and b have opposite 
signs the axis of symmetry is to the right of the y -axis. 

If a is positive the vertex is at the lowest point of the graph; if 
a is negative the vertex is at the highest point. The larger the 
size of I a I the m:ore the graph is elongated, that is, lengthened 
in they-direction. 

3.7 The point of intersection of two graphs 

The principle for finding the point of intersection of two curves is the same as that for 
finding the point of intersection of two graphs which are straight lines. 

Suppose that you have two graphs, with equations y = f(x) and y = g(x). You want the 
point (x,y) which lies on both graphs, so the coordinates (x,y) satisfy both equations. 
Therefore x must satisfy the equation f(x) = g(x). 

Example 3.7.1 
Find the points of intersection of the line y = 2 with the graph 
y=x2 -3x+4 (seeFig.3.11). 

Solving these equations simultaneously gives 
x2 

- 3x + 4 = 2, which reduce~ to x2 
- 3x + 2 = 0 . 

Factorising gives (x - l)(x - 2) = 0, so 

x=lorx=2. 1 

43 

Substituting these values in either equation ( y = 2 is 
obviously easier!) to find y, the points of intersection are 
(1,2) and (2,2). 

0 2 3 .x 

Fig. 3.11 



[ 

! 
l 

l 
l 

I 

l -, 

''--

44 PuRE MATHEMATICS 1 

Example 3.7.2 
Find the point of intersection of the line y = 2x -1 

. 2 . . 
with the graph y = x (see Fig. 3.12). 

Solving these equations gives 2x -1 = x 2 , which is 
x2 

- 2x + 1=0. This factorises as (x -1)2 = 0, 
giving x = 1. 

Substituting these values in either equation to 
find y gives the point of intersection as (1; 1). 

-1 
The reason that there is only one point of intersection is that 
this line is a tangent to the graph. If you have access to a 
graphic calculator, draw the graph to check this statement. 

Example 3.7.3 

Fig. 3.12 

Find the points of intersection of the graphs· y = x2 
- 2x - 6 and y = 12 + x - 2x2

. 

Solving these equations simultaneously gives x2 
- 2x - 6. = 12 + x - 2x2

, whicli is 
3x2 

- 3x -18 = 0. Dividing by 3 gives x2 
- x - 6 = 0, which factorises as 

(x + 2)(x - 3) = 0, giving x = -2 or x = 3. 

. ~ubstituting these values in either equation to find y gives the points of 
··'intersection as (-2,2) and (3,-3). 

·' 

~~®tt~~~~~~lli!f~~ Exercise 3D ~~ ~1(1.,;tr~.~v '-);--;·,~T ~~ -.. : ' ,.~ ~~li'~:~~l"'~';~ry·~, 

1 Find the point or points of intersection for the following lines and curves. 

(a) x=3andy=x2 +4x-7 (b) y=3andy=x2 -5x+7 

(c) y = 8 and y = x2 +2x (d) y+3 = 0 and y = 2x2 +Sx-6 

2 Find the points of intersection for the following lines and curves. 

(a) y=x+landy=x2 -3x+4 (b) y=2x+3andy=x2 +3x-9 

(c) y=3x+llandy=2x2 +2x+5 

(e) 3x+y-1=0 and y=6+10x-6x2 

(d) y=4x+l and y=9+4x-2x2 

3 In both the following, show that the line and curve meet only once and find the point of 
intersection. 

(a) y = 2x + 2 and y = x2 
- 2x + 6 (b) y=-2x-7 and y=x2 +4x+2 

4 Find the points of intersection between the curve y = x 2 - x and the line 

(a) y = x, (b) y=x-1. 

If you have access to a graphic calculator, use it to see lrtow the curve and lines are related. 

5 Find the points of intersection between the curve y = x2 + Sx + 18 and the lines 

(a) y=-3x+2, (b) y=-3x+6. 

If you have access to a graphic calculator, use it to see ·how the curve and lines are related. 
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6 Find the points of intersection between the line y = x + 5 and the curves 

(a) y=2x2 -3x-1, (b) y=2x2 -3x+7. 

If you have access to a graphic calculator, use it to see 'how the line and curves are related. 

7 Find the points of intersection of the following curves. 

(a) y = x 2 + 5x + 1 and y = x 2 + 3x + 11 

(b) y = x 2 
- 3x - 7 and y = x 2 + x + 1 

(c) y=7x2 +4x+l and y=7x2 -4x+l 

8 Find the points of intersection of the following curves. 

(a) y=tx2 and y=l-!x2 (b) y=2x2 +3x+4 and y=x2 +6x+2 
. 2 2 2 . 2 

(c) y=x +7x+13 and y=l-3x-x (d) y=6x +2x-9 and y=x +7x+l 

(e) y=(x-2)(6x+5)andy=(x-5)2 +1 (f) y=2x(x-3)andy=x(x+2) 

9 Find the point or points of intersection of these pairs of graphs. Illustrate your answers With 
sketch graphs. 

(a) y = 8x2
, y =.8x-1 

(d) y=8x-2 ,y~2x-4 

JW!l§lEf¢ ri§Nf@R iii 

3.8 Using factors to sketch graphs 

(b) y=x-1,y=3x-2 

(e) y=9x-3 ,y=x-5 

- -
The graphs of some functions of the form f(x) = ax2 ·+ bx+ c 
which factorise can also be drawn in another way. For 
example, take the functions 

f(x) = x 2 -6x + 5 = (x -l)(x - 5), 

g(x) = 12x - 4x2 = -4x(x - 3). 

In the first case, f(l) = 0 and f(5) = 0, so that the points (1,0) 
and (5,0) lie on the graph of f(x). This is shown in Fig. 3.13. 

Similarly g(O) = g(3) = 0, so that (0,0) and (3,0) lie on 
the graph of g( x) . This is shown in Fig. 3 .14. 

You can draw the graph of any function of this type which 
can be factorised as 

a(x-r)(x-s), 

by first noting that it cuts the x-axis at the points (r,O) and 
(s,O). The sign of the constant a tells you whether it 'bends 
upwards' (like y = x 2

) or 'bends downwards'. 

(c) y = x, y = 4x-3 

(f) y = ;\:x4 ,y=16x-2 

y 

4 

2 

-

O+--+--,---.----.,---+--• 

-2 

-4 

y 

8 

Fig. 3.13 

Y =-4x(x-3) 

2 x 

Fig. 3.14 

In Figs. 3. 13 and 3. 14 different scales have been used on the two axes. If equal scales 

had been used the elongation in both figures would have been more obvious. 

,,, 
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Example 3.8.1 
Sketch the graph of f(x) = 3x2 

- 2x -1. 

You can factorise the expression as f(x) = (3x +l)(x -1), but 
to apply the factor method you need to write it as 

f(x) = 3(x + j-)(x-1). Y.+. y=3x2 -2x-l 

So the graph passes through (-~ ,0) and (1,0). The constant 
3 tells you that the graph faces upwards and is elongated. 

This is enough information to give a good idea of the shape 
of the graph, from which you can draw a sketch like 
Fig. 3 .15. It is also worth noting that f(O) = -1, so that the 
graph cuts the y-axis at the point ( 0, -1) . 

Fig. 3.15 

Note that the sketch does not have marks against the axes, except to say where the 
graph cuts them. 

You can extend the factor method to drawing graphs of functions with more than two 
factors. For example,: 

f(x) = a(x-r)(x-s)(x-t) 

defines a function whose equation, when multiplied out, starts with. f(x) = ax3 
- •••• 

The graph passes through the points ( r, 0) , ( s, 0) and ( t, 0) . The constant a tells you 
whether, for large values of :X , the graph lies in the first or the fourth quadrant. 

This is shown in Figs. 3.16 and 
3 .17, which show the graphs of 
y=2x(x-l)(x-4) and 
y = -(x + 2)(x -1)2

• 

Notice that, in Fig. 3.17, the 
factor (x-1) is squared, so 
that there are only two points 
of the graph on the x-axis. 
At (1,0) the x-axis is a 
tangent to the graph. 

,. 

Fig. 3.16 

3.9 Predicting functions from their graphs 

y 

y= -(x +2)(x-1)2 

Fig. 3.17 

You can also use the factor form to predict the equation of a function of the type 
f(x) = ax2 +bx+ c, if you know the points where its graph crosses the x-axis and the 
coordinates of one other point on the graph. 

x 
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Example 3.9.1 
Find the equation of the graph of the type y = ax2 +bx + c which crosses the x-axis at 
the points (1,0) and (4,0) and also passes through the point (3,-4). 

Since the curve cuts the axes at (1,0) and ( 4,0), as in y 

Fig. 3.18, the equation has the form 

y=a(x-l)(x-4). 

Since the point (3,-4) Jies on this curve, If\ A 
-4=a(3-1)(3-4),giving -4=-2a,so a=2. 
The equation of the curve is therefore Fig. 3.18 

y=2(x-l)(x-4), or y = 2x2 
- lOx + 8 . 

Exercise 3E 

1 Sketch the following graphs. 

(a) y=(x-2)(x-4) (b) y=(x+3)(x-l) (c) y=x(x-2) 

(d) y = (x + 5)(x + 1) (e) y=x(x+3) (f) y = 2(x + l)(x-1) 

2 Sketch the following graphs. 

(a) y = 3(x + l)(x - 5) (b) y = -2(x-' l)(x - 3) (c) y=-(x+3)(x+5) 

(d) y=2(x+i)(x-3) (e) y=-3(x-4)2 (f) y =-5(x-l)(x+j) 

3 By first factorising the function, sketch the following graphs: 

(a) y = x2 
- 2x - 8 (b) y = x2 -2x (c) y=x2 +6x+9 

(d) y=2x2 -7x+3 (e) y = 4x2 -1 (f) y = .,...(x2 ~ x -12) 

(g) y = - x2 
- 4x - 4 (h) y=-(x2 -7x+12) (i) y = llx - 4x2 

- 6 

4 Find the equation, in the form y = x2 + bx + c , of the parabola which 

(a) crosses the x~axis at the points (2,0) and (5,0), 

(b) crosses the x-axis at the points (-7,0) and (-iO,O), 

(c) passes through the points (-5,0) and (3,0), 

(d) passes through the points (-3,0) and (1,-16). 

5 Sketch the following graphs. 

(a) y = (x + 3)(x - 2)(x - 3) 
(c) y=x2 (x-4) 
(e) y=-(x+6)(x+4)(x+2) 

(b) y=x(x-4)(x-6) 
(d) y=x(x-4)2 
(f) y = -3(x + l)(x - 3)2 

6 Find the equation, in the form y = ax2 + bx + c, of the parabola which 

(a) crosses the x-axis at (1,0) and (5,0) and crosses the y-axis at (0,15), 

(b) crossesthex-axisat (-2,0) and (7,0) andcrossesthey-axisat (0,~56), 

(c) passes through the points (-6,0), (-2,0) and (0;-6), 

(d) crosses the x-axis at (-3,0) and (2,0) and also passes through (1, 16), 

(e) passes through the points (-10,0), (7,0) and (8,90). 

47 
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7 Sketch the following graphs. 

(a) y = x2 
- 4x - 5 (b) y=4x2 -4x+I (c) y=-x2 -3x+I8 

(d) y=2x2 -9x+IO (e) y=-(x2 -4x+9) (f) y= 3x2 +9x 

8 Here are the equations of nine parabolas. 

A y = (x - 3)(x - 8) B y = I4+5x-x2 c y= 6x2 -x-70 
D y = x(3-x) E y = (x + 2)(x - 7) F y = -3(x + 3)(x + 7) 

G y = x 2 +2x+I H y = x 2 +8x+12 I y=x2 -25 

Answer the following questions without drawing the graphs of these parabolas. 

(a) Which of the parabolas cross the y-axis at a positive value of y? 

(b) For which of the parabolas is the vertex at the highest point of the graph? 

(c) For which of the parabolas is the vertex to the. left of the y-axis? 

( d) Which of the parabolas pass through the origin? 

( e) Which of the parabolas do not cross the x-axis at two separate points? 

(f) Which of the parabolas have the y-axis as their axis of symmetry? 

(g) Which two of the parabolas have the same axis of symmetry? 

(h) Which of the parabolas have the vertex in the fourth quadrant?· 

9 Suggest a possible equation for each of the graphs showri below. 

(a) y (b) y 

x 

x 

(d) y (e) 

x 
x 

,'-- ..r)!_ ~- .':; ;.i, ' -'-1: ,_,-, '" ': ,. ~ Miscellaneous exercise 3 

,- 1 The function f is defined by f(x) = 7 x - 4. 

(a) Findthevaluesoff(7), f{t) and f(-5). 

(b) Find the value of x such that f ( x) = 10 . 

(c) Firid the value of x such that f(x) = x. 

(d) Find the value of x such that f(x) = f(37). 

(c) 

(f) 

x 

x 

2 The functi,on f is defined by f(x) = x 2 
- 3x + 5. Find the two values of x for which 

f(x) = f(4). 
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3 The diagram shows the graph of y = xn, where 
n is an integer. Given that the curve passes 
between the points (2,200) and (2,2000), 
determine the value of n. 

4 Find the points of intersection of the curves 
y=x2 -7x+5 and y=1+2x-x2

. 

x 

5 

.~ 6 

Find the points of intersection of the line y = 2x + 3 and the curve y = 2x2 + 3x ~ 7 . 

7 

Find the coordinates of the point at which the line 3x + y - 2 = 0 meets the curve 
y = ( 4x - 3)(x - 2). 

Find the coordinates of any points of intersection of the curves y = (x - 2)(x - 4) and 
y = x(2 - x) . Sketch the two curves to show the relationship between them. 

8 Given that k is a positive constant, sketch the graphs of 

(a) y=(x+k)(x-2k), 

(c) y=x(x-k)(x-5k), 

(b) y = (x + 4k)(x + 2k), 

(d) y=(x+k)(x-2k)2
. 

9 The function f is defined by f(x)=ax 2 +bx+c.Giventhat f(0)=6, f(-1)=15 and 
f(l) = 1, find the values of a, b and c. 

10 Find the point where the line y = 3 - 4x meets the curve y = 4( 4x2 + 5x + 3). 

;r., 11 Sketch the graphs of 

(a) y = (x+ 4)(x + 2) + (x + 4)(x - 5), (b) y = (x+ 4)(x+ 2) +(x+4)(5-x). 

12 A function f is defined by f(x) =ax+ b. Given thatf(-2) = 27 and f(l) = 15, find the 
value of x such that f(x)=-5. 

13 A curve with equation y = ax2 +bx+ c crosses the x-axis at (-4,0) and (9,0) and also 
passes through the point (1,120). Where does the curve cross the y-axis? 

49 

14 The curve y:::::ax2 +bx+cpassesthroughthepoints (-1,22), (1,8), (3,10), (-2,p) and 
( q, 17). Find the value of p and the possible values of q. 

15 S.how that the curves y = 2x2 + 5x, y = x 2 + 4x + 12 and y = 3x2 + 4x - 6 have one point 
in common and find its coordinates. 

16 Given that the curves y = x2 
- 3x + c and y = k - x - x2 meet at the point (-2,12), find 

the values of c and k . Hence find the other point where the two curves meet. 

17 Find the value of the constant p if the three curves y = x2 + 3x + 14 , y = x 2 + 2x + 11 and 
y = px2 + px + p have one point in common. 

18 The straight line y = x -1 meets the curve y = x2 
- 5x - 8 at the points A and B. The curve 

y = p + qx - 2x2 also passes through the points A and B. Find the values of p and q. 

19 The line y = lOx - 9 meets the curve y = x2
. Find the coordinates of the points of 

intersection. 

\ 
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20 Suggest a possible equation for each of the graphs shown below. 

(a) Y (b) y (c) y 

x 

x 

(d) y (e) (f) 

x 

:x 

(g) (h) (i) 

x x 

21 Find, in surd form, the points of intersection of the curves y = x 2 
- 5x - 3 and 

y = 3-5x-x2
. 

x 

x 

x 

22 The line y = 6x + 1 meets the curve y = x 2 + 2x + 3 at two points. Show that the 
coordinates of one of the points are ( 2 - -.fi, 13 - 6-.fi) , and find the coordinates of the 
other point. 

23 Show that the curves y = 2x2 
- ?x + 14 and y = 2 + 5x - x 2 meet at only one point. 

Without further calculation or sketching, deduce the number of points of intersection of 

(a) y = 2x2 
- ?x + 12 and y = 2 + 5x - x 2

, (b) y = 2x2 
- ?x + 14 and y = 1+5x - x 2

, 

(c) y=2x2 -7x+34.andy=22+5x-x2
• 

lxl 
24 What can you say about - if (a) x > 0, (b) x < 0? 

x 



4 Quadratics 

• know how to complete the square in a quadratic expression 
• know how to locate the vertex and the axis of symmetry of the quadratic. graph 

y=ax2 +bx+c -
• be able to solve quadratic equations 
• know that the discriminant of the quadratic expression ax2 +bx+ c is the value of 

b2 
- 4ac, and know how to use it 

• be able to solve a pair of simultaneous equations involving a quadratic equation and a 
linear equation 

• be able to recognise and solve equations which can be reduced to quadratic 
equations by a substitution. 

4.1 Quadratic expressions 

You know that the equation y = bx + c has a graph which is a straight line. The 
expression y = bx + c is called a linear equation. You know from Chapter 3 that if you 
add on a term ax2

, giving y = ax2 + bx + c, the graph is a parabola. The expression 
ax2 +bx+ c, where a, b and c are constants, is called a quadratic. Thus x2

, 
2 . 2 2 

x - 6x + 8, 2x -3x + 4 and -3x -5 are all examples of quadratics. 

You can write any quadratic as ax2 +bx+ c , where a, b and c are constants. The 
values of b and c can be any numbers you please, including 0, but a cannot be 0 (the 
expression would not then be a quadratic). The numbers a, b and care called 
coefficients: a is the coefficient of x2

, b is the coefficient of x and c is often called 
the constant term. 

The coefficients of x 2 and x in 2x2 
- x + 4 are 2 and -1, and the constant term is 4. 

4.2 Completed square form 

You can write a quadratic expression such as 
x 2 

- 6x + 8 in a number of ways. These include the 
factor form (x - 4)(x-2), useful for finding where 
the parabola y = x2 

- 6x + 8, shown in Fig. 4.1, cuts 
the x-axis; and the form (x-3)2 -1, useful for 
locating the vertex of the parabola and also for finding 
the range of the function f( x) = x 2 

- 6x + 8 , as shown 
in Example 3.2.3. 

Note that you cannot always write a quadratic 
expression in factor form. For instance, try x2 + 1 or 
x 2 +2x+3. 

y 
8 

7 

6 

s 
4 

3 

2 

-1 

! y= x
2 

-6x+8 

symmetry ! 
"i 

Fig. 4.1 
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If you write the equation of the graph y = x 2 
- 6x + 8 in the form y = (x - 3)2 -1, you 

can locate the axis of symmetry and the vertex quite easily. Since (x - 3)2 is a perfect 
square its value is always greater than or equal to 0, and is 0 only when x = 3. That is, 
(x - 3)2 

;;,,, 0 , and since y = (x - 3)2 -1, it follows that y ;;,,, -1. Since (x - 3)2 = 0 
when x = 3, the vertex is at the point (3, -1). The axis of symmetry is the line x = 3. 

The form ( x - 3)2 -1 is called the completed square form. Here are some more 
examples of its use. 

Example 4.2.1 
Locate the vertex and the axis of symmetry of the quadratic graph y = 3-:- 2(x + 2)2

. 

Since 2(x+2)2
;;,,, 0, and 2(x+2)2 = 3-y, it follows that 3-y;;,,, 0, soy,;;;;; 3. 

As (x + 2)2 = 0 when x = -2 , the vertex of the graph is the point with coordinates 
(-2,3), the greatest value of y is 3 and the axis of symmetry is x = -2. 

Example 4.2.2 
Solve the equation 3(x - 2)2 

- 2 = 0. 

As 3(x-2)2-2=0, 3(x-2)2 =2 and (x-2)2 =-j. 

Therefore (x -2) = ±-Jf, so x = 2 ±-Jf. 

4.3 Completing the square 
When you try to write the quadratic expression x 2 +bx+ c in completed square 
form, the key point is to note that when you square x + ~b you get 

( x + t b )
2 

= x 2 +bx+ i b2 
, so x 2 +bx = ( x + t b )

2 
- t b2

• 

Now add c to both sides: 

x
2 

+bx +c = (x
2 

+bx)+ c = {(x+ ~b)2 -;}b2
} + c. 

Example 4.3.1 
Write x 2 + lOx + 32 in completed square form. 

x 2 + lOx+ 32 = (x 2 + lOx) + 32 = {(x+ 5)2 -25} + 32 = (x+ 5)2 + 7. 

Don't try to memorise the form x 2 +bx+ c = ( x + ~ b) 
2 

-;} b2 + c . Learn that you halve 

the coefficient of x, and write x 2 +bx= ( x + t b )
2 -i b2

. Then add c to both sides. 

If you need to write ax2 +bx+ c in completed squ~e form, but the coefficient a of x 2 is 
not 1, you can rewrite ax2 + bx + c by taking out the factor a from the first two terms: 

ax
2 

+ bx + c = a( x 2 
+ ~ x) + c . 

Then complete the square of the quadratic expression x 2 + !!_ x inside the bracket. 
a 

·--
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Example 4.3.2 
Express 2x2 + lOx + 7 in completed square form. 

Start by taking out the factor 2 from the terms which involve x: 

2x2 + lOx + 7 = 2( x2 + 5x) + 7. 

Dealing with the term inside the bracket, 

x
2 + 5x = ( x + ~y -2J , 

so 2x2 +10x+7=2(x2 +5x)+7=2{(x+~Y- 2;}+1 

= 2(x + 2)2 
- 25 + 7 = 2(x + 2)2 -11 2 2 2 2· 

It's worth checking your result mentally at this stage. 

If the coefficient of x 2 is negative, the technique is similar, as shown in Example 4.3.3. 

Example 4.3.3 
Express 3 - 4x - 2x2 in completed square form. 

Start by taking out the factor - 2 from the terms which involve x: 

3 - 4x - 2x2 = 3 - 2( x2 + 2x). 

Dealing with the term inside the bracket, x 2 + 2x = (x + 1)2 -1 , 

so 3-4x-2x2 = 3-2(x2 +2x) = 3-2{(x+1)2 -1} 

= 3 - 2(x + 1)2 + 2 = 5 - 2(x + 1)2. 

Example 4.3.4 
Express 12x2 - 7 x -12 in completed square form, and use your result to find the factors 
of 12x2 -7x-12. 

2 ( 2 7 ) {( 7 ) 2 49 } 12x -7x-12=12x - 12 x -12=12 x- 24 - 576 -12 

=12{(x-]4)
2 -~~~}=12{(x-]4 ) 2 -(~~) 2}. 

Youcannowusetheformula a 2 -b2 =(a-b)(a+b) with a as x-J,,. and bas 
~~ to factorise the expression inside the brackets as the difference of two squares: 

{( 7 )2 (25)2} ( 7 25)( 7 25) 12 x-24 - 24 =l 2 x-24-24 x-24+24 

= 12( x -1)( x + t) = 3( x -1) x 4( x + t) 
= (3x-4)(4x-3). 
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Example 4.3.S . 
Express x2 

- 8x + 12 in completed square form. Use your result to find the range of the 

function f(x) = x2 
- 8x + 12, which is defined for all real values of x. 

x 2 -8x+12=(x-4)2 -4. 

As (x -4) 2 ~ 0 for all values of x, · 

2 2 . . 
x -8x+12=(x-4) -4~-4, so f(x)~-4. 

Writing f(x) as y,therangeis y~-4. 

Exercise 4A , , , 1:!l. , :~ :''"'.., _·:f~-r:'1"", -,~~~~~:!;,·~1¥'·:!fi~~):t!f~ , 

1 Find (i) the vertex and (ii) the equation of the line of symmetry of each of the following 

quadratic graphs. 

(a) y = (x - 2)2 + 3 

(d) y = (2x-3)2 +1 

(g) y = (x-3)2 +c 

(b) r=(x-5)2 -4 

(e) y::= (5x + 3)2 + 2 

(h) y = (x - p)2 + q 

(c) y = (x :+- 3)2 
- 7 

(f) y = (3x + 7)2 
- 4 

(i) y=(ax+b)2 +c 

2 Find (i) the least (or, if appropriate, the greatest) value of each of the following quadratic 

expressions and (ii) the value of. x for which this occurs. 

(a) (x+2)2 -1 (b) (x-1)2 +2 

(d) (2x+l)2 -7 - . (e) 3-2(x-4)2 

(g) (x- p)2 -q (h) r-(x-t)2 

(c) 5-(x+3)2 

(f) (x+ p)2 +q 

(i) c-(ax+b)2 

3 Solve the following quadratic equations. Leave surds in your answer. 

(a) (x-3)2 -3=0 (b) (x+2)2 -4=0 (c) 2(x+3)2=5 

(d) (3x-7)2 =8 (e) (x+p)2 -q=O (f) a(x+b)2 -c=O 

4 Express. the following in completed square form. 

(a) x 2 +2x+2 (b) x2 -8x-3 (c) x2 +3x-7 

(d) 5-6x+x2 (e) x2 +14x+49 (f) 2x2 +12x-5 

(g) 3x2 -12x+3 (h) 7 - 8x - 4x2 (i) 2x2 +5x-3 

5 Use the completed square form to factorise the following expressions. 

(a) x2 -2x-35 (b) x2 -14x-176 (c) x 2 +6x-432 

(d) 6x2 :...sx-6 (e) 14+45x-14x2 (f) 12x2 +x-6 

6 Use the completed square form to find as appropriate the least or greatest value of each of 
the following expressions, and the value.of x for which this occurs. 

(a) x2 -4x+7 

(d) 2;2 -5x+2 

(b) x 2 -3x+5 

(e) 3x2 +2x-4 

(c) 4+6x-x2 

(f) 3-7x-3x2 
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7 Each of the following functions is defined for all real values of x. By completing the 
square write f(x) as (x- p) 2 + q, and hence.find their ranges. 

(a) f(x)=x 2 -6x+10 (b) f(x)=x~+7x+i (c) f(x)=x 2 -3x+4 

55 

8 By completing the square find (i) the vertex, and (ii) the equation of the line of symmetry, 
of each of the following parabolas. 

(a) y = x 2 
- 4x + 6 

(d) y=x2 +3x+l 

(b) y = x 2 + 6x - 2 

(e) y=2x2 -:-.7x+2 

(c) y=7-10x-x2 

(f) y=3x2 -12x+5 

9 The domain of each of the following functions is the set of all positive real numbers. Find 
the range of each function: 

(a) f(x)=(x+2)(x+l) (b) f(x) = (x - l)(x -2) (c) f(x) = (2x - l)(x - 2) 

~!llM!§1W!!WtN#m@!tt!!*"*te* ·* ~&*9 H@j&jWQWi@lillf¥1kii!iWWW: 

4.4 Solving quadratic equations 

You will be familiar with solving quadratic equations of the form x 2 
- 6x + 8 = 0 by 

factorising x2 
- 6x + 8 into the form (x -2)(x- 4), and then using the argument: 

it (x-2)(x-4)=0 
then either x - 2 = 0 or x - 4 = 0 
so x=2 or x=4. 

The solution of the equation x 2 
- 6x + 8 = 0 is x = 2 or x = 4 . The numbers 2 and 4 

are the roots of the equation. 

If the quadratic expression has factors which you can find easily, then this is certainly 
the quickest way to solve the equation. However, the expression may not have factors, 
or they may be hard to find: try finding the factors of 30x2 

- l lx - 30 . 

If you cannot factorise a quadratic expression easily to solve an equation, then use the 
quadratic formula: 

The solution of ax2 + bx+ c = 0, where a :t. 0 , is 

-b±..fb2 -4ac 
x= 

2a 

It is useful to know how this formula is derived by expressing ax 2 +bx+ c in 
completed square form. Start by dividing both sides of the equation by a (which cannot 
be zero, otherwise the equation would not be a quadratic equation): 

2 b c 
x +-x+-=0. 

a a 

-

\ 
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Completing the square of the expression on the left side, you find that 

2 b c ( b )
2 

b
2 

c ( b )
2 

x + ~ x + ~ = x + 2a - 4a2 + ~ = x + 2a 
b2 -4ac 

4a2 

So you can continue with the equation 

(x+ :J2 b
2 

-4ac _ 0 h" h. ( .!!_)2 
_ b

2 
-4ac 

2 - , W lC lS X + - , . 
4a 2a 4a 

There are two possibilities, 

b ~b2 
-4ac 

x+-=+ 2 
2a 4a 

or -~b2 
-4ac 
4a2 ' 

giving 

b ~b2 -4ac -b±~b2 -4ac 
x=--± = . 

2a 2a 2a 

2 -b+~b2 -4ac 
This shows that if ax + bx + c = 0 and a * 0 , then x = - . 

2a 

Example 4.4.1 
Use the quadratic formula to solve the equations 
(a) 2x2 -3x-4=0, (b) 2x2 -3x+4=0, (c) 30x2 -llx-30=0. 

(a) Comparing this with ax2 +bx+ c = 0, put a= 2, b = -3 and c = -4. Then 

-(-3)±~(-3)2 -4x2x(-4) 3±-J9+32 3±.J4l 
x= . = =--. 

2x2 4 4 

Sometimes you will be expected to leave the roots in surd form. At other times you may 

be required to give the roots in the form 
3 

+ .J4l"" 2.35 and 
3-KI ""-0.85. Try 

4 4 
substituting these numbers in the equation and see what happens. 

(b) Putting a=2, b=-3 and c=4, 

-(-3)±~(-3)2 -4x2x4 3±-J9-32 3±-J-23 x- - ----
- 2x2 - 4 - 4 · 

But -23 does not have a square root. This means that the equation 
2x2 

- 3x + 4 = 0 has no roots. 

Try putting 2x 2 
- 3x + 4 in completed square form; what can you deduce about the 

graph of y = 2x2 
- 3x + 4 ? 
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(c) Putting a= 30, b = -11 and c = -30, 

-(-11) ± ~(-11)2 -4 x 30 x (-30) 11±-J121+3600 
x= = 

2 x30 60 

11 ±-J3721 11±61 ------
60 60 

So x = 72 = §_ or x = - 50 = _ 1 60 5 60 6. 

This third example factorises, but the factors are difficult to find. But once you know the 

roots of the equation you can deduce that 30x2 - 1 lx - 30 = ( 6x + 5)( 5x - 6). 

4.5 The discriminant b2 - 4ac 

If you look back at Example 4.4.l you will see that in part (a) the roots of the equation 
jnvolved surds, in part (b) there were no roots, and in part (c) the roots were fractions. 

You can predict which case will arise by calculating the value of the expression under 
the square root sign, b2 - 4ac, and thinking about the effect that 

h. 1 h . h - d . ,, 1 -b ± ~ b2 - 4ac t is va ue as m t e qua ratic iormu a x = . 

• 
• 
• 
• 

2a 

If b2 - 4ac is a perfect square, the roots will be integers or fractions . 
If b2 - 4ac > 0, the equation ax2 +bx+ c = 0 will have two roots . 
If b2 - 4ac < 0, there will be no roots . 

If b2 -4ac = 0, the roots are given by x = -b ± O =_!!____,and there is one root 
2a 2a 

only. Sometimes it is said that there are two coincident roots, or a repeated root, 
-b+ 0 -b-0 

because the root values -- and -- are equal. 
2a 2a 

The expression b2 
- 4ac is called the discriminant of the quadratic expression 

ax2 +bx+ c because, by its value, it discriminates between the types of solution of the 
equation ax2 + bx + c = 0 . 

Example 4.5.1 
What can you deduce from the values of the discriminants of the quadratics in the 
following equations? 
(a) 2x2 -3x-4=0 (b) .2x2 -3x-5=0 
(c) 2x2 -4x+5=0 (d) 2x2 -4x+2=0 

(a) As a=2, b=-3 and c=-4, b2 -4ac=(-3)2-4x2x(-4)=9+32=41. 
The discriminant is positive, so the equation 2x2 - 3x - 4 = 0 has two roots. Also, 
as 41 is not a perfect square, the roots are irrational. 

(b) As a=2, b=-3 and c=-5, b2 -4ac=(-3)2-4x2x(-5)=9+40=49. 
The discriminant is positive, so the equation 2x2 - 3x - 5 = 0 has two roots. Also, 
as 49 is a perfect square, the roots are rational. 

(c) b2 -4ac = (~4)2 -4x2x5=16-40 =-24. As the discriminant is negative, 
the equation 2x2 - 4x + 5 = 0 has no roots. 

I 
\ 

57 



(r-~ 

f 

r 

\. 

58 PuRE MATHEMATICS 1 

(d) b2 
- 4ac = (-4)2 

- 4x2x2=16-16 = 0. As the discriminant is zero, the 
equation 2x2 

- 4x + 2 = 0 has only one (repeated) root. 

Example 4.5.2 
The equation kx2 

- 2x - 7 = 0 has two real roots. What can you deduce about the value 
of the constant -k? 

The discriminant is (-2)2 
- 4 x k x (-7) = 4 + 28k. As the equation has two real 

roots, the value of the discriminant is positive, so 4 + 28k > 0, and k > - ~ . 

Example 4.5.3 
The equation 3x2 + 2x + k = 0 has a repeated root. Find the value of k . 

The equation has repeated roots if b2 
- 4ac = 0; that is, if 22 

- 4 x 3 x k = 0. This 

gives k = .j.. 

Notice how, in the above examples, there is no need to solve the quadratic equation. You 

can find all you need to know from the discriminant. 

Exercise 4B 

1 Use the quadratic formula to solve the following equations.Leave irrational answers in 
surd form. If there is no solution, say so. Keep your answers for use in Question 8. 

(a) x2 +3x-5=0 (b) x2 -4x-7=0 (c) x 2 +6x+9=0 

(d) x2 +5x+2=0 (e) x2 +x+l=O (f) 3x2 -5x-6=0 

(g) 2x2 + 7 x + 3 = 0 (h) 8 - 3x - x2 = 0 (i) 5 + 4x - 6x2 = 0 

2 Use the value of the discriminant b2 
- 4ac to determine whether the followfog equations 

have two roots, one root or no roots. 

(a) x 2 -3x-5=0 (b) x2 +2x+l=O 

(d) 3x2 -6x+5=0 (e) 2x2 -7x+3=0 

(g) 3x2 +42x+l47=0 (h) 3-7x-4x2 =0 

In parts (i) and (j), the values of p and q are positive. 

(i) x2 + px - q = 0 (j) x2 
- px - q = 0 

(c) x 2 -3x+4=0 

(f) 5x2 +9x+4=0 

3 The following equations have a repeated root. Find the value of kin each case. Leave your 
answers as integers, exact fractions or surds. 

(a) x 2 +3x-k=O (b) kx2 +5x-8=0 

(d) -3+kx-2x2 =0 (e) 4x2 -kx+6=0 

(c) x2 -18x+k=O 

(f) kx2 
- px + q = 0 

4 The following equations have the number of roots shown in brackets. Deduce as much as 
you can about the value of k . 

(a) x2 + 3x + k = 0 (2) (b) x 2 -7x+k=O (1) (c) kx2 -3x+5=0 (0) 

(d) 3x2 + 5x - k = 0 (2) (e) x2 -4x+3k=O (1) (f) kx2 
- 5x +7 = 0 (0) 

(g) x2 
- kx + 4 = 0 (2) (h) x2 +kx+9=0 (0) 
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5 Use the value of the discriminant to determine the number of points of intersection of the 
following graphs with the x-axis. 

(a) y=x2 -5x-5 (b) y=x2 +x+l 

(d) y = x 2 +4 (e) y =x2 -10 

(g) y = 3x2 
- Sx + 7 (h) y = x 2 +bx+ b2 

(c) y=x2 -6x+9 

(f) y = 3 - 4x - 2x 2 

(i) y=x2 -2qx+q2 

6 If a and c are both positive, what can be said about the graph of y = ax2 +bx - c? 

7 If a is negative and c is positive, what can be said about the graph of y = ax2 +bx+ c? 

8 You will need your answers to Question 1, in rational or surd form, not decimals. 

(A) For Question l(a), (b) and (d), find (i) the sum and (ii) the product of the roots. 
What do you notice? What happens if there is only one (repeated) root? 

(B) If a and f3 are the roots of the quadratic equation x 2 +bx+ c = 0 then these 

arise from factors ( x - a) and ( x - /3) of x 2 +bx+ c . Show that the equation 

x 2 +bx+ c = 0 has roots which have sum -b and product c. 

(C) Extend (B) to find expressions in terms of a, b and c for (i) the sum and 
(ii) the product of the roots of the equation ax2 +bx+ c = 0 . 
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4.6 Simultaneous equations 
This section shows how to solve a pair of simultaneous equations such as y = x 2 and 
Sx + 4y = 21. This takes forward the ideas in Section 3.7. 

Example 4.6.1 
Solve the simultaneous equations y = x 2

, x + y = 6 . 

These equations are usually best solved by 
finding an expression for x or y from one 
equation and substituting it into the other. In 
this case, it is easier to substitute for y from 
the first equation into the second, giving 
x + x 2 = 6. This rearranges to x 2 + x - 6 = 0 , 
so (x+3)(x-2)=0,giving x=2 or x=-3. 

You can find the corresponding y-values from the 
2 . 

equation y = x . They are y = 4 and y = 9 
respectively. 

The solution is therefore x = 2, y = 4 or x = -3, y = 9. 

Check that, for each pair of values, x + y = 6 . 

-3 -2 -1 

Fig. 4.2 

2 3 x 

Note that the answers go together in pairs. It would be wrong to give the answer in the form 
x = 2 or x = - 3 and y = 4 or y = 9 , because the pairs of values x = 2 , y = 9 and x = - 3 , 
y = 4. do not satisfy the original equations. You can see this if you interpret the question as 
finding the points of intersection of the graphs y = x 2 and x + y = 6, as in Fig. 4.2. 
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Example 4.6.2 
Solve the simultaneous equations x 2 

- 2.xy + 3y2 = 6 and 2x - 3y = 3. 

It is not easy to find expressions for either x or y from the first equation, so begin 
with the second equation. You are less likely to make mistakes if you avoid 
fractions. From the second equation, 2x = 3 + 3y, so, squaring this.equation, 

4x2 =(3+3y)2 =9+18y+9y2. 

You now have expressions for 4x2 and 2x , so you would like to substitute for 
them in the first equation. It is helpful to multiply the first equation by 4. Then 

4x2 -8.xy+12y2 = 24, or 4x2 -4y x 2x +. 12y2 = 24; 

so (9+18y+9y2)-4y(3+3y)+12y2 =24. 

This reduces to 9y2 + 6y- l5 = 0, and, dividing by 3, to 3y2 + 2y- 5 = 0. 
Solving this equation gives (y-1)(3y + 5) = 0, so y = 1 or y = -j. 
Substituting in the second equation to find x, you obtain x = 3 and x = -1 
respectively. Therefore the solution is x = 3, y = 1 and x = -1, y = -j. 

Example 4.6.3 
At how many points does the line x + 2y = 3 meet the curve 2x2 + y2 = 4? 

From x +2y = 3, x = 3-2y. Substituting for x in 2x2 + y2 = 4, 2(3-2y)2 + y2 = 4, 
so 2(9-12y + 4y2) + y2 = 4, which reduces to 9y2-24y+14 = 0. 

The discriminant of this equation is 24 2 
- 4 x 9 x 14 = 57 6 - 504 = 72. As this is 

positive, the equation has two solutions, so the line meets the curve at two points. 

4.7 Equations which reduce to quadratic equations 

Sometimes you will come across equations which are not quadratic, but which can be 
changed into quadratic equations, usually by making the right substitution. 

Example 4.7 .1 
Solve the equation t 4 -13t2 + 36 = 0. 

This is called a quartic equation because it has a t 4 term, but if you let x stand for 
t 2 

, the equation becomes x 2 -13x + 36 = 0 , which is a quadratic equation in x. 

Then (x-4)(x~9)=0,so x=4 or x=9. 

Now recall that x = t 2
, so t2 = 4 or t 2 = 9, giving t = ±2 .or t = ±3. 

Example 4.7 .2 
Solve the equation -fX = 6 - x 
(a) by letting y stand for ~ (b) by squaring both sides of the equation. 

(a) Letting ~ = y, the equation becomes y = 6-y2 or 'y2 + Y.7~.6= 0. Therefore 
(y+3)(y-2) = 0, soy= 2 or y = -3. But, as y = ~, ~~('- · 
negative, the only solution is y = 2 , giving x = 4. · 

. "· .... ---·----~~--~-
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(b) Squaring both sides gives x = (6- x)2 = 36-12x + x 2 or x2 - l3x + 36 = 0. 
Therefore (x -4)(x - 9) = 0, so x = 4 or x = 9. Checking the answers shows that 
when x = 4, the equation Fx = 6 - x is satisfied, but when x = 9, Fx = 3 and __ 

6- x = -3, so x = 9 is not a root. Therefore x = 4 is the only root. 

This is important. If you square you will find the root or roots of the equation 

Fx = -( 6 - x) as well as the roots that you are actually looking for. Notice that x = 9 
does satisfy this last equation, but x = 4 doesn't! The moral is that, when you square an 

equation in the process of solving it, it is essential to check your answers. 
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1 Solve the following pairs of simultaneous equations. 

(a) y = x+ 1, x 2 + y2 = 25 (b) x+y=1, x 2 + y2 = 25 

(c) y =x-3, y = x 2 -3x -8 (d)° y=2-x, x2-y2=8 

(e) 2x+ y =5, x 2 + y2 = 25 (f) y=l-x, y2-xy =O 

(g) 1y-x=49, x2+y2 -2x-49=0 (h) y = 3x-ll, x 2 + 2xy+ 3=0 

2 Find the coordinates of the points of intersection of the given straight lines with the given 

curves. 

(a) y = 2x+l, y = x2 -x+ 3 (b) y = 3x+ 2, x 2 + y2 = 26 

(c) y =2x-2, y = x 2 -5 (d) x+ 2y = 3, x 2 + xy = 2 

(e) 3y + 4x = 25, x 2 + y2 = 25 (f) y+2x= 3, 2x2 -3xy=14 

(g) y = 2x -12, x 2 + 4xy - 3y2 = -27 (h) 2x - Sy = 6, 2xy - 4x2 - 3y = 1 

3 In each case find the number of points of intersection of the straight line with the curve. 

(a) y=l-2x, x 2+y2 =l (b) y=1x-l, y=4x2 

(c) y=3x-l, xy=l2 (d) 4y-x=l6, y 2 =4x 

(e) 3y-x=l5, 4x 2+9y 2 =36 (f) 4y=l2-x, xy=9 

4 Solve the following equations; give irrational answers in terms of surds. 

(a) x 4 -5x2 +4=0 (b) x4 -10x2 +9=0 (c) x 4 -3x2 -4=0 

(d) x 4 -5x2 -6=0 (e) x6 -7x3 -8=0 (f) x 6 +x3 -l2=0 

5 Solve the following equations. (in most cases, multiplication by an appropr~ate expression 

will tum the equation into a form you should recognise.) 

10 6 
(a) x=3+- (b) x+5=-

x 

12 
(d) x = x+ 1 

2 1 
(g) x- x+2 = 3 

15 10 - 55 
(j) 2x + 1 + ~ - -2 

x 

12 
(e) -ft= 4 +-ft 

(h) ~-1=~ 
x+2 x+3 

(k) y4 - 3y2 = 4 

3 
(c) 2t+5=­

t 

(f) -!i(-!i - 6) = -9 

. 12 10 
(1) ---=-3 

x+l x-3 

- -l 
(1) y-2 - y2 + 1 - 2 

/ 



_,------

62 

6 Solve the following equations. 

(a) x-8 = 2,fx 

(d) t=3-Jf +IO 

PURE MATHEMATICS 1 

(b) x+l5=8Fx 

(e) if;2-VX-6=o 
( c) t - 5-Jt -14 = 0 

Cf) W -3Vt =4 

f~?}~?::l~~~~~~~y~~~;1fI~~ Miscellaneous exercise 4 ~~ 

' 1 Solve the simultaneous equations x + y = 2 and x 2 + 2y2 = 11. (OCR) 

t 2 The quadratic polynomial x2 
- lOx + 17 is denoted by f(x). Express f(x) in the form 

(x - a)2 + b stating the values of a and b. 

Hence find the least possible value that f(x) can take and the corresponding 
value of x. 

3 Solve the simultaneous equations 2x + y = 3 and 2x2 
- xy = 10. 

4 For what values of k does the equation 2x2 
- kx + 8 = 0 have a repeated root? 

(OCR) 

(OCR) 

5 By expressing the function f(x) =(2x+ 3)(x-4) in completed square form, find the range 
of the function f( x) . 

6 (a) Solve the equation x2 
- ( 6-v'3)x + 24 = 0, giving your answer in terms of surds, 

simplified as far as possible. 

(b) Find all four solutions of the equation x 4 
-( 6-v'3)x2 + 24 = 0 giving your 

answers correct to 2 decimal places. (OCR) 

7 Show that the line· y = 3x - 3 and the curve y = (3x + l)(x + 2) do not meet. 

8 Express 9x2 
- 36x + 52 in the form (Ax- B)2 + C, where A, Band C are integers. 

Hence, or otherwise, find the set of values taken by 9x2 
- 36x + 52 for real x. (OCR) 

9 Find the points of intersection of the curves y = 6x2 + 4x - 3 and y = x 2 
- 3x -1 , giving 

the coordinates correct to 2 decimal places. 

2 ' 2 10 (a) Express 9x + l2x + 7 in the form (ax+ b) + c where a, b, c are constants whose 
values are to be found. 

(b) Find the set of values taken by 2 

1 
forreal values of x. 

9x +12x+7 
(OCR) 

11 Find, correct to 3 significant figures, all the roots of the equation 8x4 
- 8x2 + 1 = ~ -J3. 

(OCR) 
12 Find constants a, b and c such that, for all values of x, 

3x2 -5x+l = a(x+b)2 +c. 

Hence find the coordinates of the minimum point on the graph of y = 3x2 
- 5x + 1 . 

(Note: the minimum point or maximum point is the vertex.) (OCR, adapted) 

13 Find the points of intersection of the curve xy = 6 and the line y = 9 - 3x . (OCR) 
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14 The equation of a curve is y = ax2 
- 2bx + c, where a, b and c are constants with a > 0 . 

(a) Find, in terms of a, b and c , the coordinates of the vertex of the curve. 

(b) Given that the vertex of the curve lies on the line y = x , find an expression for c in 

terms of a and b. Show that in this case, whatever the value of b, c ~ _ _!_ 
· 4a 

(OCR, adapted) 

15 (a) The diagram shows the graphs of y = x -1 and 
y = kx2

, where k is a positive constant. The 
graphs intersect at two distinct points A and B. 
Write down the quadratic· equation satisfied by 
the x -coordinates of A and B, and 

hence show that k < ~ . 

(b) Describe briefly the relationship between the 
graphs of y = x - 1 and y = kx2 in each of the 
cases (i) k = ~ , (ii) k > t . 

y 

x 

(c) Show, by using a graphical argument or otherwise, that when k is a negative constant, 
the equation· x -1 = kx2 has two real roots, one of which lies between 0 and 1. 

16 Use the following procedure to find the least (perpendicular) distance of the point (1, 2) 
from the line y = 3x + 5 , ~ithout having to find the equation of a line perpendicular to 
y = 3x + 5 (as you did in Chapter 1). 

(a) Let (x,y) be a general point on the line. Show that its distance, d, from (1,2) is given 
by d2 = (x -1)2 + (y-2)2. 

(b) Use the equation of the line to show that d 2 = (x-1) 2 + (3x + 3)2
. 

(c) Show t~at d 2 = 10x2 + 16x + 10 ,, 

(d) By completing the square, show that the minimum distance required is ~-JiO. 

17 Using the tec.hnique of Question 16, 

(a) find the perpendicular distance of (2, 3) from y = 2x + 1, 

(b) find the perpendicular distance of (-1,3) from y = -2x + 5, 

(c) findtheperpendiculardistanceof (2,-1) from 3x+4y-7=0. 

18 Point 0 is the intersection of two roads which cross at right angles; one road runs from 
north to south, the other from east to west. Car A is 100 metres due west of 0 and travelling 
east at a speed of 20 m s-1 , and Car Bis 80 metres due north of 0 and travelling south at 
20 ms-1

• 

(a) Show that after t seconds their distance ~part, d metres, is given by 

d2 = (100 - 20t)2 + (80 - 20t)2
. 

(b) Show that this simplifies to d 2 = 400({5 - t) 2 + ( 4- t)2
). 

( c) Show that the minimum distance apart of the two cars is 1 OJ2 metres . 
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19 Point 0 is the intersection of two roads which cross at right angles; one road runs from 
north to south, the other from east to west. Find the least distance apart of two motorbikes 
A and B which are initially approaching 0 on different roads in the following cases. 

(a) Both motorbikes are 10 metres from 0. A is travelling at 20 m s-1
, Bat 10 m ~-l. 

(b) A is 120 metres from 0 travelling at 20 m s-1
, Bis 80 metres from 0 travelling at 

lOms-1. 

(c) A is 120 metres from 0 travelling at 20 m s-1 ,Bis 60 metres from 0 travelling at 
lOms-1 . 

20 (a) Express 2 -4x - x 2 and 24 + 8x + x2 in their completed square forms. 

(b) Show that the graphs with equations y = 2 - 4x - x 2 and y = 24 + ~x + x 2 do not 
intersect. 

(c) By giving an example, show that it is possible to find graphs with equations of the 
forms y=A-(x-a) 2 and y=B+(x-b) 2 with A>B which do not intersect. 

21 A recycling firm collects aluminium cans from a number of sites. It crushes them and then 
sells the aluminium back to a manufacturer. 

The profit from processing t tonnes of cans each week is $p, where 

p=l00t-~t2 -200. 

By completing the square, find the greatest profit the firm can make each week, and how 
many tonnes of cans it has to collect and crush each week to achieve this profit. 

~~ '"'~ '.· ~-·· ~,~'Z'i_ii!:...,,.$.~....r~~~~™1!¥'-£.~S-~"«.T'!'lt.liM&"'rn:i' 



5 Inequalities 

This chapter is about inequality relationships, and how to solve inequalities. When you 
have completed it, you should 

• know the rules for working with inequality symbols 
• be able to solve linear inequalities 
• be able to solve quadratic inequalities. 

5.1 Notation for inequalities 
You often want to compare one number with another and say which is the bigger. This 
comparison is expressed by using the inequality symbols >, <,:;;;;; and~. You have 
already met inequalities in Chapters 3 and 4. 

The symbol a > b means that a is greater than b . You can 
visualise this geometrically as in Fig. 5 .1, which shows 
three number lines, with a to the right of b·. 

Notice that it does not matter whether a and b are positive 
or negative.The position of a and b in relation to zero on 
the number line is irrelevant. In all three lines, a> b . As an 
example, in the bottom line, -4 > - 7. 

0 b a 

b 0 a 

b a 0 

Fig. 5.1 

Similarly, the symbol a< b means that a is less than b. You can visualise this 
geometrically on a number line, with a to the left of b. 

These four expressions are equivalent. 

a > b a is greater than b 

b < a b is less than a 

The symbol a ~ b means 'either a > b or a = b '; that is, a is greater than or equal to, 
but not less than, b. Similarly, the symbol a:;;;;; b means 'either a < b or a= b ';that is, 
a is less than or equal to, but not greater than, b. 

These expressions are equivalent. 

a~b 

b:;s; a 

a is greater than or equal to b 

b is not greater than a 

The symbols <and >are called strict inequalities, and the symbols :;;;;; and~ are called 
weak inequalities. 

( 
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5.2 Solving linear inequalities 

When you solve an inequality such as 3x + 10 > lOx -11, you have to write a simpler 
statement with precisely the same meaning. In this case the simpler statement turns out 
to be x < 3. But how do you get from the complicated statement to the simple one? 

Adding or subtracting the same number on both sides 
You can add or subtract the same number on both sides of an inequality. For instance 
you can add the number 11 to both sides. In the example you would get 

(3x + 10) + 11>(lOx-11)+11, 

3x+2l>l0x. 

.....£.. .....£.. Justifying such a step involves showing that, for 
any number c, 'if a>b then a+c>b+c'. b b+c a a+c 

c is positive 

This is saying that if a is to the right of b on the number 
line, then a + c is to the right of b + c . Fig. 5 .2 shows that 
this is true whether c is positive or negative. 

Since subtracting c is the same as adding -c, you can also 
subtract the same number from both sides. 

In the example, if you subtract 3x from both sides you get 

(3x+21)-3x > 10x-3x, 

21> 7x. 

Multiplying both sides by a positive number 

~ ~ 

b+c b a+c a 
c is negative 

Fig. 5.2 

You can multiply (or divide) both sides of an inequality by a positive number. In the 
example above, you can divide both sides by the positive number 7 (or multiply both 
sides by 4), and get: 

21xt>7xx-4, 

3>x. 

Here is a justification of the step, 
'if c>O and a>b,then ca>cb'. 

As a > b , a is to the right of b on 
the number line. 

As c > 0 , ca and cb are 
enlargements of the positions of a 
and b relative to the number 0. 

cb 

0 b cb a 

cb b 0 a .ca 

b ca a 0 

Fig. 5.3 

Fig. _5.3 shows that, whether a and b are positive or negative; ca is to the right of cb, 
so ca>cb. 

ca 



CHAPTER 5: INEQUALITIES 

Multiplying both sides by a negative number 
If a> b, and you subtract a+ b from both sides, then you get -b >-a, which is the 
same as -a < -b . This shows that if you multiply both sides of an inequality by -1 , 
then you change the direction of the inequality. Suppose that you wish to multiply the 
inequality a> b by -2. This is the same as multiplying -a< -b by 2, so -2a < -2b. 

You can also think of multiplying by -2 as reflecting the points corresponding to a and 
b in the origin, and then multiplying by 2 as an enlargement. 

ca cb 0 b a 
You can summarise this by saying that if you multiply 
(or divide) both sides of an inequality by a negative 
number, you must change the direction of the inequality. 
Thus if c < 0 and a> b, then ca< ch (see Fig. 5.4). 

Fig.5.4 

Summary of operations on inequalities 

• You can add or subtract a number on both sides of an inequality. 
• You can multiply or divide an inequality by a positive number. 
• You can multiply or divide an inequality by a negative number, but 

you must change the direction of the inequality. 

Solving inequalities is simply a matter of exploiting these three rules. 

Example 5.2.1 
Solve the inequality -3x < 21. 

In this example you need to divide both sides by - 3. Remembering to change the 
direction of the inequality, -3x < 21 becomes x > -7. 

Example 5.2.2 
Solve the inequality ~(4x + 3)- 3(2x ~ 4) :'3 20. 

Use the rule about multiplying by a positive number to multiply both sides by 3, in order 

to clear the fractions. In the solution, a reason is given only when an operation is carried 

out which affects the inequality. 

~(4x+3)-3(2x-4) :'3 20, 

(4x+3)-9(2x-4) :'3 60, 

4x+3-18x+36 :'3 60, 

-14x + 39 :'3 60, 

-14x :'3 21, 

x:;;; - 3 2· 

multiply both sides by 3 

subtract 39 from both sides 

divide both sides by -14, change :'3 to :;;; 

Solving inequalities of this type is similar to solving equations. However, when you multiply or 

divide by a number, remember to reverse the inequality if that number is negative. 

67 
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(S?~~~·.:±;i-}~:~:~(f~Bfil~~fg!&1f~}~;£B~~'J~~£S~2Hl~] Exercise SA Pfi~1i'f•!if""ffi"'?!!!il1ll'fi!!t"B 

Solve the following inequalities. 

1 (a) x-3>11 (b) x+7<11 (c) 2x+3.s;8 ( d) - 3x - 5 ~ 16 

(e) 3x+7>-5 (f) 5x+6.s; -10 (g) 2x+3 <-4 (h) 3x - 1 .;;; -13 

2 (a) x+ 3 >5 x-4 · (c) 2x+3 < _5 (d) 3x+2.;;; 4 {b) -- .;;; 3 
2 6 . 4 5 

4x-3 
(f) 5x+l>_3 (g) 3x-2< 1 

4x-2 
(e) --??--7 (h) --~-6 

2 3 8 3 

3 (a) -5x.;;; 20 (b) -3x ~ -12 (c) 5-x<-4 (d) 4- 3x.;;; 10 

(e) 2-6x.s;O (f) 6-5x > 1 (g) 6-5x > -1 (h) 3 - 7 x < -11 

3-x 5-x (c) 3-2x> 3 (d) 7-3x <-l 4 (a) -<2 (b) -~1 
5 3 5 2 

5-4x 
(f) 

3-2x (g) 3 + 2x < 5 
7-3x 

(e) --<S;-3 -->-7 (h) --<S; -5 
2 5 4 4 

5 (a) x-4<S; 5+2x (b) x-3~ 5-x (c) 2x+5<4x-7 

(d) 3x-4>5-x (e) 4x.;;; 3(2- x) (f) 3x ~ 5 - 2(3 - x) 

(g) 6x < 8 - 2(7 + x) (h) 5x - 3 > x - 3(2 - x) (i) 6-2(x+l).s; 3(1-2x) 

6 (a) ~(8x+l)-2(x-3)>10 (b) i(x+l)-2(x-3)<7 

(c) 2x+l.:_ 4x+5.s;O 
3 2 

(d) 3x-2_x-4<x 
2 3 

(e) x+l +.!.~ 2x-5 
4 6 3 

. (f) 
x 3-2x 
----<S;l 
2 5 

(g) x - 1 - x + 1 > ~ 
3 4 2 

x 3x 
(h) -~ 5--

3 4 

~~-_;~~:I;~2fil·o;:="1.mi·Eil"i!-"1[l!1l!Jilll1il!DB-l!lili!llllllH'!B!lli!l!!i!lil!ii!il!llililiilllll!!ilfli!liilll!!l:ll!Rllllllli!Biilllllllli!!I! jl'Ji!!lf;!l1Q 

5.3 Quadratic inequalities 

In Chapter 4, you saw that a quadratic function might take one of three forms: 

f(x) = a.x2 +bx+c 

f(x) = a(x- p)(x-q) 

f(x)=a(x-r) 2 +s 

the usual form 

the factor form 

the completed square form. 

If you need to solve a quadratic inequality of the form f(x) < 0, f(x) > 0, f(x).;;; 0 or 
f(x) ~ 0, by far the easiest form to use is the factor form. 

Here are some examples which show ways of solving quadratic inequallties. 

iilil!l!Gltiill 
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Example 53.1 
Solve the inequality (x-2)(x-4) < 0. 

Method 1 Sketch the graph of y = ( x - 2 )( x - 4) . 
The graph cuts the x-axis at x.= 2 and x = 4. As 
the coefficient of x 2 is positive, the parabola bends 
upwards; as shown in Fig. 5.5. 

You need to find the values of x such that y < 0. 

From the graph you can see that this happens when 
x lies between 2 and 4, that is x > 2 and x < 4. 

'f \+'X2. 
K::::/4 x 

Fig. 5.5 

Remembering that x > 2 is the same as 2 < x , you can write this as 2 < x < 4, 
meaning that x is greater than 2 and less than 4. · 

When you write an inequality of the kind r < x and x < s . in the form r < x < s, it is 

essential that r < s . It makes no sense to write 7 < x < 3; how can x be both greater 

than 7 and.fess than 3 ? 

An inequality of the type r < x < s (or r < x ~ s or r ~ x < s or r ~ x ~ s) is called 
an int~rval. 

Method 2 Find the values of x for which (x -2)(x - 4) = 0. These values, 
x = 2 and x = 4 , are called the critical values for the inequality. 

Make a table showing the signs of the factors in the product (x - 2)(x - 4). 

x<2 x=2 

x-2 - 0 

x-4 - -

(x-'-2)(x-4) + 0 

Table 5.6 

2<x<4 

+ 
-

-

x=4 

+ 
0 

0 

x>4 

+ 
+ 

+ 

From Table 5.6 you can see that (x.,-2)(x-4) <0 when 2 < x < 4. 

Example 53.2 
Solve the inequality (x + 1)(5- x) ~ 0. 

69 

Fig. 5.7 shows the graph of y = (x + 1)(5-x). As 
the coefficient of x 2 is negative, the parabola has 
its vertex at the top. So y ~ 0 when either x ~ -1 
or x ~ 5. 

Ax) 
fC0 

Note that in this case the inequality is also satisfied by the 

critical values -1 and 5 . 

\;',' 

Fig. 5.7 

( 
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Example 5.3.3 
Solve the inequality x2 ~ a 2

, where a> 0 . 

This is the same as x2 
- a 2 ~ 0 or (x + ~)(x - a)~ 0. The critical values are 

x = -a and x = a. 

x<-a x=-a -a< x <a x=a x>a 

x+a - 0 + + + 

x-a - - - 0 + 

(x+a)(x-a) + 0 - 0 + 

Table 5.8 

Table 5.8 shows that, if x2 ~ a 2
, then -a~ x ~a. It also shows t}1at, if 

2 . 2 . 
-a ~ x ~ (l, then x ~ a . 

The result of Example 5 .3 .3 is important. You can write it more shortly as: 

If a > 0 , then these statements are equivalent. 

x2 ~a2 -a~x~a 

It is usually easiest to solve inequalities by using graphical or tabular methods. If you 
have access to a graphic calculator, you can use it to obtain the sketch, which makes the 
whole process even easier. 

Example 5 .3 .4 shows how inequality arguments can be expressed in a more algebraic form. 

Example 5.3.4 
Solve the inequalities (a) (2x + l)(x - 3) < 0, (b) (2x + l)(x - 3) > 0. 

(a) If the product of two factors is negative, one of them must be negative, and the 
other positive. So there are two possibilities to consider. 

If 2x + 1 is negative and x - 3 is positive, then x < -! and x > 3. This is 

obviously impossible. 

But if 2x + 1 is positive and x - 3 is negative, then. x > -! and x < 3, which 
happens if - ! < x < 3 . · . 

(b) If the product of two factors is positive, either both are positive or both are negative. 

If both 2x + 1 and x - 3 are positive, then x > -! and x > 3, which happens if x > 3. 

If both 2x + 1 and x - 3 are negative, then. x < -! and x < 3, which happens if x < -! . 
So (2x+l)(x-3)>0 if x>3 or x<-!. 
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You could solve both parts at once by constructing a table as in Example 5.3.3, and 

reading off the sign from the last line. 

There. may be times when you don't have access to a graphic calculator, or when 
factorising the given expression is difficult or impossible. In those cases, you should 
complete the square, as described in Section 4.3. 

Example 5.3.5 
Solve algebraically the inequalities (a) 2x2 - 8x + U.;;; 0, (b) 2x2 - 8x + 5.;;; 0. 

(a) By completing the square, 2x2 - 8x + 11=2(x- 2)2 + f 
The smallest value of 2(x - 2)2 + 3 is 3, and it occurs when x = 2. So there are no 
values of x for which 2x2 - 8x + 11 .;;; 0 . 

(b) 2x2 -8x +5 = 2(x-2)2 -3, 

so 2(x - 2)2 - 3;,,;; 0, 

(x-2)2 -i.;;; 0, 

(x-2)2.;;;i· 

Using the result in the box on page 70; 

_ G.;;;x-2.;;; G or 2- G.;;;x.;;;2+ /]. 
~2 ~2· ~2 ~2· 

71 

Exercise SB T~.;!J~W~§~i~1N~~~l:~~;i,~m~m 

1 Use sketch graphs to solve the following inequalities. 

(a) (x-2)(x-3)<0 (b) (x-4)(x-7)>0 (c) (x-l)(x-3)<0. ... 
(d) (x-4)(x+l)~O (e) (2x-l)(x+3)>0 (f) (3x-2)(2x+5).;;; 0 

(g) (x+2)(4x+5)~ 0 (h) (1- x )(3 + x) < 0 (i) (3-2x)(5-x)>O 

U) (x-5)(x+5)<0 (k) (3- 4x)(3x + 4) > 0 (1) (2 + 3x)(2-3x).;;; 0 

2 Use a table based on critical values to solve the following inequalities. 

(a) (x-3)(x-6)<0 (b) (x-2)(x-8)>0 (c) (x-2)(x+5).;;;0 

(d) (x - 3)(x + 1) ~ 0 (e) (2x+3)(x-2)>0 (f) (3x-2)(x + 5).;;; 0 

(g) (x+3)(5x+4)~ 0 (h) (2-x)(5+x}<O (i) (5-2x)(3-x)>O 

U) (3x + 1)(3x-1) ~ 0 (k) (2- 7x)(3x + 4) < 0 (1) (5+3x)(l-3x).;;; 0 

3 Use an algebraic method to solve the following inequalities. Leave irrational numbers in 
terms of surds. Some inequalities may be true for all values of x, others for no values of x. 

(a) x2 +3x-5>0 (b) x 2 +6x+9<0 (c) x2 -5x+2<0 

(d) x2 -x+l ~ 0 (e) x2 -9<0 (f) x2 +2x+l.;;; 0 

(g) 2x2 - 3x - 1 < 0 (h) 8 - 3x - x2 > 0 (i) 2x2 + 7 x + 1 ~ 0 

/ 
I 

\. 
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4 Use any method you like to solve the following inequalities. 

(a) x 2 + s:X + 6 > 0 (b) x2 -7x+12<0 (c) x 2 -2x-15~ 0 

(d) 2x2 -18 ;3 0 (e) 2x2 
- 5x + 3 ;3 0 (f) 6x2 -5x-6 < 0 

(g) x2 + 5x + 2 > 0 (h) 7-3x2 < 0 (i) x2 +x+1<0 

U) 2x2 -5x+5> 0 (k) 12x2 + 5x - 3 > 0 (1) 3x2 -7x+l ~ 0 

Miscellaneous exercise 5 ~.t3~.:1·~~G:~:~-0~i-~I?-!~Ji~ij~:_r2u1?~:~f~~~~~~ 

1 Solve the inequality x 2 
- x - 42 ~ 0. 

2 Solve the inequality (x + 1)2 <9. 

3 Solve the inequality x(x + 1) < 12. 

4 Solve the inequality x - x 3 < 0 . 

S Solve the inequality x 3 
;3 6x - x 2

. 

Use the discriminant' b2 
- 4ac' in answering Questions 6 to 8. You may need to check 

the value k = 0 separately. 

6 Find the values of k for which the following equations have two separate roots. 

(a) kx 2 +kx+2=0 (b) kx 2 +3x+k=O (c) x 2 -2kx+4=0 

7 Find the values of k for which the following equations have no roots. 

(OCR) 

(a) kx 2 -2kx+5=0 (b) k2x2 +2kx+l=O (c) x 2 -5kx-2k=O 

8 Find the range of values of k for which the equation x 2 + 3kx + k = 0 has any roots. 

9 Find the set of values of x for which 9x2 + 12x + 7 > 19. (OCR) 

10 Sketch, on the same diagram, the graphs of y = _!_ and y = x -i. Find the solution set of 

the inequality x..:... i > _!_. x (OCR) 
x 

11 Solve each of the following inequalities. 

x 
(a) --<5 

x-2 

(b) x(x-2)<5 (OCR, adapted) 
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Revision exercise 1 

1 The line /1 passes through the points A( 4,8) and B(l0,26). Show that an equation for /1 is 
y=3x-4. 

The line /1 intersects the line /2 , which has equation y = 5x + 4 , at C . Find the 
coordinates of C . 

2 Show that any root of the equation 5 + x - .,)3 + 4x = 0 is also a root of the equation 
x 2 + 6x + 22 = 0 . Hence show that the equation 5 + x - .,)3 + 4x = 0 has no solutions. 

3 Write x 2 + lOx + 38 in the form (x + b )2 + c where the values of b and c are to be found. 

(a) State the minimum value of x 2 + lOx + 38 and the value of x for which this occurs. 

(b) Determine the values of x for which x2 + 1 Ox+ 38 ~ 22 . 

4 Simplify (4x+y}1 +(2x-1y 2
). 

5 Solvetheinequaljties (a) 2x2 -5x+2:;;;;·0", (b) (2x-3)2 <16, (c) ~x--;\-(2x-5)<~. 

6 Show that the equation 2x+I + 2x-I = 160 can be written in the form 2.5x2x=160. Hence 
find the value of x which satisfies the equation. 

7 Find the values of k such that the straight line y = 2x+ k meets the curve with equation 
x 2 + 2.xy + 2y2 = 5 exactly once. 

8 Display on the same axes the curves with equations y = x 3 and y = Vx, and give the 
coordinates of their points of intersection. 

9 A mail-order photographic developing company offers a picture-framing service to its 
customers. It will enlarge and mount any photograph, under glass and in a rectangular 
frame. Its charge is based on the size of the enlargement. It charges $6 per metre of 
perimeter for the frame and $15 per square metre for the glass. Write down an expression 
for the cost of enlarging and mounting a photograph in a frame which is x metres wide and 
y metres high. 

A photograph was enlarged and mounted in a square frame of side z metres at a cost of 
$12. Formulate and solve a quadratic equation for z. 

10 Find the equation of the straight line through A(l,4) which is perpendicular to the line 
passing through the points B(2, -2) and C( 4,0). Hence find the area of the triangle ABC, 

giving your answer in the simplest possible form. 

11 Solve the inequalities 

(a) 2(3-x)<4-(2-x), (b) (x-3)2 <x2
, (c) (x-2)(x-3)~6. 

12 The quadratic equation (p- l)x2 + 4x + (p- 4) = 0 has a repeated root. Find the possible 
values of p. 

13 Solve the simultaneous equations 

2x+3y=5, 
x 2 +3.xy = 4. 
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14 Prove that the triangle with vertices at the points (1,2), (9,8) and (12,4) is right-angled, 
and calculate its area. 

15 Find where the line y = 5 - 2x meets the curve y = (3 - x )2 
. What can you deduce from 

your answer? 

16 A rhombus has opposite vertices at (-1,3) and (5,-1). Find the equations of its diagonals. 

One of the other vertices is ( 0, -2) . Find the fourth vertex. 

17 Points A and Bhavecoordinates (-1,2) and (7,-4) respectively. 

(a) Write down the coordinates of M, the mid-point of AB. 

(b) Calculate the distance MB . 

(c) The point Plies on the circle with AB a~ diameter and has coordinates (2,y) where 
y is positive. Calculate the value of y, giving your answer in surd form. 

18 Solve the inequalities (a) x 2 - x - 2 > 0, (b) (x + l)(x- 2)(x-3) > 0. 

19 Two of the sides of a triangle have lengths 4 cm and 6 cm , and the angle between them is 

120°. Calculate the le~gth of the third side, giving your answer in the form m-JP, where 
m and p are integers, and p is prime. 

20 A triangle has vertices 0(0,0), A(2,6) and B(12,6). Write down the equation of the 
perpendicular bisector of AB , and find the perpendicular bisector of OA . Find the 
coordinates of the point C where these lines meet, and calculate the distances of C from 
0, A and B. 

Write down the area of triangle OAB. H.ence find the length of the perpendicular from A 

to OB, and deduce that angle AOB is 45°. (MEI, adapted) 

21 A quadrilateral has vertices A(-1,1), B(l,2), C( 4,1) and D(3,4). Find the lengths and the 
equations of the two diagonals AC and BD. (OCR) 

22 The quadratic function f(x) = px 2 + qx + r has f(O) = 35, f(l) = 20 and f(2) = i 1. Find 
the values of the constants p, q and r. 

Express f(x) in the form a(x + b) 2 + c. Use your answer to find the smallest value of 
f(x). (OCR, adapted) 

23 Use the substitution y = J" to find the values of x which satisfy the equation 
3Zx+z -lOX 3x + 1 =0. 

24 Show that .-/ N + 1 - .JN = ,___! .JN. Use this to explain why ,fiOi is close to, but 
N+l+ N 

slightly less than, 10.05. 

Without using a calculator, find the roots of x 2 + 7x -13 = 0, giving your answers correct 
to 2 decimal places. 

25 If ab0
A = c , express b in terms of a and c 

(a) in index notation, (b) in surd notation. 

-- --'--~ 



6 Differentiation 

This chapter is about finding the gradient of the tangent at a point on a graph. When you 
have completed it, you should be able to 

• calculate an approximation to the gradient at a point on a curve, given its equation 
• calculate the exact gradient at a point on a quadratic curve and certain other curves 
• find the equations of the tangent and normal to a curve at a point. 

This chapter is divided into two parts. In the first part, Sections 6.1 to 6.5, you will 
develop results experimentally and use them to solve problems about tangents to graphs. 
In the second part, Sections 6.6 and 6.7, the experimental results are proved. You may, 
if you wish, omit the second part of the chapter on a first reading, but you should still 
tackle Miscellaneous exercise 6 at the end of the chapter. 

6.1 Calculating gradients of chords 
Think of a simple cul"Ve such as the graph of y = x 2 

. As your eye moves along the x­
axis, can you describe, in mathematical terms, how the direction of the curve changes? 

Just as a straight line has a numerical gradient, so any 
curve, provided it is reasonably smooth, has a 
steepness or gradient which can be measured at any 
given point. The difference is that for the curve the 
gradient will change as you move along it; 
mathematicians use this gradient to describe the 
curve's direction. 

In Chapter 1 you saw how to find the gradient of a 
straight line through two points when you know their 
coordinates. You cannot use this method directly on a 
curve because it is not a straight line. Instead you 
find the gradient of the tangent to the curve at the 
point you have chosen, since (as you can see from 
Fig. 6.1) the tangent has the same steepness as the 
curve at that poinf However, this creates another 
difficulty; you can only find the gradient of a line if 
you know the coordinates of two points on it. 

Fig. 6.2 shows three chords (straight lines through two 
points of the curve) which get closer and closer to the 

·tangent line; it turns out that a good way to begin is by 
finding the gradient of these chords, because for these 
you can use the techniques ot Ch~pter 1. 

y 

Fig. 6.1 

y 

Fig. 6.2 

( 

• 

x 

x 
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Example 6.1.1 
Find the gradient and the equation of the chord joining 
the points on the curve y = x 2 with coordinates 
(0.4,0.16) and (0.7,0.49). 

From the formula in Section 1 .3, the gradient of 
the chord is 

0.49 - 0.16 = 0.33 = 1.1. 
0.7-0.4 0.3 

The formula in Section 1.5 then gives the 
equation of the chord as 

y-0.16 = l.l(x-0.4), which is 

y = l.lx - 0.28. 

y 

0.5 

(0.4,0.16) 
0.3 

0 0.5 

Fig.6.3 

Fig. 6.3 shows that this is the equation of the whole line through the two points, not just 

the line segment between the two points which people often think of as the 'chord'. 

At this point it is useful to introduce some new notation. The Greek letter o (delta) is 
used as an abbreviation for 'the increase in'. Thus 'the increase in x' is written as ox, 
and 'the increase in y ' as oy . These are the quantities called the ' x -step' and ' y -step' 
in Section 1.3. Thus in Example 6.1.1 from one end of the chord to the other the x-step 
is 0.7 - 0.4 = 0.3 and the y-step is 0.49- 0.16 = 0.33, so you can write 

ox= o.3, oy = 0.33. 

With this notation, you can write the gradient of the chord as ~~ ~ 

Some people use the capital letter ~ rather than o . Either is acceptable. 

Notice that, in the fraction oy , you cannot 'cancel out' the deltas; they do not stand for a 
ox 

number. While you are getting used to the notation it is a good idea to read o as 'the 
increase in', so that you are not tempted to treat it as an ordinary algebraic symbol. 
Remember also that ox or oy could be negative, making the x~step or y-step a decrease. 

I x 

Using this notation for the gradient of the chord, the first line of Example 6.1.1 would read 

oy = o.49-0.16 = o.33 = u. 
Ox 0.7-0.4 0.3 

Example 6.1.2 
Find the gradient of the chord joining the points on the curve y = x 2 with x-coordinates 
0.4 and 0.41. · 

First you need to calculate the y-coordinates of the two points. They are 
0.42 = 0.16 and 0.412 = 0.1681. 
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Working in a similar way to Example 6.1.1, 

Ox= 0.41-0.4 = 0.01 and oy = 0.1681-0.16 = 0.0081, 

so that the gradient of the chord is 

oy _ 0.0031= 0_
8
i. 

Ox - 0.01 

Fig. 6.4 is not very useful as an illustration, because 

the two points are so close together. There is a small 

triangle there, like the triangle in Fig. 6.3, but you could 

be excused for missing it. 

In Fig. 6.4 it has become diffi_cult to distinguish 
between the chord joining two points close together 
and the tangent at the point with x-coordinate 0.4. 
This shows the way to find the gradient of the tangent 
at the point on the curve with x = 0 .4 . 

y 

0.5 

0 

In Example 6.1.3, the two points have become even closer together. 

Example 6.1.3 

Fig. 6.4 

Find the gradient of the chord joining the points on the curve y = x2 with x-coordinates 
0.4 and 0.400 01. 

The coordinates of the two points are ( 0.4,0~42 ) and ( 0.400 01,0.400 012
); 

ox= 0.400 01- 0.4 = 0.000 01 and oy = 0.400 012 -0.42 = 0.000 0080001, 

so that the gradient of the chord is 

oy _ o.ooo 008 ooo 1 = o.800 oi. 
ox - 0.000 01 

This result, being so close to 0 .8, seems to indicate that the gradient of the tangent to the 
curve y = x2 at x = 0.4 is 0.8. But it does not prove it, because you are still finding the 
equation of the chord joining two points, no matter how close those points are. 

bi'' :'?'''0)ti'!fJ©'i;':"~~~~,1;;:~~J:212g~ti1;;;;,;~:~1o:fJZJ Exercise 6A 

In Questions 2 and 3 the parts of questions could be divided, so that groups of students 
working together have answers to all the parts of each question, and can pool their results. 

77 

1 Find the equation of the line joining the points with x-values 1 and 2 on the graph y = x2
. 

2 In each part of this question, find the gradient of the chord joining the two points with the 
given x-coordinates on the graph of y = x 2

. 

(a) 1and1.001 

(d) 2 and 1.999 

(b) 1 and 0 .9999 

(e) 3 and 3.000 001 

(c) 2 and 2.002 

(f) 3 and 2.999 99 

( 



~ 
I 

'-

78 PuRE MATHEMATICS 1 

3 In each part of this question find the gradient of the chord from the given point on the 

graph y = x 2 to a nearby point. Vary the distance between the point given and the nearby 

point; make sure that some of the points that you choose are to the left of the given point. 

(a) (-1,1) (b) (-2,4) (c) (10,100) 

4 Use the results of Questions 2 and 3 to make a guess about the gradient of the tangent at 

any point on the graph of y = x 2
. 

5 (a) Use a similar method to that of Questions 2 to 4 to make a guess about the gradients of 

the tangents at points on the graphs of y = x 2 + 1 and y = x 2 
- 2. 

(b) Use the results from part (a) to make a generalisation about the gradient at any point on 

the graph of y = x 2 + c, where· c is any real number. 

r,qpr.;"JWW!Tmmerrrr~~~ff!fMMrnmr=' ¥¥M"~ 

6.2 The gradient of a tangent to the curve y = x 2 + c 

If you collect the results from Exercise 6A, you should suspect that the gradient of the 

tangent to the curve y = x 2 at any point is twice the value of the x-coorcii~ate of the 

point. Another way of saying this is that the gradient formula for the curve y = x 2 is 2x . 

For example, at the point (-3,9) on the curve y = x 2
, the gradient is 2 x (-3) = -6. 

This means that the tangent to the curve at this point is the straight line which has 

gradient ...:.6 and passes through the point (-3, 9) . 

To find the equation of this tangent, you can use the 

method in Section 1.5. The equation of the line is 
y 

y= x2 

y-9=-6(x-(-3)), whichis 

y - 9 = -6x -18, or y = -6x - 9 . 

You should also see that the gradient formula holds 

for the curve y = x 2 + c where c is any constant: 

the gradient at x is also 2x . After all, the curve 

y = x 2 + c has the same shape as the curve y = x 2 
, 

but it is shifted in the y-direction. 
Fig. 6.5 

Assume for the moment that these results can be proved. You will find proofs, when you 
need them, in Section 6.6. 

6.3 The normal to a curve at a point 

The line passing through the point of contact of the 

tangent with the curve which is perpendicular to the 

tangent is called the normal to the curve at that point. 

Fig. 6.6 shows a curve with equation y = f(x). The 

tangent and the normal at the point A have been drawn. 

Fig.6.6 

x 
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If you know the gradient of the tangent at A, you can calculate the gradient of the normal 
by using the result of Section 1.9. If the gradient of the tangent is m, then the gradient 

of the normal is - _!_ , provided that m -:f. 0 . 
m 

Example 63.1 
Find the equation of the normal to the curve y = x 2 at the point for which 
(a) x=-3, (b) x=O. 

(a) You found in Section 6.2 that the gradient of the tangent at (-3,9) is -6. 

The normal has a gradient of - __!__ = i and also passes through ( - 3, 9) . 
-6 

Therefore the equation of the normal is y - 9 = i-( x - (-3)), which simplifies to 
6y=x+51. 

(b) At ( 0, 0) , the gradient of the tangent is 0 , so the tangent is parallel to the 
x-axis. The normal is therefore parallel to the y-axis, so its equation is of the 
form x =something. As the normal passes through (0,0), its equation is x = 0. 

If you have access to a graphic calculator, try displaying the curve y = x 2 
, the tangent 

y = -6x - 9 and the normal 6y = x + 57 on it. You may be surprised by the results. 

You should realise that if you draw a curve together with its tangent and normal at a 

point, the normal will only appear perpendicular in your diagram if the scales are the 

same on both the x - and y -axes. However, no matter what the scales are, the tangent 

will always appear as a tangent. 

At this stage you should recognise that you need to generalise this result to curves with 
other equations. In Section 6.2 you saw that the gradient of the tangent at x to the curve 
y = x 2 + c is 2x . 
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~~ Exercise6B ~t"iil'~,i:l~~~IBl 

For Questions 9 to 12 the parts of questions could be divided, so that groups of students 
working together have answers to all the parts of each question, and can pool their results. 

1 Find the gradient of the tangent to the graph of y = x 2
, at each of the points with the given 

x -coordinate. 

(a) (b) 4 

(e) -0.2 (f) -3.5 

(c) 0 

(g) p 

(d) -2 

(h) 2p 

2 Find the gradient of the tangent to the graph of y = x 2 
- 2, at each of the points with the 

given x-coordinate. 

(a) 1 (b) 4 

(e) -0.2 (f) -3.5 

(c) 0 

(g) p 

(d) -2 

(h) 2p 

3 The y-coordinate of a point P on the graph of y = x 2 + 5 is 9 . Find the two possible 
values of the gradient of the tangent to y = x 2 + 5 at P. 
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4 Find the equation of the tangent(s) to each of the following graphs at the point(s) whose 
x~ or y-coordinate is given. 

(a) y = x2 where x = 2 

(c) y = x2 
- 2 where y = -1 

(b) y = x2 + 2 where x = -1 

(d) y = x2 
- 2 where y = -2 

5 Find the equation of the normal to each of the following graphs at the point whose 
x-coordinate is given. 

(a) y = x 2 wherex=1 

(c) y = x2 +1wherex=0 

(b) y = x2 +1 where x = -2 

(d) y = x
2 

+c wherex = * 
6 The tangent at P to the curve y = x2 has gradient 3. Find the equation of tlw normal at P. 

7 A normal to the curve y = x2 + 1 has gradient -1 . Find the equation of the tangent there. 

,8 Find the point where the normal at (2,4) to y = x2 cuts the curve again. 

9 In each part of this question, find the gradient of the chord joining the two points with the 
given x-coordinates on the graphs of y = 2x2

, y = 3x2 and y= -.X2
• 

(a) 1 and 1.001 

(d) 2 and 1.999 

(b) 1 and 0 .9999 

(e) 3 and 3.000 001 

(c) 2 and 2.002 

(f) 3 and 2.99999 

10 In each part of this question find the gradient of the chord from the point with the given 
x-coordinate to a nearby point for each of the curves y = ~ x2 and y = ~ x 2 + 2. Vary the 
distance between the point given and the nearby point which you choose; make sure that 
some of the points that you choose are to the left of the given point. 

(a) -1 (b) -2 (c) 10 

11 Use the results of Questions 9 and 10 to make a guess about the gradient of the tangent at 
any point on the graphs of y = ax2 and y = ax2 + c, where a is any real number. 

12 (a) Use a similar method to that of Questions 9 to 11 to make a guess about the gradients 
of the tangents at points on the graphs of y = x2 + 3x and y = x2 

- 2x. 

(b) Use the results from part (a) to make a generalisation about the gradient at any point on 
the graph of y = x2 +bx , where b is any real number. 
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6.4 The gradient formula for quadratic graphs 

Chapter 3 introduced the idea of the general quadratic graph, whose equation can be 
written y = ax2 +bx+ c, where a, b and c are constants. What can you say about the 
gradient of the tangent to this curve? 

From the results of the questions in Exercise 6B you should have found that the gradient 
formula "tor y = ax2 is 2ax. This means, for example, that the graph of y = 3x2 is three 
times as steep at any given value of x as the graph of y = x2

. You should also have found 
that the gradient formula for y = x2 + bx is 2x + b. This means that the gradient formula 
for y = x2 + 4x is 2x + 4, which is the sum of the gradient formulae for x 2 and 4x. 
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You already know that y = x 2 and y = x 2 + c have the same gradient formula whatever 
the value of c . 

So it seems reasonable to expect that: 

~~~l~~~~:z,~~;~1tltT£~g~i¥:&&k:;~~1tL~E:®~~~; 

The gradient formula for the curve with equation 
y = ax2 + bx + c is 2ax + b . 

Jk~~~~~~~qm1~a::~~~~L~~~~1!!~!&1~~, 

The importance of this result is that you can find the gradient of a function which is the 
sum of several parts by finding the gradient of each part in tum, and adding the results. 
You can also find the gradient of a constant multiple of a function by taking the same 
multiple of the gradient. 

Section 6.6 will show how these results can be proved. Meanwhile here are some 
examples of their use. But first it will help to have some new notation. 

Let the equation of a curve be y = f(x). Then the gradient formula is denoted by f'(x). 
This is pronounced ' f dashed x ' . 

The process of finding the gradient of the tangent to a curve is called differentiation. 
When you find the gradient formula, you are differentiating. 

Just as f(2) stands for the value of the function where. x = 2, so f'(2) stands for the 
gradient of y :;== f(x) at x = 2. Thus the dash in f'(x) tells you to differentiate: you then 
substitute the value of x at which you wish to find the gradient. 

The quantity f'(2) is called the derivative of f(x) at x = 2. 

Thus to find the gradient at x = 2 on the curve with equation y = f(x), find f'(x), and 
then substitute x = 2 to get f'(2). 

Example 6.4.1 
(a) Differentiate y = 3x 2 

- 2x + 5 . 
(b) Find the equations of the tangent and the normal to the graph of y = 3x 2 

- 2x + 5 at 
the point for which x = 1. 

(a) Let f(x) = 3x2 
- 2x + 5. For this function a= 3, b = -2 and c = 5. So, 

differentiating, f'(x) = 2 x 3 xx - 2 = 6x -2. 

(b) The y-coordinate of the point on the curve for which x = 1 is 3 - 2 + 5 = 6 . 

When x = 1 the gradient of the tangent is f'(l) = 6x1- 2 = 4. 

The equation of the tangent is therefore y - 6 = 4( x - 1) , or y = 4 x + 2 . 

The normal is perpendicular to the tangent, so its gradient is -± . The equation of 
the normal is therefore y-6 = -±(x-1), which simplifies to x + 4y = 25. 

81 
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Example 6.4.2 
Differentiate (a) f(x)=2(x 2 -3x-2), (b) g(x)=(x+2)(2x-3). 

(a) Method 1 Multiplying out the bracket, 

f(x)=2(x 2 -3x-2)=2x2 -6x-4, so f'(x)=4x-6. 

Method 2 If a given function is multiplied by a constant, the gradient of 
that function is multiplied by the same constant. In this case, the multiple is 2, so 
f'(x) = 2(2x - 3). 

(b) For g(x) = (x + 2)(2x - 3), you cannot use method 2 of part (a) because the 
multiple is not constant. But you can multiply out the brackets to get a quadratic 
which you can then differentiate. 

g(x) = (x + 2)(2x - 3) = 2x 2 + x - 6, so g'(x) = 4x + 1. 

If you cannot immediately differentiate a given function using the rules you know, see if 

you can write the function in a different form which enables you to apply one of the rules. 

Example 6.4.3 
Find the equation of the tangent to the graph of y = x 2 

- 4x + 2 which is parallel to the 
x-axis. 

From Section 1.6, a line parallel to the x-axis has gradient 0. 

Let f(x) = x 2 -4x+2. Then f'(x) = 2x-4. 

To find when the gradient is 0 you need to solve 2x - 4 = 0, giving x = 2 . 

When x = 2, y= 22 -4x2+2 = -2. 

From Section 1.6, the equation of a line parallel to the x-axis has the form y = c . 
So the equation of the tangent is y = -2. 

~li'i1ll&'!\l~~ Exercise6C ~~~ 

For Questions 13 to 16 the parts of questions could be divided, so that groups of students 
working together have answers to all the parts of each question, and can pool their results. 

1 Find the gradient formula for each of the following functions. 

(a) x 2 (b) x 2 
- x . (c) 4x2 2 (d) 3x -2x . 

(e) 2-3x (f) x-2-2x2 (g) 2+4x-3x2 (h) -fl.x...., .f3x2 

2 For each of the following functions f(x), find f'(x). You may need to rearrange some of 
the.functions before differentiating them. 

(a) 3x-l (b) 2~3x2 (c) 4 (d) 1+2x+3x2 

(e) x 2 -2x2 ·(f) 3(1+2x-x2
) (g) 2x(l- x) (h) x(2x+l)-l 
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3 Find the derivative of each of the following ftirictions f(x) at x = - 3. 

(a) -x2 (b) 3x · (c) x 2 + 3x 

(g) -x(2+x) 

(d) 2x-x2 

(e) 2x2 +4x-l (f) · -( 3 - x 2
) (h) (x - 2)(2x -1) 

4 For each of the following functions f(x), find x such that f'(x) has the given value. 

(a) 2x2 

(d) x 2 +4x-l 

3 

2 

(b) x-2x2 -1 

(e) (x - 2)(x -1) 0 

(c) 2+3x+x2 

(f) 2x(3x + 2) 

0 

10 

5 Find the equation of the tangent to the curve at the point with the given x-coordinate. 

(a) y=x2 wherex=-1 (b) y=2x2 -xwherex=O 

(c) y=x2 -2x+3wherex=2 (d) y=l-x2 wherex=-3 

(e) y=x(2-x)wherex=l (f) y=(x-1)2 wherex=l 

6 Find the equation of the normal to the curve at the point with the given x-coor~inate. 

(a) y=-x2 wherex=l (b) y=3x2 -2x-lwherex=l 

(c) y=l-2x2 wherex=-2 (d) y=l-x2 wherex=O 

(e) y=2(2+x+x2)wherex=-1 (f) y=(2x-l)2 wherex=~ 

7 Find the equation of the tangent to the curve y = x 2 which is parallel to the line y = x . 

8 Find the equation of the tangent to the curve y = x 2 which is parallel to the x-axis. 

9 Find the equation of the tangent to the curve y = x 2 
- 2x which is perpendicular to the line 

2y=x-1. 

f 10 Find the equation of the normal to the curve y = 3x2 
- 2x -1 which is parallel to the line 

y=x-3. 

11 Find the equation of the normal to the curve y = (x -1)2 which is parallel to the y-axis. 

12 Find the equation of the normal to the curve y = 2x2
. + 3x + 4 which is perpendicular to the 

line y = 7 x - 5 . 

13 Use an explorati9n method similar to that of Exercise 6B Questions 9 and 10 to make a 
guess about the gradient formulae for the graphs of y = x3 and y = x4

. 

14 In each part of this question, find the gradient of the chord joining the two points with the 
given x-coordinates on the graph of y = JX. 
(a) 1and1.001 (b) 1and0.9999 (c) 4 and 4.002 

(d) 4 and 3.999 (e) 0.25 and 0.250 001 (f) 0.25 and 0.249 999 

15 In each part of this question find the gradient of the chord from the given point to a nearby 

point for the curve y = _!_ . Vary the distance between the given point and the nearby point 
x 

which you choose; make sure that some of the points thai you choose are to the left of the 
given point. 

(a) (-1,-1) (b) (-2,--0.5) (c) (10,0.1) 
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16 Use the results of Questions 14 and 15 to make a guess about the gradient of the tangent at 

any point on the graphs of y = Ji and y = _!_ . 
x 

£'ramY...Z.<t"E"~~;:~~""ID-:'?-~£:f:&~~'.Z-~~£?:;'"~~7i!i-~~~J~~:!:i:':-:!3-~~1'tilii;m~~-gli;f::z:~·i1~.::z~L~:z:z-2-zt:";,_::-~5S'li2',l-,1£'~·.zt"~-·:;1r;;~;~~~c-Mk~~;R,:;>:-,~ 

6.5 Some rules for differentiation 

You already know the following rules: 

~ 
{".::;5 ... :: 

If f(x) = ax2 +bx+ c, then f'(x) = 2ax+ b. 

If you add two functions, then the derivative of the sum is the sum of 
the derivatives: if f(x) = g(x) + h(x), then f'(x) = g'(x) + h'(x). 

If you multiply a function by a constant, you multiply its derivative 
by the s.ame constant if f(x) = ag(x), then f'(x) = ag'(x). 

You will have found from Exercise 6C Question 13 that the derivative of f(x) = x3 is 

f'(x) = 3x2
, and the derivative of f(x) = x4 is f'(x) = 4x3 . You already know that if 

f(x) = x2
, then f'(x) = 2x, or 2x1 . This suggests the rule: 

If f(x) = xn, where n is a positive integer, then f'(x) = nxn-I. 

Example 6.5.1 
Find the coordinates of the points on the graph of y = x 3 

- 3x2 
- 4x + 2 at which the 

gradient is 5. 

Let f(x) = x3 
- 3x2 

- 4x + 2. Then f'(x) = 3x2 -6x - 4. The gradient is 5 when 
f'(x) = 5, that is when 3x2 -6x-4 = 5. This gives the quadratic equation 
3x2 

- 6x - 9 = 0, which simplifies to x2 
- 2x - 3 = 0 . 

In factor form this is (x + l)(x - 3) = 0, so x = -1 or x = 3. 

Substituting these values into y = x 3 
- 3x2 

- 4x + 2 to find the y-coordinates of 
the points, you find y = (-1)3 

- 3 x (-1)2 
- 4 x (-1) + 2 = -i- 3 + 4 + 2 = 2 and 

y = 33 
- 3 x 32 

- 4 x 3 + 2 = 27 - 27 -12 + 2 = -10. The coordinates of the 
required points are therefore (-1,2) and (3,-10). 

The results of Exercise 6C Questions 14 to 16 suggest two more rules: 

1 
If f(x) =Ji, then f'(x) = 

2
-Ji · 

If f(x) =!,then f'(x) = ---4-. 
x x 
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In index notation, these results take the forms: 

~1~11~-~~~~~~~"l~~~~-

I 1 I 

If f(x)=x 2 ,then f'(x)= 2 x-2. 

If f(x) = x-1 , then f'(x) = -x-2 = (-l)x-2
. 

This suggests the following rule: 

lt t(x) = x", where n is a rational number, then f'(x)·= nxn 

Example 6.5.2 
Find the equation of the tangent to the graph of y = 2.JX at the point where x = 9. 

Let f(x) = 2-,/x = 2x~. 

Then, using results in the boxes, 

f'(x)=2x~x-~ =x-~. 

_l 1 1 
When x = 9, f'(9) = 9 2 = .J9 = 3 · 

The tangent passes through the point (9,2.J9) = (9,6), so its equation is 

y- 6 = ~ (x - 9), or 3y - x = 9. 

Example 6.5.3 
Differentiate each of the functions (a) x( 1 + x2

), (b) ( 1 + .JX)2 , 
2 

(c) x +x+l 
x 

(a) Let f(x) = x(l + x 2
). 

Then f(x) = x+x3
, so f'(x) = 1 +3x2

• 

(b) Let f(x) = (1 + .JX)2. 

Then f(x)=l+2.,/x+x =l+2x~+x,so f'(x)=2x~x-~+l=x-~+l= l+l. 

2 
(c) Let f(x)=x +x+l 

x 

Then, by division, f(x) = x + 1+.!.=x+1 + x-1
, so f'(x) = 1+(-l)x-2 =1-1z. 

x . x 

~ 

85 ·:l. 
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Example 6.5.4 
Find the equation of the tangent to y = ~ at the point (8, 2) . 

In index notation ~ = xt. So the rule gives the derivative as ~x(t-i) or ~x -t, · 

which in surd notation is +.At (8,2), this is _1_
2 

= J__. 
3(~) 3(:v8) 12 

Thus the equation of the tangent is y - 2 = 1~ (x - 8), or x - l2y + 16 = 0. 

The results stated in this section can be assumed for the remainder of this book. Some of 
them are proved in Sections 6.6 and 6.7, but if you wish you may omit these final sections 
and, after working through Exercise 6D, go straight to Miscellaneous exercise 6. 

~.;i\'".~~~.c:~¥~Jlf:J"""-f ::-;:.~~1!.""'lf',~' .. ~~~,,.,.,!J~'W-i~,;~~,,_.:~<:o~/'''..;::,,, Exercise 6D 

1 Differentiate the following functions. 

(a) x3 + 2x2 (b) l-2x3 +3x2 (c) x3 
- 6x2 + llx - 6 

(d) 2x3 -3x2 +x (e) 2x2(1- 3x2
) (f) (l-x)(l+x+x2

) 

2 Find f'(-2) foreachofthefollowingfunctions f(x). 

(a) 2x-x3 (b) 2x-x2 (c) l-2x-3x2 +4x3 

(d) 2-x (e) x2(l+x) (f) (1+x)(1- x + x2
) 

3 For each of the following functions f(x) find the value(s) of x such that f'{x) is equalto 
the given number .. 

(a) x3 12 (b) x 3 -x2 8 (c) 3x-3x2 +x3 108 

(d) x 3 -3x2 +2x -1 (e) x(l +x)2 0 (f) x(l- x)(l + x) 2 

4 Differentiate the following functions. 

(a) 2-JX (b) (1+-JX)
2 

(c) y=x--3;-JX (d) x(1- JxY 
1 

(f) 
x3 +x2 +1 (g) (x + l)(x + 2) 

(h) ( '1~x r (e) x--
x x x 

S Find the equation of the tangent to the curve y = x3 + x at the point for which x = -1. 

6 One of the tangents to the curve with equation y = 4x - x3 is the line with equation 
y = x - 2 . Find the equation of the other tangent parallel to y = x - 2 . 

7 Find the equation of the tangent at the point ( 4, 2) to the curve with equation y == -JX. 

8 Find the equation of the tangent at the point (2,-3;) to the curve with equation y = .!:. . 
x 

9 Find the equation of the normal at the point (1, 2) to the graph y = x + .!:. . . x 

10 The graphs of y = x2 
- 2x and y = x 3 

- 3x2 
- 2x both pass through the origin. Show that 

they share the same tangent at the origin. 
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11 Find the equation of the tangent to the curve with equation y = x 3 
- 3x2 - 2x - 6 at the 

point where it crosses the y-axis. 

87 

12 A curve has equation y = x(x - a)(x +a), where a is a constant. Find the equations of the 
tangents to the graph at the points where it crosses the x-axis. 

13 Find the coordinates of the point of intersection of the tangents to the graph of y = x 2 at 
the points at which it meets the line with equation y = x + 2 . 

14 Differentiate each of these functions f(x). Give your answers f'(x) in a similar form, 
without negative or fractional indices. 

(a) 
1 (b) i_ (c) XO (d) ~ -

4x x2 

(e) 6~ (f) 
4 3 1 

(h) -JI6x5 

-IX 
(g) -+-

x 3x3 

(i) x-fX (j) 
1 (k) x-2 (1) 

l+x 

~ x2 v; 

15 Find the equations of the tangent and the normal to y = V at the point ( 8, 4) . 

16 The tangent to the curve with equation y = ~ at the point ( ~ ,4) meets the axes at P 
' x 

and Q . Find the coordinates of P and Q . 

Rlli¥l4!4!4 &CJ -- !1111 - Iii 

6.6* The gradient formula for any quadratic graph 

If you wish, you can omit these final sections and go straight to Miscellaneous exercise 6. 

The purpose of this section is to show you how to calculate the gradient of a quadratic graph 
without making any approximations. 

Example 6.6.1 
Find the gradient of the chord of y = x 2 joining the points with x-coordinates p and p + h. 

The y-coordinates of the points are p 2 and (p + h )2
, so for this chord 

ox =h, oy=(p+h)2 
- p 2 = p 2 +2ph+h2 -p2 =2ph+h2 =h(2p+h), 

and the gradient is 

oy h(2p+h) =2p+h. 
-= h ox 

Notice that the gradients found in Examples 6.1.l to 6.1.3 are special cases of this result, 
as shown in Table 6.7. 

-
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p p+h h oy = 2p+h 
ox 

Example 6.1.1 0.4 0.7 0.3 1.1 

Example 6.1.2 0.4 0.41 0.01 0.81 

Example 6.1.3 0.4 0.400 01 0.000 01 0.800 01 

Table 6.7 

The advantage of using algebra is that you don't have to work out the gradients each 
time from scratch. Table 6.8 shows some more results for p = 0.4 with different values 
of h, some positive and some negative. 

Value of h 0.1 0.001 0.000 001 -0.1 -0.001 -0.000 001 

Value of Oy ox 0.9 0.801 0.800 001 0.7 0.799 0.799 999 

Table 6.8 

If you have a graphic calculator, or some computer software for drawing graphs, it is 
interesting to produce a display showing the graph of y = x 2 and the chord through 
(0.4,0.16) with each of these gradients in tum. You willfind that, when his 
very close to 0, so that the two ends of the chord are very close together, it is almost 
impossible to distinguish the chord from the tangent to the curve. And you can see from 
Tables 6.7 and 6.8 that, for these chords, the gradient is very close to 0.8. 

In fact, by taking h close enough to 0 , you can make the gradient of the chord as close 
to 0.8 as you choose. From Example 6.6.1, the gradient of the chord is 0.8 + h. So if you 
want to find a chord through (0.4,0.16) with a gradient between, say, 0.799 999 and 
0 .800 001, you can do it by taking h so mew here between -0 .000 001 and +O .000 001 . 

The only value that you cannot take for h is 0 itself. But you can say that 

'in the limit, as h tends to 0, the gradient of the chord tends to 0.8'. 

The conventional way of writing this is 

lim(gradient of chord)= lim(0.8 + h) = 0.8. 
h~O h~O 

There is nothing special about taking p to be 0.4. You can use the same argument for 
any other value of p. Example 6.6.1 shows that the gradient of the chord joining 
(p,p 2

) to (p+h,(p+h) 2
) is 2p+h.Ifyoukeep p fixed, and let h take different 

values, then, by the same argument as before, 

lim(gradient of chord)= lim(2p + h) = 2p. 
h~O h~O 

Therefore the gradient at the point (p,p 2
) on the curve y = x 2 is 2p. 
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This shows that: 

~~h~~i~~fil.~~~i~~~ 
~ 

he gradient formula for the curve y = x 2 is 2x . 

A similar approach can be used for any curve if 
you know its equation. 

Fig. 6.9 shows a curve which has an equation 
of the form y = f(x). Suppose that you want 
the gradient of the tangent at the point P, with 
coordinates (p,f(p)). The chord joining this 
pointto any .other point Q on the curve with 
coordinates (p + h,f(p + h)) has 

ox=h, oy=f(p+h)-f(p) 

so that its gradient is 

oy f(p+h)-f(p) 
-= 
Ox h 

y 

Fig.6.9 

Now let the value of h change so that tne point Q takes different positions on the curve. 
Then, if Q is close to P, so that h is close to 0 , the gradient of the chord is close to the 
gradient of the tangent at P, where x = p. In the limit, as h tends to 0 , this expression 
tends to f'(p) . 

K~~ 
If the curve y = f(x) has a tangent at (p,f(p)), then its gradient is 

lim f(p+h)-f(p) 
h->0 h 

This quantity is called the derivative of f(x) at x = p; it is denoted by f'(p). 

Since p can stand for any value of x, you can write: 

The derivative of f(x) for any value of xis f'(x)= lim f(x+h)-f(x). 
h->0 h 

89 
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Example 6.6.2 
Find the derivative of the function f(x) = 4x - 5. 

From the definition, f'(x) = lim f(x + h)- f(x) with f(x) = 4x -5. 
h->0 h 

The top line is 

f{x + h)-f(x) = (4(x + h)-5)-(4x-5) = 4x + 4h-5-4x + 5 = 4h. 

Therefore 

f{x + h)-f(x) = 4h = 4. 
h h 

Then in the limit, as h tends to 0 , 

f'(x) = lim f{x + h)-f(x) = lim 4 = 4. 
h->0 h h--70 

Of course you could have predicted this result. From the work of Chapter 1, the graph of 
f(x) = 4x - 5 is a straight line with gradient 4. So it should not be a surprise that the 
derivative of f( x) = 4x - 5 is 4. 

Similarly, you would expect th~ gradient of the function f(x) = mx + c, whose graph is 
the straight line y = mx + c, to be given by f'(x) = m. 

Example 6.6.3 
Find the derivative of the function f( x) = 3x2 

. 

For this function, f{x + h) = 3(x + h)2 = 3x2 + 6xh + 3h2
, so 

f{x + h)-f(x) = (3x 2 + 6xh+ 3h2 )-3x2 = 6xh + 3h2 = h(6x+3h) 

and f{x+h)-f(x) = h(6x+3h) = 6x+ 3h. 
h h 

Then in the limit, as h tends to 0, 

f'(x) =Jim f{x + h)- f(x) = lim(6x + 3h) = 6x. 
h->0 h h->0 

Notice thatthe derivative of f(x) = x 2 is 2x and the derivative of f(x) = 3x2 is 6x, 
which is 3 x 2x. This is an example of a general rule first seen in Section 6.5: 

If you multiply a function by a constant, then you multiply its 
derivative by the same constant. 
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Example 6.6.4 
Find the derivative of the function f(x) = 3x2 + 4x - 5. 

For the function f(x) = 3x2 + 4x - 5, 

f(x + h) = 3(x + h)2 + 4(:X + h)-5 = 3x2 + 6xh + 3h2 + 4x + 4h- 5, 

so f(x + h)-f(x) = (3x 2 + 6xh +3h2 + 4x+ 4h-5)-(3x2 + 4x-5) 

and 

= 3x2 + 6xh + 3h2 + 4x + 4h-5-3x2 -4x + 5 

=6xh+3h2 +4h=h(6x+3h+4), 

f(x +h)-f(x) _ h(6x +3h+ 4) = 6x + 3h + 4. 
h - h 

Then in the limit, as h tends to 0 , 

f'(x) = lim f(x+h)-f(x) = lim(6x+3h+4) = 6x+4. 
h->0 h h->0 

Examples 6.6.2 to 6.6.4 illustrate another general rule. The function in Example 6.6.4 is 
the sum of the functions in Examples 6 .6 .2 and 6 .6 .3, and the gradient in Example 6 .6 .4 
is the sum of the gradients in Examples 6.6.2 and 6.6.3. 

The general rule is: 

If you add two functions, then you find the derivative of the resulting 
function by adding the derivatives of the individual functions. 

6.7* The gradient formula for some other functions 

For some functions the method used in .Section 6.6 lands you in some tricky algebra, and 
it is easier to use a different notation. Instead of finding the gradient of the chord joining 
the points with x -coordinates p and p + h (or x and x + h), you can take the points to 
have coordinates (p,f(p)) and (q,f(q)),sothat 

Ox=q-p and Oy=f(q)-f(p). 

Then the gradient is Oy = f( q) - f(p) . 
Bx q-p 

To see how this works, here is Example 6.6.3 worked in this notation. 

Example 6.7 .1 
Find the derivative at x = p of the function f(x) = 3x2

. 

For this function, f(q)-f(p) = 3q2 -3p2 = 3(q2 
- p 2 ) = 3(q- p)(q+ p). 

91 
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So 8y - f(q)-f(p) = 3(q- p)(q+ p) = 3(q+ p). 
8x - q-p q-p 

Now, in this method, q has taken the place of p + h , so that instead of taking the 
limit 'as h tends to 0' you take it 'as q tends to p '.It is easy to see that, 
as q tends top, 3(q+p) tends to 3(p+p)=3(2p)=6p. 

Therefore. if f(x) = 3x2 , f'(p) = 6p. Since this holds for any value of p, you can 
write f'(x) = 6x. 

In this notation, the definition of the derivative takes the form: 

~~~t.~'7~~~~~~;~~~~~~~~~~m~~~i~~¥M1fAio~~~~~ 

The derivative of f(x) at x = p is f'(p) = lim f( q)- f(p). 
q--?p q- p 

~]~~~}~~~;_;~g~~:~~'S.t~;~~~}Vi~f.:i~-~E~,i~~~~~~~~~~~~~~~~~*-.~~~ 

Example 6.7.2 
Find the derivative of the function f( x) = x 4 at x = p . 

At x = p, f(p) = p 4
, and at x = q, f(q) = q4

. The chord joining (p,p4
) and 

(q,q 4
) has 8x=q-p, 8y=q4 -p4

• 

Notice that you can write 8y as ( q2 )2 -(p2 )
2

, so you can use the difference of 
two squares twice to obtain 

8y = ( q2 - p2 )( q2 + p2) = ( q - p )( q + p )( q2 + p2). 

Therefore 

8y - (q- p)(q+ p)(q2 + P2) =(q+ p)(q2 + P2). 
8x- q-p 

Then in the limit, as q tends to p , 

f'(p) = lim f(q)- f(p) = lim({q + p)(q2 + p2)) = 2p(2p2) = 4p3 . 
q-->p q- p q--?p 

Example 6.7 3 
Find the derivative of the function f( x) = .f; at x = p . 

At x = p, f(p) = j/J, and at x = q, f(q) = -)q. The chordjofoing (p,ji) and 

(q,-Jq) has 8x = q- p, 8y =-)q-j/J. 

Notice that you can write 8x as the difference of two squares in the form 

8x = q - p = (-Jq)2 - ( j/))2 = ( {.q - ji)(-Jq + ji). 
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So 
cSy _ ,/q-IP 
0x - ( ,rq - IP)( ,rq + IP) ,/q+IP" 

y 

Then in the limit, as q tends to p , 

f'(p) = lim f(q)-f(p) 
q-->p q- p 

1
. 1 

=Im-
q--> p .fq + .JP 

1 1 I _! 
- ----p 2 - .JP+ .JP - 2.JP - 2 . 

0 

Fig.6.10 

Notice that this does not work when p = 0. In this case Oy = ~,which does 
cSx -yq 

not have any limit as q ~ 0 . You can see from the graph of y = ~ in Fig. 6 .10 
that the tangent at x = 0 is the y-axis, which does not have a gradient. 

Example 6.7.4 
Find the derivative of the function f(x) = .!. at x = p. 

x 
1 1 

At x=p, f(p)=-,andat x=q, f(q)=-. 
p q 

2 x 

. . . ( 1 J ( lJ 1 1 p-q q- p ThechordJommg p,- and q,- has Ox=q-p, Oy=---=--=-:--, 
p q qp qp qp 

and 
cSy 
ox 

-(~J 
q-p 

1 

qp 

Then, in the limit as q tends to p, 

f'(p) = lim f(q)-f(p) = lim(-_!_) =-~ =-p-2 . 
q-->p q- p q-->p qp p 

If you have access to a graphic calculator, display this curve and see why the gradient is 

always negative. 

~MM~~~~~'$i1lr~~ Exercise 6E* p}~~iJLl'.0;;~:_;~c,_,'iD .. •·-,~i;: c; -c· ... ::·:~c>'.":',, 

Use the method of Section 6.7 in this exercise. 

1 Find the derivative of the function f( x) = x3 at x = p . 

(You will need to use either the expansion (p + h )3 = p 3 + 3 p 2 h + 3 ph2 + h3 or the 

product of factors ( q - p )( q2 + qp + p 2
) = q3 _ p3 .) 

2 Find the derivative of the function f( x) = x8 at x = p . (Let p + h = q and use the 
difference of two squares formula on q8 

- p 8 as often as you can.) 

93 
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3 Find the derivative of the function f( x) = -1z at x = p . 
x 

fli·~~~~1~~!=:':Z.~g)23E::J~~¥1-~ti~TI~~,,i~ Miscellaneous exercise 6 

----

~~~~~~~.\lio'1;0c"i''~i:; 

1 Find the equation of the tangent to y = 5x2 
- 7 x + 4 at the point (2,10). 

2 Given the function f(x) = x 3 + 5x2 
- x - 4, find 

(a) f'(-2), (b) the values of a such that f'(a) = 56. 

3 Find the equation of the normal to y = x4 
- 4x3 at the point for which x = ! . 

4 Show that the equation of the tangent to y = _!_ at the point for which x = p is 
x 

p2 y + x = 2p. At what point on the curve is the equation of the tangent 9y + x + 6 = 0? 

5 The tangent to the curve y = 6./X at the point ( 4,12) meets the axes at A and B. Show 
that the distance AB may be written in the form k-!13, an.d state the value of k . 

6 Find the coordinates of the two points on the curve y = 2x3 
- 5x2 + 9x -1 at which the 

gradient of the tangent is 13 . 

7 Find the equation of the normal to y = (2x -1)(3x + 5) at the point (1,8) . Give your answer 
in the form ax+ by+ c = 0 , where a, b and c are integers. 

8 The curve y = x 2 
- 3x - 4 crosses the x-axis at P and Q . The tangents to the curve at P 

and Q meet at R. The normals to the curve at P and Q meet at S . Find the distance RS . 

9 The equation of a curve is y = 2x2 
- 5x + 14. The normal to the curve at the point (1,11) 

meets the curve again at the point P. Find the coordinates of P . 

10 At a particular point of the curve y = x 2 + k, the equation of the tangent is y = 6x - 7. Find 
the value of the constant k . 

11 Show that the curves y = x3 and y = (x + 1)( x 2 + 4) have exactly one point in common, and 
use differentiation to find the gradient of each curve at this point. (OCR) 

12 At a particular point of the curve y = 5x2 -l2x + 1 the equation of the normal is 
x + 18y + c = 0. Find the value of the constant c. 

13 The graphs of y = xm and y = xn intersect at the point P(l,1). Find the connection 
between m and n if the tangent at P to each curve is the normal to the other curve. 

14 The tangents at x = ~ to y = .fX and y = Jx meet at P. Find the coordinates of P. 

15 The normals at x = 2 to y = -1z and y = ~ meet at Q . Find the coordinates of Q . 
x x 

~"-~~~rz::.m~~'b"7'!2.:i:::::1a~!T"(..a:i;--rs.".2.:T:~~:1;:.;':T~-~7~y:i::':'f:;:_TZ0~"";s_T-Z.=:.1~~~.,:·~::;:Ed~'!j:1tiB.~·""~~~:-~~,'l!i,~~~~1~~ 



7 Applications of differentiation 

In the last chapter you learnt what differentiation means and how to differentiate a lot of 
functions. This chapter shows how you can use differentiation to sketch graphs and 

apply it to real-world problems. When you have completed it, you should 

• 
• 
• 

understand that the derivative of a function is itself a function 
appreciate the significance of positive, negative and zero derivatives 
be able to locate maximum and minimum points on graphs 

• know that you can interpret a derivative as a rate of change of one variable with 

• 
• 

respect to another d 
be familiar with the notation _2'_ for a derivative 

d.x 
be able to apply these techniques to solve real-world problems . 

7 .1 Derivatives as functions 

In Chapter 6 you were introduced to differentiation by carrying out a number of. 
'explorations'. For example, in Exercise 6A Question 5(a) you were asked to make 
guesses about the gradient of the tangent at various points on the graph of y = f ( x) , 
where f(x) = x 2 

- 2. Table 7.1 shows the results you were expected to get. 

p 

f(p) 

f'(p) 

-2 

2 

-4 

-1. 

-1 

-2 

-1 

2 

Table 7.1 

2 

2 

4 

3 

7 

6 

What this suggests is that the gradient is. also a function 
of x, given by the formula 2x . In Chapter 6 this 
formula was called the derivative. But when you are 
thinking of it as a function rather than using its value 

for a particular x , it is sometimes called the derived 
function. It is denoted by f'(x), and in this example 
f'(x) = 2x. 

Also, just as you can draw the graph of the function 
f(x), so it is possible to draw the graph of the derived 
function f'(x). It is interesting to show these two 
graphs aligned one above the other on the page, as in 
Fig. 7.2. 

On the left half of the graph, where x < 0 , the graph of 
f'(x) is below the x-axis, indicating that the gradient 
of f(x) is negative. On the right, where the gradient of 
f(x) is positive, the graph of f'(x) is above the x-axis. 

10 

98 

20 

f(x) 
2 

-2 
f'(x) 

Fig. 7.2 

~ 
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You can now write down what you know about differentiation in terms of the derived 
function: 

If f(x) = xn, where n is a rational number, then f'(x) = nxn-I. 

The derived function of f(x)+g(x) is f'(x)+g'(x). 

The derived function of cf(x), where c is a constant, is cf'(x). 

Example 7 .1.1 
Find the derived function of f(x) = x2 

- t x 3
• 

Using the results from the box, the derived function is f'(x) = 2x -x2
. 

The graphs of f(x) and f'(x) in Example 7.1.1 are drawn 
in Fig. 7 .3. Here are some points to notice. 

f(x)=x 2 -~x3 

When x < 0 the gradient of the graph of f(x) = x 2 -tx3 

is negative, and the values of the derived function are also 
negative. 

When x = 0 , the gradient of f( x) is 0 , and the value of 
f'(O) is 0. 

Between x = 0 and x = 2 the gradient of f(x) is positive, 
and f'(x) is positive. 

When x = 2, the gradient of f(x) is 0, and e{2) = 0 . 
. ;\ '. 

When x > 2, the gradient of f(x) is negative,andthe 
values of the derived function are also negative. 

-1 

-1 

y 
f'(x) = 2x -x2 

3 x 

Fig. 7.3 

fcc.\J1J~fi~;~~f?f3~:l'~u,!I:~1;;,;:::Jl'.'i~B.l:?iJ:i1i'?1i'li'E'l~~ Exercise 7 A ~~~~®i~Erw~~ 

1 Draw and compare the graphs of y = f(x) and y = f'(x) in each of the following cases. 

(a) f(x)=4x (b) f(x)=3-2x (c) f(x)=x 2 

(d) f(x)=5-x 2 (e) f(x)=x 2 +4x (f) f(x)=3x 2 -6x 

2 Draw and compare the graphs of y = f(x) and y = f'(x) in each of the following cases. 

(a) f(x)=(2+x)(4-x) (b) f(x)=(x+3) 2 (c) f(x)=x 4 

(d) f(x)=x 2 (x-2) (e) f(x) =,Ix for x ~ 0 
. 1 

(f) f(x)=-forx:tO 
x 
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3 In each part of the question, the diagram shows the graph of y = f(x). Draw a graph of the 
derived function y = f'(x). 

(a) y 

x 

(b) 

C\ Yb • 
'1 \Jx 

(c) y (d) 

~ ~ x x 

4 In each part of the question, the diagram shows the graph of the derived function y = f'(x). 
Draw a possible graph of y = f(x). 

(a) y (b) 

C\ yh . 
'1~x 

~~TS.k~~;:-_t,V:;.-;;r,3:_:,~~~~-~:"f:~~~¥·~~~?~~?.ti"'Zl~~? .. '',,.,f;~,r;-~l~'§L~;;.y{2'.!~.;::€:~£i~T~~~~~~l::i"2Ti~~·fa~'.::x~~~-:&h':';i;,'t.,,,t;;.~~~-~~C'li...~~~J 

7 .2 Increasing and decreasing functions 

For simplicity, the word 'function' in this chapter will 
mean functions which are continuous within their 
domains. This includes all the functions you have met so 
far, but cuts out functions such as 'the fractional part of 
x,, which is defined for all positive real numbers but 
whose graph (slrown in Fig. 7 .4) has jumps in it. 

Fig. 7.4 

You can use the idea that the derivative of a function is itself a function to investigate 
the shape of a graph from its equation. 

Example 7 .2.1 
Find the interval in which f(x) = x 2

-:- 6x + 4 is increasing, and the interval in which it is 
decreasing. 

The derivative is f'(x) = 2x -6 = 2(x -3). This means that the graph has a 
positive gradient for x > 3. That is, f(x) is increasing for x > 3. 

For x < 3 the gradient is negative, and the values of y are getting smaller as x 
gets larger. That is, f(x) is decreasing for x < 3. 

The results are illustrated in Fig. 7.5 on the next page. 

.. 
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What about x = 3 itself? At first sight 
you might think that this has to be left out 
of both the increasing and the decreasing 
intervals, but this would be wrong! If you 
imagine moving along the curve from left 
to right, then as soon as you have passed 
through x = 3 the gradient becomes 
positive and the curve starts to climb. 
However close you are to x = 3, the 
value of y is greater than f(3) = -5. So 
you can say that f(x) is increasing for 
x ~ 3; similarly, it is decreasing for 
x.:;; 3. 

(x) 

4 

-5 

t(x) 
4 

-6. 

x 

Fig. 7.5 

You can use the reasoning in Example 7.2.1 for any function. Fig. 7.6 shows the graph 
of a function y = f(x) whose derivative f'(x) is positive in an interval p < x < q. You 
can see that larger values of y are associated with larger values of x. More precisely, if 
x1 and x2 are two values of x in the interval p .:;; x .:;; q, and if x2 > x1 , then 
f( x2 ) > f( x1) • A function with this property is said to be increasing over the interval 
p.:;; x.:;; q. 

y 

f(xz) l---- /I 

f(x1) 

p X1 Xz q X 

Fig. 7.6 

y 

f(x1) 

f(xz) 

X1 

Fig. 7.7 

Xz q X 

If f ' ( x) is negative in the interval p < x < q , as in Fig. 7. 7, the function has the opposite 
property; if x2 > x1 , then f(x2 ) < f(x1). A function with this property is decreasing 
over the interval p .:;; x .:;; q. 
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If f'(x) > 0 in an interval p < x < q, then f(x) 
is increasing over the interval p ,;;;; x ,;;;; q . 

If f'(x)<O in p<x<q,then f(x) is 1~ 
decreasing over p ,;;;; x ,;;;; q . ~~j 

-~hl~~~-j~kM$;_Willi"'~·~W@~~~~ 
Notice that, for f(x) to be increasing for p,;;;; x,;;;; q, the gradient f'(x) does not have to 
be positive at the ends of the interval, where x = p or x = q. At these points it may be 0, 
or even undefined. This may seem a minor distinction, but it has important consequences. 
It is a pay-off from the decision to work only with continuous functions. 

The word 'interval' is used not only for values of x between finite end points, but also for 

values of x satisfying inequalities x > p or x < q, which extend indefinitely in either the 

positive or negative direction. 

Example 7 .2.2 
For the function f(x) = x4 

- 4x3
, find the intervals in 

which f(x) is increasing and those in which it is 
decreasing. 

y 

10 
y= x 4 -4x3 

99 

Begin by expressing f'(x) in factors as 

f'(x) = 4x3 -12x2 = 4x2 (x - 3). 

4 5 x 

As x2 is always positive (except at x = 0), to find 
where f'(x) > 0 you need only solve the inequality 
x - 3 > 0, giving x > 3. So f(x) is increasing over 
the interval x ~ 3 , now including the end point. Fig. 7.8 

The solution of x-3<0 is x<3;buttofindwhere f'(x)<O you have to 
exclude x = 0, so that f'(x) < 0 if x < 0 or 0 < x < 3. Therefore f(x) is 
decreasing over the intervals x ,;;;; b and 0 ,;;;; x ,;;;; 3 . 

However, these last two intervals have the value x = 0 in common, so you can 
combine them as a single interval x,;;;; 3. It follows that f(x) is decreasing over 
the interval x ,;;;; 3 . 

Note also that f'(x) = 0 when x = 0 and x = 3. You can check all these 
properties from the graph of y = f(x) shown in Fig. 7.8. 

Example 7.2.2 shows that the rule given above, connecting the sign of f'(x) with the 
property that f(x) is increasing or decreasing, can be slightly relaxed. 

If f'(x) > 0 in an interval p < x < q except at isolated points 
where f'(x) = 0, then f(x) is increasing in the interval p,;;;; x,;;;; q. 

If f'(x) < 0 in an interval p < x < q except at isolated points 
where f'(x) = 0, then f(x) is decreasing over p,;;;; x,;;;; q. 
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The next example is about a function which involves fractional powers of x for x < 0 . 
Fractional powers sometimes present problems, because some of them are not defined 
when x is negative. But the indices in this example involve only cube roots. There is no 
difficulty in taking the cube root of a negative number. 

Example 7 .2.3 
2 

Find the intervals in which the function f( x) = x 3 (I - x) is increasing and those in 
which it is decreasing. 

2 5 

To differentiate, write the function as f(x) = x3 - x3 , so that 
I 2 

f'(x) =ix -3 -tx', 
/ 

which you can write as 
I 

f'(x) = tx - 3 (2-5x). 
_l. 

In this last expression, x 3 is positive when 
~ 

::!-,) 
'"- . 0.4 I x 

x > 0 and negative when x < 0. The factor 
2- 5x is positive when x < 0.4 and negative 
when x > 0 .4. Fig. 7 .9 shows that 

f(x) is increasing in the interval 0 ~ x ~ 0.4, 

f(x) is decreasing in the intervals x ~ 0 and x;;. 0.4. 

7 .J Maximum ai:id minimum points 

Fig. 7.9 

Example 7.2.1 showed that, for f(x) = x 2 -6x + 4, f(x) is decreasing for x ~ 3 and 
increasing for x ;;. 3 . It follows from the definition of decreasing and increas'ing functions 
that, if x1 < 3 , then f( x1) > f(3); and that, if x2 > 3 , then f( x2 ) > f(3) . That is, for every 
value of x other than 3, f(x) is greater than f(3) = -5. You can say that f(3) is the 
minimum value of f(x), and that (3,-5) is the minimum point on the graph of y = f(x). 

A minimum point does not have to be the lowest point on the whole graph, but is the 
lowest point in its immediate neighbourhood. In Fig. 7.9, (0,0) is a minimum point; 
this is shown by the fact that f(x) > 0 for every number x < 1 except x = 0 although 
f(x)<O when x>l. 

This leads to a definition, which is illustrated1by Fig. 7.10. 

y y 

maximum 

. (q,f(q)) 

~ (q,f(q)) 

q r x p r x 

Fig. 7.10 
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A function f(x) has a minimum at x = q if there is an interval p < x < r 

containing q in which f(x) > f(q) for every value of x except q. 

It has a maximum if f(x) < f(q) for every value of x in the interval except q. 

The point (q,f(q)) is called a minimum point, or a maximum point. 

Thus, in Example 7 .2.3, f(x) has a minimum at x = 0, and a maximum at x = 0.4. 

Minimum and maximum points are sometimes also called turning points. 

You will see that at the minimum point in Fig. 7 .8 and the maximum point in Fig. 7 .9 the 

graph has gradient 0. But at the minimum point (0,0) in Fig. 7 .9 the tangent to the graph 

is the y-axis, so that the gradient is undefined. These examples illustrate a general rule: 

- --:L~~~~:c-.c 

If (q,f(q)) is a minimum or maximum point of the graph of y = f(x), 

then either f'(q) = 0 or f'(q) is undefined. 
- - -''0';'"·~-,. -[".:--~---.~,._-·;=;:-~:;-, -7:'':·c7c-:::1r;-,:::-c~·~'C"i'~- :~ 7--7~· ~ --"----:- --"'"'""' · "-- ·: e: 

Notice, though, that Fig. 7 .8 has another point at which the gradient is 0, which is 

neither a minimum nor a maximum, namely the point (0,0). A point of a graph where 

the gradient is 0 is called a stationary point. So Figs. 7 .8 and 7 .9 illustrate the fact that 

a stationary point may be a minimum or maximum point, but may be neither. 

A way to decide between a minimum and a maximum point is to find the sign of the 

gradient f'(x) on either side of x = q. To follow the details you may again find it 

helpful to refer to the graphs in Fig. 7.10 . 

.. ~-'"-;'""'._''.~:c-~~:-: c.,·_:--~-~>":·.:_--~r. -F ""'--:~-~~~~)E:If.t6KJf~~~:?-~:3y_r~~ · ~~ _c;~.- _~·:.I _ 

If f'(x) < 0 in an interval p < x < q, and f'(x) > 0 in an 

interval q < x < r, then (q,f(q)) is a minimum point. 

If f'(x)>O in p<x<q,and f'(x)<O in q<x<r, 
then (q,f(q)) is a maximum point. 

-., 

' . 
j~i 

You may be happy to accept this on the evidence of the graphs, but it can also be argued 

from statements which you have already met. Consider the minimum case. 

Suppose that x1 is a number in p < x < q. Then, since f'(x) < 0 in that interval, it 

follows from Section 7.2 that f( x1) > f( q) . 

Now suppose that x2 is a number in q < x < r. Since f'(x) > 0 in that interval, 

f(q) < f(x2 ). 

This shows that, if x is any number in the interval p < x < r other than q, then 

f(x) > f(q). From the definition, this means that f(x) has a minimum at x = q. 

-/ 
'-. 

101 
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All these results can be summed up as a procedure. 

To find the minimum and maximum points on the graph of y = f(x): 

Step 1 Decide the domain in which you are interested. 

Step 2 Find an expression for f'(x). 

Step 3 List the values of x in the domain for which f'(x) is either 0 or 
undefined. 

Step 4 Taking each of these values of x in turn, find the sign of f'(x) in intervals l 
immediately to the left and to the right of that value. 

Step 5 If these signs are - and + respectively, the graph has a minimum point. If 

they are+ and - it has a maximum point. If the signs are the same, it has 
neither. 

Step 6 For each value of x which gives a minimum or maximum, calculate f(x). 

Example 7.3.1 ' 
4 

Find the minimum point on the graph with equation y = -JX + - . 
x 

4 
Let f(x) = -JX +-:-. 

x 

Step 1 As -JX is defined for x ~ 0 but _!_ is not defined for x = 0 , the largest 
x 

possible domain for f(x) is the positive real numbers. 
3 

Step 2 The derivative f'(x) = -!-x -1 - 4x-2 can be written as f'(x) = x' ~ 8 . 
2x 

Step 3 The derivative is defined for all positive real numbers, and is 0 when 
3 

x 2 = 8. Raising both sides to the power i and using the power-on-power rule, 

x= x2 3 =83 =4. ( 
3) 2 2 

Step 4 If 0 < x < 4, the bottom line, 2x2
, is positive, and 

1 1. 
x 2 -8<4 2 -8=8-8=0,sothat f'(x)<O. 

If x > 4, 2x2 is still positive, but xf - 8 > 4f -8 = 0, so that f'(x) > 0. 

Step 5 The sign of f'(x) is - on the left of 4 and+ on the right, so the function 
• has a minimum at x = 4. 

Step 6 Calculate f(4) = -J4+i=2+1=3. The minimum point is (4,3). 
4 
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If you have a graphic calculator, it is interesting to use it to display y = f(x) together with 

y = JX and y = i, from which it is made up. You will find that y = f(x) is very flat around 
.x 

the minimum; it would be difficult to tell by eye exactly where the minimum occurs. 

Notice that this theory gives you another way to find the range of some functions. For the 

function in Example 7.3.1 with domain x > 0, the range is y;. 3. 

~~~~~rz~~~~~~~rl?f~fi~.-~l~t~-~i~~~ Exercise 7B ~~-1~~~~tfl~Ji£1'~~1jl 

1 For each of the following functions f(x), find f'(x) and the interval in which f(x) is 
increasing. 

2 . 
(a) x -5x+6 

(d) 3x2 -5x+7 

(b) x 2 +6x-4 

(e) 5x2 +3x-2 

(c) 7-3x-x2 

(f) 7-4x-3x2 

2 For each of the following functions f(x), find f'(x) and the interval in which f(x) is 
decreasing. 

(a) x 2 +4x-9 

(d) 2x2 -8x+7 

(b) x 2 -3x-5 

(e) 4+7x-2x2 

(c) 5-3x + x2 

(f) 3-5x-7x2 

3 For each of the following functions f(x), find f'(x) and any intervals in which f(x) is 
increasing. 

(a) x3 -l2x (b) 2x3 -18x+5 (c) 2x3 -9x2 -24x+7 

(d) x3 ~3x2 +3x+4 (e) x4 -2x2 (f) x4 +4x3 

(g) 3x-x3 (h) 2x5 
- 5x4 +10 (i) 3x+x3 

4 For each of the following functions f(x), find f'(x) and any intervals in which f(x) is · 
decreasing. In part (i), n is an integer. 

(a) x3 
- 27 x for x;,: 0 (b) x4 +4x2 -5for x;.Q (c) x3 

- 3x2 + 3x -1 

(d) 12x-2x3 (e) 2x3 + 3x2 -36x- 7 (f) 3x4 
- 20x3 + 12 

(g) 36x2 
- 2x 4 (h) x 5 -5X (i) xn-nx (n > 1) 

5 For each of the following functions f(x), find f'(x), the intervals in which f(x) is 
decreasing, and the intervals in which f(x) is increasing. 

3 3 T 

(a) x2 (x-1),forx>O (b) x4 -2x4 ,forx>O 

(d) )(x2 -13} 
3 

(e) x+-, forx4=0 
x 

6 For the graphs of each of the following functions: 
(i) find the coordinates of the stationary point; · 

2 

(c) x 3 (x+2) 

1 
(f) JX + JX , for x > 0 

(ii) 
(iii) 
(iv) 

say, with reasoning, whether this is a maximum or a minimum point; 

(a) 

(d) 

check your answer by using the method of 'completing the square' to find the vertex; 
state the range of values which the function can take. 

x 2 -8x+4 "(b) 3x 2 +l2x+5 

4-6x-x2 (e) x 2 +6x+9 

• (c) 5x2 +6x+2 

(f) l-4x-4x2 
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7 Find the coordinates of the stationary points on the graphs of the following functions, and 
fihd whether these points are maxima or minima. 

(a). 2x3 + 3x2 - 72x + 5 (b) x 3 -3x2 -45x+7 (c) 3x4 -8x3 + 6x2 

(d) 3x5 
- 20x3 +1 (e) 2x+x2 -4x3 (f) x 3 + 3x2 + 3x ~ 1 

1 (h) x2 +·54 (i) 
1 

(g) x+- x--
x x x 

U) x - -IX, for x > 0 
1 3 . 

(1) 
2 16 

(k) --2 x --+5 
x ~ x 

I I 

(o) x 4 (1-x) (m) x 3 (4-x) ., (n) x5 (x+6) 

8 Find the ranges of each of these functions f(x), defined over the largest possible domains. 

2 4 2 i · 
(a) x +x+I (b) x -8x (c) x+-

7 .4 Derivatives as rates of change 

The quantities x and y in a relationship y = f(x) are often called variables, because x 
can stand for any number in the domain and y for any number in the range. When you 
draw the graph you have a free choice of values of x, and then work out the values of 
y . So x is called the independent variable and y the dependent variable. 

These variables often stand for physical or economic quantities, and then it is convenient 
to use other letters which suggest what these quantities are: for example, t for time, V 

for volume, C for cost, P for population, and so on. 

To illustrate this consider a situation familiar to deep sea divers, that pressure increases with 
depth below sea level. The independent variable is the depth, z metres, below the surface. 

It will soon be clear why the letter d was not used for the depth. The letter z is often 

used for distances in the vertical direction. 

The dependent variable is the pressure, p, measured in bars. At the surface the diver 
experiences only atmospheric pressure, about 1 bar, but the pressure increases as the 
diver descends. 

At off-shore (coastal) depths the variables are connected approximately by the equation 

p = 1 +O.lz. 

The ( z, p) graph is a straight line, shown in Fig. 7 .11. 

The constant 0.1 in the equation is the amount that ihe 
pressure goes up for each extra metre of depth. This is 
the 'rate of change of pressure with respect to depth'. 

If the diver descends a further distance of oz metres, the 

pressure goes up by Op bars; this rate of change is Op . oz 
It is represented by the gradient of the graph. 

p 

0 

offshore 
depths 

Fig. 7.11 

100 z 
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But at ocean depths the (z,p) graph is no longer a straight 

line: it has the form of Fig. 7.12, The quantity Op now oz 
represents the average rate of change over the extra depth 
oz. It is represented by the gradient of the chord in Fig. 7 .12. 

p 
ocean 
depths 

105 

The rate of change of pressure with respect to depth is the O 104 z 

limit of Op as oz tends to 0. The f'( ) notation, which has Fig. 7.12 oz 
so far been used for this limit, is not ideal because it does not mention p; it is useful to 

have a notation which includes both of the letters used for the variables. An alternative 

symbol dp was devised, obtained by replacing the letter o in the average rate by d in 
~ ' 

the limit. Formally, 

dp=limop_ 
dz oz---?O oz 

There is no new idea here. It is just a different way of writing the definition of the derivative 
given in Chapter 6. The advantage is that it can be adapted, using different letters, to express 
the rate of change whenever there is a function relationship between two variables. 

If x and y are the independent and dependent variables respectively 
in a functional relationship, then .the derivative, 

dy = Jim oy 
d.x ox---?0 Ox' 

measures the rate of change of y with respect to x. 

If y = f(x), then dy = f'(x). 
d.x 

Although dy looks like a fraction, for the time being you should treat it as one d.x . 

inseparable symbol made up of four letters and & horizontal line. By themselves, the 
symbols d.x and dy have no meaning. (Later on, though, you will find that in some 

ways the symbol dy behaves like a fraction. This is another of its ~dvantages over the 
d.x 

f' ( ) notation.) 

The notation can be used in a wide variety of contexts. For example, if the area of burnt 

grass, t minutes after a fire has started, is A square metres, then dA measures the rate 
dt 

at which the fire is spreading in square metres per minute. If, at a certain point on the 
Earth's surface, distances of x_ metres on the ground are represented by distances of 

y metres on a map, then ~ represents the scale of the map at that point. 
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Example 7 .4.1 
A sprinter in a women's 100-metre race reaches her top speed of 12 metres per second 
after sh.e has run 36 metres. Up to that distance her speed is proportional to the square 
root of the distance she has run. Show that until she reaches full speed the rate of change 

of her speed with respect to distance is inversely proportional to her speed. 

Suppose that after she has run x metres her speed is S metres per :Second.You are 
told that, up to x = 36, S = k-!X, and also that S = 12 when x = 36. So 

12 = k-!36, giving k = 1f = 2. 

The ( x, S) relationship is therefore 

S = 2-!X for 0 < x < 36. 

The rate of change of speed with respect to distance is the derivative dS, and the 
dx 

derivative of -IX (from Section 6.5) is \--.Therefore 
2-vx 

dS 1 1 
dx = 2 x 2-!X = -IX . 

S
. / S dS b . 2 mce -v x = - , - can e wntten as - . 

2 dx s 
The rate of change is therefore inversely 

proportional to her speed. 

If she maintains her top speed for the rest of the 
race, the rate of change of speed with respect to 
distance drops to 0 for x > 36. Fig. 7 .13 shows that 
the gradient, which represents the rate of change, 
gets smaller as her speed increases, and then 
becomes zero once she reaches her top speed. 

Example 7 .4.2 

.s 
12 

36 

Fig. 7.13 

100 x 

A line of cars, each 5 metres long, is travelling along an open road at a steady speed of 
S km per hour. There is a recommended separation between each pair of cars given by 

the formula ( 0 .l 8S + 0 .006S2
) metres. At what speed should the cars travel to maximise 

the number of cars that the road can accommodate? 
~\' 

It is a good idea to write the separation formula as ( aS + bS2
), where a = 0 .18 and 

b = 0.006. This gives a neater formula, and will also enable you to investigate the effect 

of changing the coefficients in the formula. But remember when you differentiate that a 

and b are simply constants, and you can treat them just like numbers. 

A 'block', consisting of a car's length and the separation distance in front of it, 

· 2 . 5+aS+bS2 

occupies 5 + aS + bS metres of road, or km . For the largest number 
1000 
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of blocks passing a checkpoint in an hour, the time T (in hours) for a single block 
to pass the checkpoint should be as small as possible. Since the block is moving at 
speed S km per hour, 

TS= 5+aS+bS2 
1000 , 

or - 5 + aS + bS2 = 0.001(5s-1 +a+ bS). 
T- lOOOS 

Now follow the procedure for finding the minimum value of T. 

Step 1 

Step 2 

Since the speed must be positive, the domain is S > 0. 

The derivative is dT = o.001(-5s-2 + b). 
dS 

Step 3 This derivative is defined everywhere in the domain, and is 0 when 

---; + b = 0, which is at S = {i. s ~b 

Step 4 As S increases, --; decreases, so ---; + b increases. Since dT is 0 
S S dS 

when S = f"i, the sign of dT is - when S < {i , and + when S > {i . 
~b dS ~b ~b 

Step 5 Since dT changes from - to+, Tis a minimum when S = {i. 
~ ~b 

Step 6 Substituting a= 0.18 and b = 0.006 gives S = ~ 5 
""28.87 and 

T"" 0.000 526 4 at the minimum point. 0.006 

This shows that the cars flow best at a speed of just under 29 km h-1
. (Each block 

then takes approximately 0.000 526 hours, or 1.89 seconds, to pass the 
checkpoint, so that the number of cars which pass in an hour is approximately 
- __ ! --- ""1900.) 

Example 7 .4.3 
A hollow cone with base radius a cm and height b cm is placed on a table. What is the 
volume of the largest cylinder that can be hidden underneath it? 

The volume of a cylinder of radius r cm and height h cm is V cm3
, where 

V=nr 2h. 

You can obviously make this as large as you like by choosing r and h large 
enough. But in this problem the variables are restricted by the requirement that the 
cylinder has to fit under the cone. Before you can follow the procedure for finding 
a maximum, you need to find how this restriction affects the values of r and h. 

( 
107 
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Fig.7.14 

a-r -a-
Fig. 7.15 

Fig. 7.14 shows the three-dimensional set-up, and Fig. 7.15 is a vertical section 
through the top of the cone. The similar triangles picked out with heavy lines in 
Fig. 7.15 show that r and h are connected by the equation 

h b 
a - r = ~ , so that h = b( a - r) 

a 

Substituting this expression for h in the formula for V then gives 

V = nr
2
b(a-r) = (:b )ar2 -r3). 

Notice that the original expression for V contains two independent variables r 

and h . The effect of the substitution is to reduce the number of independent 
variables to one; h has disappeared, and only r remains. This makes it possible to 
apply the procedure for finding a maximum. 

The physical problem only has meaning if 0 < r <a, so take this interval as the 
domain of the function. Differentiating by the usual rule (remembering that n, a 
and b are constants) gives 

dV (nb)( 2
) (nb) dr= ---;; 2ar-3r = ---;; r(2a-3r). 

The only value of r in the domain for which dV = 0 is ta. It is easy to check 
dr 

that the sign of d V is + for 0 < r < j a and - for t a < r < a . 
dr 

So the cylinder of maximum volume has radius ta , height ~ b and volume 

2~ na2b. (Since the volume of the cone is ~na2 b, the cylinder of maximum 

volume occupies i of the space under the cone.) 
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~;,:;J::,;~;;J~~~l'£,.1if£~iiiiiI~liiif11UJ~;:~r9'..l1 Exercise 7 C ~~~~~~~~1~~1~j~~¥~@;§;~::;&~"1{~lk~;~~~:~1 

1 In each part of this question express each derivative as 'the rate of change of ... with 
respect to ... ',and state its physical significance. 

(a) dh, where h is the height above sea level, and x is the horizontal distance travelled, 
dx 
along a straight road 

(b) dN , where N is the number of people in a stadium at time t after the gates open 
dt 

(c) dM, where Mis the magnetic force at a distance r from a magnet 
dr 

(d) dv, where v is the velocity of a particle moving in a straight line attime t 
dt 

(e) dq, where q is the rate at which petrol is used in a car in litres per km, and S is the 
dS 
speed of the car in km per hour 

2 Defining suitable_ notation and units, express each of the following as a derivative. 

(a) the rate of change of atmospheric pressure with respect to height above sea level 

(b) the rate of change of temperature with respect to the time of day 

(c) the rate at which the tide is rising 

(d) the rate at which a baby's weight increases in the first weeks of life 

3 (a) Find·~~ where z=3t2 +7t-5. (by Find dll where e = x --rx. 
dx 

(c) Find dx where x = y+~. . dr 2 1 
(d) Fmd - where r=t +.Ji' 

dy y dt t 

. dm 2 
(f) Find df where f = 2s6 - 3s2

. (e) Find dt where m = (t + 3) . 
ds 

(g) Find dw where w = St. 
dR l-r3 

(h) Find - where R = - 2- . 
di dr r 

4 A particle moves along the x-axis. Its displacement at time t is x = 6t - t 2 . 

dx 
(a) What does - represent? 

dt 

(b) Is x increasing or decreasing when (i) t = 1 , (ii) t = 4? 

(c) Find the greatest (positive) displacement of the particle. How is this connected to your 
answer to part (a)? 

5 Devise suitable notation to express each of the following in mathematical form. 

(a) The distance travelled along the motorway is increasing at a constant rate. 

(b) The rate at which a savings bank deposit grows is proportional to the amount of money 
deposited. 

(c) The rate at which the diameter of a tree increases is a function of the air temperature. 

( 
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6 At a speed of S km per hour a car will travel y kilometres on each litre of petrol, where 

- 5 is i sz y- +5 -800 . 

7 

8 

9 

10 

11 

12 

Calculate the speed at which the car should be driven for maximum economy. 

A ball is thrown vertically upwards. At time t seconds its height h metres is given by 
h = 20t- 5t2

. Calculate the ball's maximum height above the ground. 

The sum of two real numbers x and. y is 12 . Find the maximum value of their product xy. 

The product of two positive real numbers x and y is 20 . Find the minimum possible value 
of their sum. 

The volume of a cylinder is given by the formula V = nr2 h. Find the greatest and least 

values of V if r + h = 6 . 

A loop of string of length 1 metre is formed into a rectangle with one pair of opposite sides 
each x cm. Calculate the value of x which will maximise the area enclosed bythe string. 

One side of a rectangular sheep pen is formed by a hedge. The other three sides are made 
using fencing. The length of the rectangle is x metres; 120 metres of fencing is available. 

(a) Show that the area of the rectangle is 1x(l20-x) m2
. 

(b) Calculate the maximum possible area of the sheep pen. 

13 A rectangular sheet of metal measures 50 cm by 40 cm . Equal squares of side x cm are 
cut from eac.h comer and discarded. The sheet is then folded up to make a tray of depth · 
x cm . What is the. domain of possible values of x? Find the value of x which maximises 
the capacity of the tray. 

14 An open rectangular box is to be made with a square base, and its capacity is to be 
4000 cm 3 . Find the length of the side of the base when the amount of material used to 
make the box is as small as possible. (Ignore 'flaps'.) 

15 An open cylindrical wastepaper bin, of radius r cm and capacity V cm3
, is to have a 

surface area of 5000 cm 2 
• 

(a) Show that V = 1r(5000 - nr2
) . 

(b) Calculate the maximum possible capacity of the bin. 

16 A circular cylinder is to fit inside a sphere of radius 10 cm. Calculate the rnaximum 
possible volume of the cylinder. (It is probably best to take as your independent variable 
the height, or half the height, of the cylinder.) 

f£.!;.'E~i'i!l'#ii~(f.'f{i@lirlif~j:;\~m'tll Miscellaneous exercise 7 ~~ 

1 Use differentiation to find the coordinates of the stationary points on the curve 

4 
-y=·x+-

x 

and determine whether each stationary point is a maximum point or a minimum point. 

Find the set of values of x for which y' incn~ases as x increases. (OCR) 
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2 The rate at which a radioactive mass decays is known to be proportional to the mass 
remaining at that time. If, at time t, the mass remaining is m, this means that m and t 

satisfy the equation 

dm · 
-=-km 
dt . 

where k is a positive constant. (The negative sign ensures that dm is negative, which 
indicates that m is decreasing.) · dt 

Write down similar equations which represent the following statements. 

(a) The rate of growth of a populatfon of bacteria is proportional to the number, n, of 
bacteria present. 

111 

(b) When a bowl of hot soup is put in the freezer, the rate at which its temperature, e °C, 
decreases as it cools is proportional to its current temperature. 

(c) The rate at which the temperature, e °C, of a cup of coffee decreases as it cools is 
proportional to the excess of its temperature over the room tempern.ture, f3 °C. 

3 A car accelerates to overtake a truck. Its initial speed is u , and in a time t after it starts to 
accelerate it covers a distance x , where x = ut + kt 2 

. 

Use differentiation to show that its speed is then u + 2kt, and show that its acceleration is 
constant. 

4 A car is travelling at 20 m s-1 when the driver applies the brakes. At a time t seconds later 
the car has travelled a further distance x metres, where x = 20t- 2t2

. Use differentiation 
to find expressions for the speed and the acceleration of the car at this time. For how long 
do these formulae apply? 

5 A boy stands on the edge of a cliff of height 60 m. He throws a stone vertically upwards so 
that its distance, h m, above the cliff top is given by h = 20t - 5t2 . . 

(a) Calculate the maximum height of the stone above the cliff top. 

(b) Calculate the time which elapses before the stone hits the beach. (It just misses the boy 
and the cliff on the way down.) 

(c) Calculate the speed with which the stone hits the beac.h. 

6 Find the least possible value of x2 + y2 given that x + y = 10. 

7 The sum of the two shorter sides of a right-angled triangle is 18 cm . Calculate 

(a) the least possible length of the hypotenuse, 

(b) the greatest possible area of the triangle. 

8 (a). Find the stationary points on the graph of y = 12x + 3x2 - 2x3 and sketch the graph. 

- (b) How does your sketch show that the equation 12x + 3x2 - 2x3 = 0 has exactly three 
real roots? 

(c) Use your graph to show that the equation 12x + 3x2 - 2x3 = -5 also has exactly three 
real roots. 

(d) For what range of values of k does the equation 12x + 3x2 - 2x3 = k have 
(i) exactly three real roots, (ii) only one real root? 

( ., 

/ 

J 
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9 Find the coordinates of the stationary points on the graph of y = x 3 -12x -12 and sketch 
the graph. 

Find the set of values of k for which the equation x 3 -12x -12 = k has more than one real 
solution. (OCR) 

10 Find the coordinates of the stationary points on the graph of y = x 3 + x 2 
• Sketch the graph 

and hence write down the set of values of the constant k for which the equation 
x 3 + x 2 = k has three distinct real roots. 

11 Find the coordi~ates of the stationary points on the graph of y = 3x4 - 4x 3 -12x2 + 10, and 
sketch the graph. For what values of k does the equation 3x4 - 4x3 -12x2 +10 = k have 

(a) exactly four roots, (b) exactly two roots? 

12 Find the coordinates of the stationary points on the curve with equation y = x(x -1)2
• 

Sketch the curve. 

Find the set of real values of k such that the equation x(x -1)2 = k 2 has exactly one real 
root. (OCR, adapted) 

13 The cross-section of an object has the shape of a 
quarter-circle of radius r adjoining a rectangle of 
width x and height r, as shown in the diagram. 

(a) The perimeter and area of the cross-section 
are P and A respectively. Express each of 
P and A in terms of r and x , and hence 

show that A = i Pr - r 2 
. 

r 

x 

(b) Taking the perimeter P of the cross-section as fixed, find x in terms of r for the case 
when the area A of the cross-section is a maximum, and show that, for thisvalue of x, 
A is a maximum and not a minimum. (OCR) 

14 A curve has equation y =_!__-\-.Use differentiation to find the coordinates of the 
x x 

stationary point and determine whether the stationary point is a maximum point or a 
minimum point.Deduce, or obtain otherwise, the coordinates of the stationary point of 
each of the following curves. 

1 1 
(a) y=-- 2 +5 

x x 

2 2 - --2-
(b) y= x-1 (x-1) 

15 The manager of a supermarket usually adds a mark-up of 20% to the wholesale prices of all 
the goods he sells. He reckons that he has a loyal core of F customers and that, if he 
lowers his mark-up to x% he will attract an extra k(20- x) customers from his riv_als. 
Each week the average shopper buys goods whose wholesale value is £A . Show that with 
a mark-up of x% the supermarket will have an anticipated weekly profit of 

£ 160 Ax((F + 20k)-kx). 

Show that the manager can increase his profit by reducing his mark-up below 20% 
provided that 20k > F. (OCR) 
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16 The costs of a firm which makes climbing boots are of two kinds: 
Fixed costs (plant, rates, office expenses): £2000 per week; 
Production costs (materials, labour): £20 for each pair of boots made. 
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Market research suggests that, if they price the boots at £30 a pair they will sell 500 pairs a 
week, but that at £55 a pair they will sell none at all; and between these values the graph of 
sales against price is a straight line. 

If they price boots at £x a pair ( 30 ~ x ~ 55) find expressions for 

(a) the weekly sales, (b) the weekly receipts, (c) the weekly costs 
(assuming that just enough boots are made). 

Hence show that the weekly profit, £P, is given by 

P = -20x2 +1500x - 24 000. 

Find the price at which the boots should be sold to maximise the profit. 

17 Sketch the graph of an even function f(x) which has a derivative at every point. 

(OCR) 

Let P be the point on the graph for which x = p (where p > 0). Draw the tangent at Pon 

your sketch. Also draw the tangent at the point P' for which x = - p. 

(a) What is the relationship between the gradient at P' and the gradient at P? What can 
you deduce about the relationship between f'(p) and f'(-p)? What does this tell you 
about the derivative of an even function? 

(b) Show that the derivative of an odd function is even. 

~::',B"_fil~5ii"L~~!~~:;::_:;,cq;_~i],[~£1&~,a~g,~f.&1'"G'-LC:-w¥;J".f;;";'.'~~:7;":m-;.t.~~~~~~&'~~~-.~1H-sm"-c-.!',l-l'..~&LrJ!itl§~~;~~~~ 
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8 Sequences 

This chapter is about sequences of numbers, When you have completed it, you should 

• know that a sequence can be constructed from a formula or an inductive definition 
• be familiar with triangle, factorial, Pascal and arithmetic sequences 
• know how to find the sum of an arithmetic series. 

8.1 Constructing sequences 

Here are six rows of numbers, each forming a pattern of some kind. What are the next 
three numbers in each row? 

(a) 1 4 9 16 25 ... (b) ! 2 3 4 5 
3 4 5 6 

(c) 99 97 95 93 91 ... (d) 1 1.1 1.21 1.331 1.4641 ... 

(e) 2 4 8 14 22 ... (f) 3 1 4 1 5 ... 

Rows of this kind are called sequences, and the separate numbers are called terms. 

The usual notation for the first, second, third, . : . terms of a sequence is u1 , u2 , u3 , and 
so on. There is nothing speciaJ about the choice of the letter u, and other letters such as 
v, x, t and I are often used instead, especially if the sequence appears in some 
application. If r is a natural number, then the rth term will be u,, v,, x,, t, or I,. 

Sometimes it is convenient to number the terms u0 , u1, u2 , ... , starting with r = 0, but 

you then have to be careful in referring to 'the first term': do you mean u0 or u1? 

In (a) and (b) you would have no difficulty in writing a formula for the rth term of the 
sequence. The numbers in (a) could be rewritten as 12

, 22
, 32

, 42
, 52

, and the pattern 
could be summed up by writing 

2 u, = r . 
1 2 3 4 5 r 

Thetermsof(b)are -, --, --, --, --,sou,=-.-. 
· 1+1 2+1 3+1 4+1 5+1 r+l 

In (c), (d) and (e) you probably expect that there is a formula, but it is not so easy to find 
it. What is more obvious is how to get each term from the one before. For example, in 
(c) the terms go down by 2 at each step, so that u2 = u1 -2, u3 = u2 - 2, u4 = u3 - 2, 
and so on. These steps can be summarised by the single equation 

Ur+I =u, -2. 

The terms in (d) are multiplied by 1.1 at each step, so the rule is 

Ur+I = l.lu,. 

Unfortunately, there are many other sequences which satisfy the equation u,+ 1 = u, - 2 . 
Other examples are 10, 8, 6, 4, 2, ... and -2, ~ 4, - 6, - 8, -10; .... 
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The definition is not. complete until you know the first term. So to complete the 
definitions of the sequences ( c) and ( d) you have to write 

(c) u1 = 99 and Ur+I = ur - 2, 

(d) u1 =land Ur+I =l.lur. 

Definitions like these are called inductive definitions. 

Sequence (e) originates from geometry. It gives the greatest number ofregions into 
which a plane can be split by different numbers of circles. (Try drawing your own 
diagrams with 1, 2, 3, 4, ... circles.) This sequence is develqped as u2 = u1 + 2, 
u3 = u2 + 4, u4 = u3 + 6, and so on. Since the increments 2, 4, 6, ... are themselves 
given by the formula 2r, this can be summarised by the inductive definition 

U1 = 2 and Ur+I =Ur+ 2r . 

For (f) you may have given the next three terms as 1, 6, 1 (expecting the even-placed 
terms all to be 1, and the odd-placed terms to go up by 1 at each step). In fact this 
sequence had a quite different origin, as the first five digits of n in decimal form! With 
this meaning, the next three terms would be 9 , 2 , 6 . 

This illustrates an important point, that a sequence can never be uniquely defined by 
giving just the first few terms. Try, for example, working out the first eight terms of the 
sequence defined by 

ur = r 2 +(r-l)(r-2)(r-3)(r-4)(r-5). 

You will find that the first five terms are the same as those given in (a), but the next 
three are probably very different from your original guess. 

A sequence can only be described unambiguously by giving a formula, an inductive 
definition in terms of a general natural number r, or some other general rule. 
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~ Abllfml- Exercise8A ~~~ 

1 Write down the first five terms of the sequences with the following definitions. 

(a) U1 =7, u,H =Ur +7 (b) U1=13, Ur+I =Ur -5 

(c) U1 =4, Ur+I = 3ur (d) U1 = 6, Ur+I = iur 

(e) U1 =2, Ur+I = 3ur + 1 (f) U1=1, Ur+I = Ur2 + 3 

2 Suggest inductive definitions which would produce the following sequences. 

(a) 2 4 6 8 10 ... (b) 11 9 7 5 3 ... 

(c) 2 6 10 14 18 ... (d) 2 6 18 54 162 

(e) ~ 1 1 1 (f) la la la 1 
9 27 TI ···. 2 4 8 16a 

(g) b-2c b-c b b+c ... (h) 1 -1 1 -1 1 ... 

(i) 
p p p 

U) 
a3 a1 

b 3 q2 
... 

b2 
- a 

q q b 

(k) x3 5x2 25x ... (1) 1 l+x (1 + x)2 (1 + x)3 

( 
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3 Write down the first five terms of each sequence and give an inductive definition for it. 

(a) ur=2r+3 (b) ur=r2 (c) ur=!r(r+l) 

(d) ur=ir(r+1)(2r+l) (e) ur=2X3r (f) ur=3X5r-I 

4 For each of the following sequences give a possible formula for the rth term. 

(a) 9 8 7 6 ... 

(c) 4 7 12 19 

(e) l l i 2 

(b) 6 18 54 162 

4 5 6 7 

(d) 4 12 24 40 60 

(f) l i .!Q IT 
2 4 8 16 

f;i\f.£E:'G.'F:':r:'.:;,::'.~i!;':C;5:~.~~~:~2~::~t:;a:~:-!,i'.~~~~~.~-=~;1mu~~IJf..~i~Y.!.~J:F~~rr~-~~:;{~-~~'¥:¥"--llli'.f:~.~iHf~~~z5~~~~1-'Bf.·~:; 

8.2 The triangle number sequence 
The numbers of crosses in the triangular patterns in 
Fig. 8.1 are called triangle numbers. If tr denotes the 
rth triangle number, you can see by counting the 
numbers of crosses in successive rows that 

t, = 1, t2 = 1+2 = 3, t3 = 1+2 + 3 = 6, 

and in general tr = 1 + 2 + 3 + ... + r, where the dots 
indicate that all the natural numbers between 3 and r 

have to be included in the addition. 

Fig. 8.2 shows a typical pattern of crosses forming a 
triangle number tr. (It.is in fact drawn for r = 9, but 
any other value of r could have been chosen.) An 
easy way of finding a formula for tr is to make a 
similar pattern of 'noughts', and then to tum it upside 
down and place it alongside the pattern of crosses, as 
in Fig. 8.3. The noughts and crosses together then 
make a rectangular pattern, r + 1 objects wide and 
r objects high. So the total number of objects.is 
r(r + 1), half of them crosses and half noughts. The 
number of crosses alone is therefore 

tr =!r(r+l). 

This shows that: 

The sum of all the natural numbers from 1 to r 
is !r(r+l). 

x 
f1 

x 
x xx 

x xx xxx 
xx xxx xx xx 

f 2 f 3 f4 

Fig. 8.1 

x 
xx 
xxx 
xx xx 
xxxxx 
xxxxxx 
xxxxxxx 
xxxxxxxx 
xxxxxxxxx 

t, 

Fig. 8.2 

XOOOOOOOOO 1 xxoooooooo 
xxxooooooo 
xxxxoooooo ' 
XXXXXOOOOO r 
xxxxxxoooo j xxxxxxxooo 
xxxxxxxxoo 
xxxxxxxxxo 
-r+l 

Fig. 8.3 
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You can put this argument into algebraic form. If you count the crosses from the top 

downwards you get 

tr= 1 + 2 + 3 + + (r - 2) + (r -1) + r , 

but if you count the noughts from the top downwards you get 

tr= r +(r-l)+(r-2)+ +3 +2+1. 

Counting all the objects in the rectangle is equivalent to adding these two equations: 

2tr = (r + 1) + (r + 1) + (r + 1) + + (r + 1) + (r + 1) + (r + 1). 

with one (r + 1) bracket for each of the r rows. It follows that 2tr = r(r + 1), so that 

tr =!r(l:"+l). 

Ii is also possible to give an inductive definition for the sequence tr. Fig. 8.1 shows that 

to get from any triangle number to the next you simply add an extra row of crosses 

underneath. Thus t2 = t1 + 2, t3 = t2 + 3, t4 = t3 + 4, and in general 

tr+! =tr+ (r + 1). 

You can complete this definition by specifying either t1 = 1 or t0 = 0. If you choose 

t0 = 0, then you can find t1 by putting r = 0 in the general equation, as 

t1 = t0 + 1 = 0 + 1 = 1 . So you may as well define the triangle number sequence by 

t0 = 0 and tr+! =tr+ (r + 1), where r = 0, 1, 2, 3,. ... 

8.3 The factorial sequence 

If, in the definition of tr, you go from one term to the next by multiplication rather than 

addition, you get the factorial sequence 

!r+I =fr X (r+ 1), where r = 0, 1, 2, 3,. ... 
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There would be little point in defining fo to be 0 (think about why this is); instead take fo to 

be 1. (This may seem strange, but you will see the reason in the next chapter.) You then get 

Ji = fo x 1 = 1x1 = 1, f 2 =Ji x 2 = 1x2 = 2, f 3 = f 2 x 3 = 2 x 3 = 6, 

and if you go on in this way you find that, for any r ~ 1, 

f,. =lx2x3x ... xr. 

This sequence is so important that it has its own special notation, r!, read as 'factorial r' 

or 'r factorial' (or often, colloquially, as 'r shriek'). 

Factorial r is defined by O! = 1 and (r + 1) ! = r ! x (r + 1), where r = 0, 1, 2, 3,. ... 

For r ~ 1, r ! is the product of all the natural numbers from 1 to r. 

/ 
\:. 



r 
118 PURE MATHEMATICS 1 

Many calculators have a special key labelled [n ! ] . For small values of n the display 
gives the exact value, but the numbers in the sequence increase so rapidly that from 
about n = 14 onwards only an approximate value in standard form can be displayed. 

8.4 Pascal sequences 

Another important type of sequence based on a multiplication rule is a Pascal sequence. 
You will find in the next chapter that these sequences feature in the expansion of 
expressions like (x + Yt. A typical example has an inductive definition 

4-r 
Po=l and Pr+1 =--pr, wherer=0,1,2,3, .... 

r+l 

Using the inductive definition for r = 0, 1, 2, ... in tum produces the terms 

4 3 6 P1 = T Po = 4' P2 = 2 P1 = ' 

P -1.p -1 0 0 
4 - 4 3 - ' Ps = 5 P4 = • 

2 
P3 =?,Pz =4, 

(-1) 
P6 =TPs =0, and so on. 

You will see that at a certain stage the sequence has a zero term, and because it is formed 
by multiplication all the terms after that will be zero. So the complete sequence is 

. 1, 4, 6, 4, 1, 0, 0, 0, 0, 0, .... 

This is only one of a family of Pascal sequences, and its terms also have a special 

notation, (:).For example, ( ~) = 1, ( ~) = 4, (~) = 6, and so on. Other Pascal 

sequences have numbers different from 4 in the multiplying factor. 

The general definition of a Pascal sequence., whose terms are denoted by ( ~), is 

(~)=1 and (r:l)=~:~(;). wherer=0,1,2,3, .... 

Check for yourself that the Pascal sequences for n = 0, 1, 2, 3 are 

n=O: 1, 0, 0, 0, 0, 

n = 1: 1, 1, 0, 0, 0, 

n=2: 1, 2, 1, 0, 0, 

n=3: 1, 3, 3, 1, 0, ... i 

\ ' .. ·~.r. .' 
The complete pattern of Pascal sequences, without the trailing zeros;1~ called Pascal's 
triangle. Its earliest recorded use was in China, but Blaise Pascal (a French 
mathematician of the 17th century, one of the originators of probability tlleory) was one 
of the first people in Europe to publish it. It is usually presented in isosceles form 
(Fig. 8.4),.drawing attention to the symmetry of the sequence. But for its algebraic 
applications the format of Fig. 8.5 is often more convenient, since each column then 
corresponds to a particular value of r. 
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1 1 1 
2 1 1 2 1 

3 3 1 1 3 3 
4 6 4 1 1 4 6 4 

Fig.8.4 Fig. 8.5 

You may be surprised to notice that every number in the pattern in Fig. 8 .4 except for 
the ls is the sum of the two numbers most closely above it. 

You have seen these numbers before: look back at sequence (d) in Section 8.1. 

~ Exercise8B i&h~ID-!'~~5'!1 

1 Using Fig. 8.3 as an example, 

(a) draw a pattern of crosses to represent the rth triangle number tr; 

(b) draw another pattern of noughts to represent tr-I; 

(c) combine these two patterns to show that tr +tr-I = r2 

(d) Use the fact that tr= ±r(r+ 1) to show the result in part (c) algebraically. 

2 (a) Find an expression in terms of r for tr - tr-I for all r ~ 1. 

(b) Use this result and that in Question l(c) to show that t,2 -tr-?= r 3
• 
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( c) Use part (b) to write expressions in terms of triangle numbers for 13 
, 2 3 

, 3 3 
, . .. , n 3 

. , 

Hence show that 13 + 23 + 33 + ... + n3 = in2 (n + 1)2. 

3 Without using a calculator, evaluate the following. 

(a) 7! (b) ~ 
3! 

4 Write the following in terms of factorials. 

(a) 8x7x6x5 (b) 9x10x11x12 

(d) n(n2 -1) (e) n(n+l)(n+2)(n+3) 

(g) 8x7! (h) n x (n -1)! 

S Simplify the following. 

(a) 
12

' (b) 23!- 22! 
11! 

(2n)' 6 Show that-·= 2n(lx3x5x ... x(2n-1)). 
n! 

(c) (n+l)! 
n! 

(c) 
7! 

4!x3! 

(c) n(n-l)(n-2) 

(f) (n+6)(n+5)(n+4) 

(d) (n + 1)!-n! 

7 Use the inductive definition in Section 8.4 to find the Pascal sequences for 

(a) n=5, (b) n=6, (c) n=8. 

( 
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8 Use the inductive definition for (n) to show that (
6
9

) = 9 
x 

8 
x 

7
, and show that this can be 

. · 9! r lx2x3 
wntten as --· - . 

6!x3! 

Use a similar method to write the following in terms of factorials. 

w (~ ~(~ ~ (~ w (~ (e) (~) 

9 The answers to Question 8 suggest a general result, that (n) = n! . Assuming this 
r r!x(n-r)! 

to be true, show that (~) = (n ~ r). 
10 , Show by direct calculation that 

(a) (;)+(~)=(~} (b) G)+(~)=(~)-
Write a general statement, involving n and r, suggested by these results. 

11 The Pascal sequence for n = 2 is 1 2 1 . 

The surri. of the terms in this sequence is 1 + 2 + 1 = 4 . 

Investigate the sum of the terms in Pascal sequences for other values of n . 
!;"'~1'2?r1~~~~~t'fl;'g~..Mf:®.i'l.:1'~~~~~~~~;:Jirli':~~'it?"i~~~.::~-:;~1'.J..;::;'.:Jd'.!1SB'i~~lli:\!lr.$:~z.;~;~XE..~~1 

8.5 Arithmetic sequences 
An arithmetic sequence, or arithmetic progression, is a sequence whose terms go up 
or down by constant steps. Sequence (c) in Section 8.1 is an example. The inductive 
definition for an arithmetic sequence has the form 

U1 =a, Ur+! =Ur+ d. 

The number d is called the common difference. 

Sequence (c) has first term a= 99 and common difference d = -2. 

Example 8.5.1 
Senne would like to give a sumof money to a charity each year for 10 years. She 
decides to give $100 in the first year, and to increase her contribution by $20 each year. 
How much does she give in the last year, anq how much does tho: charity receive from 
her altogether? 

Although she makes 10 contributions, there are only 9 increases. So in the last 
year she gives $(100 + 9 x 20) = $280. 

If the total amount the charity receive·s is $ S, then 

s = 100+120+140 + ... +"240 + 260 + 280. 

With only 10 numbers it is easy enough to add these up, but you can also find the 
sum by a method similar to that used to find a formula for tn. If you add up the 
numbers in reverse order, you get 
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s = 280 +260 +240+ ... +140+120+100. 

Adding the two equations then gives 

2S = 380 + 380+ 380 + ... + 380+ 380 + 380, 

where the number 380 occurs 10 times. So 

2S = 380x10 = 3800, giving S = 1900. 

Over the 10 years the charity receives $1900 . 

This calculation can be illustrated with diagrams similar to 
Figs. 8.2 and 8.3. Senne's contributions are shown by Fig. 8.6, 
with the first Y\!ar in the top row. (Each cross is worth $20 .) 
Ii:i Fig. 8.7 a second copy, with noughts instead of crosses, is 
put alongside it, but turned upside down. There are then 10 
rows, each with 19 crosses or noughts and worth $380. 

100 
xxxxx 
xxxxxx 
xxxxxxx 
xxxxxxxx 
xxxxxxxxx 
xxxxxxxxxx 
xxxxxxxxxxx 
xxxxxx-xxxxxx 
xxxxxxxxxxxxx 
xxxxxxxxxxxxxx 

280 

Fig. 8.6 

100 280 
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xxxxxooooooooooo·ooo 
xxxxxxooooooooooooo 
xxxxxxxoooooooooooo 
xxxxxxxxooooooooooo 
x·xxxxxxxxoooooooooo 
xxxxxxxxxxooooooooo 
xxxxxxxxxxxoooooooo 
xxxxxxxxxxxxooooooo 
xxxxxxxxxxxxxoooooo 
xxxxxxxxxxxxxxooooo 

280 100 

Fig. 8.7 

Two features of Example 8 .5 .1 are typical of arithmetic progressions. 

• They usually only continue for a finite number of terms. 
• It is often interesting to know the sum of all the terms. In this case, it is usual to 

describe the sequence as a series. 

In Example 8 .5 .1, the annual contributions 

100, 120,140, ... , 240, 260, 280 

form an arithmetic sequence, but if they are added as 

100+120+140 + ... + 240 + 260 + 280 

they become an arithmetic series. 

If the general arithmetic sequence 

a, a+ d, a+ 2d, a+ 3d, ... 

has n terms in all, th~n from the first term to the last there are n -1 steps of the 
common difference d . Denote the last term, un, by l . Then 

l =a+ (n - l)d. 

From this equation you can calculate any one of the four quantities a, l, n, d if you 
know the other three. 

Let S be the sum of the arithmetic series formed by adding these terms. Then it is 
possible to find a formula for S in terms of a , n and either d or l . 

/ 
\ 
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Method 1 This generalises the argument used in Example 8.5.1. 
The series can be written as 

S = a +(a+ d) +(a+ 2d) + ... + (l -2d) + (l -d) + l. 

Turning this back to front, 

S = l + (l - d) + (l - 2d) + ... + (a + 2d) + (a + d) + a . 

Adding these, 

2S =(a+ l) +(a+ l) + (a+ l) + ... + (a+ l) +(a+ l) +(a+ l), 

where the bracket (a+l) occurs n times. So 

2S = n( a+ l) , which gives S = ! n( a + l) . 

Method 2 This uses the formula for triangle numbers found in Section 8.2. 
In the series 

S = a + (a + d) + (a + 2d) + ... + (a + ( n - 1 )d) 

you can collect separately the terms involving a and those involving d: 

S =(a+ a+ ... + a)+ (1+2+3+ ... +(n- l))d. 

In the first bracket a occurs n times. The second bracket is the sum of the natural 
numbers from 1 to n-1, or tn-l; using the formula t, = !r(r + 1) with r = n -1 gives 
this sum as 

tn-l =!(n-l)((n-l)+l)=t(n-l)n. 

Therefore 

S = na + i(n-l)nd = in(2a + (n-l)d). 

Since l = a + ( n -1 )d , this· is the same answer as that given by method 1. 

Here is a summary of the results about arithmetic series. 

An arithmetic series of n terms with first term a 
and common difference d has last term 

l =a +(n-l)d 

and sum 

S =~n(a + l) =~n(2a + (n-l)d). 
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Example 8.5.2 
Find the sum of the first n odd natural numbers. 

Method 1 The odd numbers 1, 3,5, ... form an arithmetic series with first term 
a = 1 and common difference d = 2. So 

S = -!n(2a+(n-l)d) = -!n(2 + (n-1)2) = -!n(2n) = n2
. 

Method 2 Take the natural numbers from 1 to 2n, and remove the n even 
numbers 2, 4, 6, ... , 2n. You are left with the first n odd numbers. 

The sum of the numbers from 1 to 2n is tr where r = 2n, that is 

tzn = ! (2n)(2n + 1) = n(2n + 1). 

The sum of the n even numbers is 

2 + 4 + 6 + ... + 2n = 2(1+2 + 3 + ... + n) = 2tn = n(n + 1). 

So the sum of the first n odd numbers is 
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n(2n + 1)- n(n + 1) = n((2n + 1)-(n + 1)) = n(n) = n2
. 

Method 3 Fig. 8 .8 shows a square of n rows with n crosses 
in each row (drawn for n = 7). You can count the crosses in the 
square by adding the numbers in the 'channels' between the 
dotted L-shaped lines, which gives 

x:x:x:x xx x 
x"x:x:x xx x 
~---~_-_>_<_ix x x x 
xxxxxxx 
xx xx x:x:x 
xx xx x x:x 
xxxxxxx 

n2 =1+3+5+ ... (ton terms). Fig. 8·.8 

Example 8.5.3 
A student reading a 426-page book finds that he reads faster as he gets into the subject. 
He reads 19 pages on the first day, and his rate of reading then goes up by 3 pages each 
day. How long does he take to finish the book? 

You are given that a=19, d=3 and S=426.Since S=tn(2a+(n-l)d), 

426 = ! n(38 + (n -1)3), 

852 = n(3n + 35), 

3n2 + 35n - 852 = 0. 

Using the quadratic formula, 

-35±~352 -4x3x(-852) -35±107 
n= = .. 

2x3 6 

S. b · · - 35 +l07 72 12 H 'llf". h h b k" 2d mce n must e positive, n = = - = . e w1 mis t e oo m 1 ays. 
6 6 
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M~'.fil~s~Eii~~~~~~~&;~W~~ Exercise SC ~~~~-~ 

1 Which of the following sequences are the first four terms of an arithmetic sequence? For 
those that are, write down the value of the common difference. 

(a) 7 10 13 16 ... 

(d) 4 2 0 -2 

(g) la la la la 
2" 1 4 ") 

(b) 3 5 9 15 ... 

(e) 2 -3 4 -5 

(h) x 2x 3x 4x 

(c) 1 0.1 0.01 0.001 .. . 

(f) p - 2q p - q p p + q .. . 

2 Write down the sixth term, and an expression for the rth term, of the arithmetic sequences 
which begin as follows. 

(a) 2 4 6 ... (b) 17 20 23 . .. (c) 5 2 -1 . .. 
(d) 1.3 1.7 2.1 ... (e) 1 11 

2" 2 . .. (f) 73 67 61 . .. 
(g) x x+2 x+4 ... (h) 1-x 1 1+x 

3 In the following arithmetic progressions, the first three terms and the last term are given. 
Find the number of terms. 

(a) 4 5 6 ... 17 (b) 3 9 15 . .. 525 

(c) 8 2 -4 ... -202 (d) 2t 3_!_ 
4 

41 
8 

. .. 131 
8 

(e) 3x 7x llx ... 43x (f) -3 -1~ 0 . .. 12 

(g) -t 1 1 21- (h) 1-2x 1-x 1 1+25x 3 2 ... 
3 

... 

4 Find the sum of the given number of terms of the following arithmetic series. 

(a) 2+5+8+ ... (20 terms) (b) 4+11+18+ ... (15 terms) 

(c) 8+5+2+ ... · (12 terms) (d) ~+1+1~+ ... (58 terms) 

(e) 7+3+(-1)+ ... (25 terms) (f) 1+3+5+ ... (999 terms) 

(g) a+5a+9a+ ... (40 terms) (h) -3p-6p-9p- ... (100 terms) 

5 Find the number of terms and the sum of each of the following arithmetic series. 

(a) 5+7+9+ ... +111 (b) 8+12+16+ ... +84 

(c) 7+13+ 19+ ... +277 (d) 8+5+2+ ... +(-73) 

(e) -14-10-6- ... +94 (f) 157+160+163+ ... + 529 

(g) 10+ 20+30+ ... +10 000 (h) 1.8 + i.2+0.6+ ... + (-34.2) 

6 In each of the following arithmetic sequences you are given two terms. Find the first term 
and the common difference. 

(a) 4th term= 15, 9th term=35 (b) 3rd term= 12, 10th term= 47 

(c) 8th term=3.5, 13th term= 5.0 (d) 5th term= 2, 11th term =. ~ 13 

(e) 12th term= -8, 20th term= -32 (f) 3rd term::::: -3, 7th term= 5 · 

(g) 2nd term = 2x, 11thterm=-7x (h) 3rd term= 2p + 7, 7th term= 4p + 19 

7 Firid how many terms of the given arithmetic series must be taken to reach the given sum. 

(a) 3+7+11+ ... , sum=820 (b) 8+9+10+ ... , sum=162 

(c) 20+23+26+ ... , sum=680 (d) 27+23+19+ ... , sum=-2040 

(e) 1.1+1.3+1.5+ ... , sum=l017.6 (f) -11-4+3+ ... , sum=2338 
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~· 8 A squirrel is collecting nuts. It collects 5 nuts on the first day of the month, 8 nuts on the 
second, 11 on the third and so on in arithmetic progression. 

(a) How many nuts will it collect on the 20th day? 

(b) After how many days will it have collected more than 1000 nuts? 

9 Kulsum is given an interest-free loan to buy a car. She repays the loan in unequal monthly 
instalments; these start at $30 in the first month and increase by $2 each month after that. 
She makes 24 payments. 

(a) Find the amount of her final payment. (b) Find the amount of her loan. 

10 (a) Find the sum of the natural numbers from 1 to 100 inclusive. 

(b) Find the sum of the natural numbers from 101 to 200 inclusive. 

( c) Find and simplify an expression for the sum of the natural.numbers from n + 1 to 2n 
inclusive. 

11 An employee starts work on 1 January 2000 on an annual salary of $30,000. His pay scale 
will give him an increase of $800 per annum on the first of January until 1 January 2015 
inclusive. He remains on this salary until he retires on 31 December 2040. How much will 
he earn during his working life? 

Miscellaneous exercise 8 ~~~~~~{k}~%:?F;t@Ef~~~i.~~~I~~0t:i 

1 A sequence is defined inductively by ur+I = 3ur -1 and u0 = c. 

(a) Find the first five terms of the sequence if (i) c = 1, (ii) c = 2, (iii) c = 0, (iv) c = i. 
(b) Show that, for each of the values of c in part (a), the terms of the sequence are given 

by the formula u, = i + b x 3' for some value of b . 

(c) Show that, if u, = i +bx 3r for some value of r, the1,1 ur+I = i +bx 3r+I. 

2 The sequence u1 , u2 , u3 , •.. is defined by 

Ul = 0, Ur+I = (2 + U, )2. 
Find the value of u4 • 

3 The sequence u1, u2 , u3 , ..• , where u1 is a given real number, is defined by 

Un+! =~(4-un)2. 
(a) Given that u1 = 1, evaluate u2 , u3 and u4 , and describe the behaviour of the sequence. 

(b) Given alternatively that u1 = 6, describe the behaviour of the sequence. 

( c) For what value of u1 will all the terms of the sequence be equal to each other? 

4 The sequence u1 ., u2 , u3 , •.• , where u1 is a given real number, is defined by 

Un+ I = Un 2 -1 . 

(OCR, adapted) 

(a) Describe the behaviour of the sequence for each of the cases u1 = 0, u1 =1 and u1 = 2. 

(b) Given that u2 = u1, find exactly the two possible values of u1. 

(c) Given that u3 = u1, show that u1
4 

- 2u1
2 -u1 = 0. (OCR) 

' I 

(. 
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S The rth term of an arithmetic progression is 1+4r. Find, in terms of n, the sum of the 
first n terms of the progression. (OCR) 

6 The sum of the first two terms of an arithmetic progression is 18 and the sum of the first 
four terms is 52. Find the sum of the first eight terms. (OCR) 

7 The sum of the first twenty terms of an arithmetic progression is 50 , and the sum of the 
next twenty terms is -50 . Find the sum of the first hundred terms of the progression. 

(OCR) 

8 An arithmetic progression has first term a and common difference -1 . The sum of the first 
n terms is equal to the sum of the first 3n terms. Express a in terms of n. (OCR) 

9 Find the sum of the arithmetic progression 1, 4, 7, 10, 13, 16,. .. , 1000. 

Every third term of the above progression is removed, i.e. 7, 16, etc. Find the sum of the 
remaining terms. (OCR) 

10 The sum of the first hundred terms of an arithmetic progression with first term a and 
common difference d is T. The sum of the first 50 odd-numbered terms, i.e. the first, 
third, fifth, ... , ninety-ninth, is -! T-1000. Find the value of d. (OCR) 

11 In the sequence 1.0, 1.1, 1.2,. .. , 99.9, 100.0, each number after the first is 0.1 greater than 
the preceding number. Find 

(a) how many numbers there are in the sequence, 

(b) the sum of all the numbers in the sequence. (OCR) 

12 The sequence u1, u2 , u3 , ••• is defined by un = 2n2 
. 

(a) Write down the value of u3 . 

(b) Express un+ 1 - un. in terms of n , simplifying your answer. 

( c) The differences between successive terms of the sequence form an arithmetic 
progression. For this arithmetic progression, state its first term and its common 
difference, and find the sum of its first 1000 terms. (OCR) 

13 A small company producing children's toys plans an increase in output. The number of 
toys produced is to be increased by 8 each week until the weekly number produced reaches 
1000 . In week 1, the number to be produced is 280 ; in week 2 , the number is 288 ; etc. 
Show that the weekly number produced will be 1000 in week 91. 

From week 91 onwards, the number produced each week is to remain at 1000. Find the 
total number of toys to be produced over the first 104 weeks of the plan. (OCR) 

14 In 1971 a newly-built flat was sold with a 999-year lease. The terms of the sale included a 
requirement to pay 'ground rent' yearly. The ground rent was set at £28 per year for the 
first 21 years of the lease, increasing by £ 14 to £42 per year for the next 21 years, and 
then increasing again by £14 at the end of each.subsequent period of 21 years. 

(a) Find how many complete 21-year periods there would be if the lease ran for the full 
999 years, and how many years there would be left over. 

(b) Find the total amount of ground rent that would be paid in all of the complete 21-year 
periods of the lease. (OCR) 
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15 An arithmetic progression has first term a and common difference 10 . The sum of the first 
n terms of the progression is 10 000. Express a in terms of n, and show that the nth term 
of the progression is 

10 000 + S(n-l). 
n 

Given that the nth term is less than 500, show that n2 
- lOln+ 2000 < 0 and hence find 

the largest possible value of n. (OCR) 

16 Three sequences are defined inductively by 

(a) u0 = 0 and ur+l = ur +(2r+l), 

(b) u0 = 0, u1 = 1 and ur+l = 2ur - ur-l for r ~ l, 

(c) u0 = l, u1 = 2 and ur+l = 3ur - 2ur-l for r ~ 1. 

For each sequence calculate the first few terms, and suggest a formula for ur. Check that 
the formula you have suggested does in fact satisfy all parts of the definition. 

17 A sequence Fn is constructed from terlhs of Pascal sequences as follows: 

Fa=(~} Fi·=(~)+(~} F2 =(~)+G)+(~),andingeneral 
Fn =(~)+(n~l)+ ... +(n~l)+(~) 

Show that terms of the sequence Fn can be calculated by adding up numbers in Fig. 8.5 
along diagonal lines. Verify by calculation that, for small values of n, Fn+l = Fn + Fn-l · 
(This is called the Fibonacci sequence, after the rnan who introduced algebra from the 
Arabic world to Italy in about the year 1200.) 

Use the Pascal sequence property (;) + (r : 1) = (;: ~) (see Exercise 8B Question 10) to 

explain why F3 + F4 = F5 and F4 + F5 = F6 . 



9 The binomial theorem 

This chapter is about the expansion of ( x + y t , where n is a positive integer (or zero). 
When you have completed it, you should 

• be able to use Pascal's triangle to find the expansion of (x + Yt when n is small 
• know how to calculate the coefficients in the expansion of (x + Yt when n is large 

• be able to use the notation ( ~) in the context of the binomial theorem. 

9 .1 Expanding ( x + y t 
The binomial theorem is about calculating ( x + y t quickly and easily. It is useful to 
start by looking at (x + Yt for n = 2, 3 and 4. 

The expansions are: 

(x + y) 2 = x(x + y) + y(x + y) = x2 + 2.xy + y2, 

(x+ y)3 = (x+y)(x+ y)2 = (x+ y)(x2 + 2.xy+ y2) 

= x( x2 + 2.xy + y2) + y( x2 + 2.xy + y2) 
x3 + 2x2y + xy2 

+ x2y + 2.xy2 + y3 
= x3 + 3x2y + 3.xy2 + y3, 

(x + y)4 = (x+ y)(x + y) 3 = (x + y)(x3 +3x2y + 3xy2 + y3) 

( 
3 2 2 3) ( 3 2 2 3) =xx +3x y+3xy +y +yx +3x y+3xy +y 

x 4 + 3x3y + 3x 2y2 + xy3 

+ x3y + 3x2y2 + 3xy3 + y4 

= x4 + 4x3y + 6.x2y2 + 4xy3 + y4. 

You can summarise these results, including (x + y) 1
, as follows. The coefficients are in 

bold type. 

(x+y) 1 =1x +ly 

(x + y)2 =lx2 + 2.xy + ly2 

( )
3 3 2 2 3 x+y =lx +3x y+3xy +ly 

( )
4 4 3 22 3 4 x+y =lx +4x y+6x y +4.xy +ly 

Study these expansions carefully. Notice how the powers start from the left with xn. 
The powers of x then successively reduce by 1, and the powers of y increase by 1 until 
reaching the term yn . 
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Notice also that the coefficients form the pattern of Pascal's triangle, which you saw in 
Section 8.4 and which is shown again in Fig. 9.1. 

A simple way of building up Pascal's Row 1 1 
triangleis as follows: start with 1; then add Row2 1 2 
pairs of elements in the row above to get the Row 3 1 3 
entry positioned below and between them Row4 1 4 '>..6/ 

(as the arrows in Fig. 9.1 show); complete 
the row with a 1. This is identical to the way Fig. 9.1 

in which the two rows are added to give the 
final result in the expansions of (x + y)3 and (x + y)4 on the previous page. 

You should now be able to predict that the coefficients in the fifth row are 

1 5 10 10 - 5 1 

and that 

(x + y )5 = x 5 + 5x4 y+10x3y2 +10x2y3 + 5xy 4 + y5
. 

Example 9.1.1 
Write down the expansion of (1 + y)6

• 

Use the next row of Pascal's triangle, continuing the pattern of powers and 
replacing x by 1: 

1 

3 

(1 + y )6 = (1) 6 +6(1) 5 y+15(1) 4 y2 + 20(1) 3 y 3 + 15(1) 2 y4 + 6(1)y5 + y 6 

= 1+6y + 15y2 +20y 3 +15y 4 + 6y 5 + y6. 

Example 9.1.2 
Multiply out the brackets in the expression (2x + 3)4

. 

Use the expansion of (x + y)4
, replacing x by (2x) and replacing y by 3: 

(2x+3)4 = (2x)4 +4x (2x) 3 x 3+6x (2x)2 x 32 + 4 x (2x) x 33 +34 

= 16x4 + 96x3 + 216x2 + 216x + 81. 

Example 9.1.3 
Expand (x2 +2) 3

. 

(x2 +2) 3=(x2
)

3+3x(x2
)

2x2+3xx2 x22 +23 =x6 +6x4 +12x2 +8. 

Example 9.1.4 
Find the coefficient of x3 in the expansion of (3x - 4 )5 

. 

1 

4 

The term in x3 comes third in the row with coefficients 1, 5, 10, .... So the term is 

10x(3x)3 x(-4)2 =10><27x16x3 =4320x3
. 

The required coefficient is therefore 4320 . 
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Example 9.1.5 
Expand ( 1 + 2x + 3x2

) 
3 

. 

To use the binomial expansion, you need to write 1+2x+3x2 in a form with two 
terms rather than three. One way to do this is to consider ( 1 + ( 2x + 3x2

)) 
3

. Then 

(1+(2x+3x2 ))3= 13+ 3x12 x (2x + 3x2
) + 3x1x(2x+3x2

)
2
+ (2x + 3x2 )3. 

Now you can use the binomial theorem to expand the bracketed terms: 

(1+2x + 3x2
)

3= 1+3(2x + 3x2
) + 3((2x)2+ 2 x (2x) x (3x2

) + (3x 2 
)

2
) 

+ (C2x)3 + 3 x (2x)2 x (3x2
) + 3 x (2x) x (3x2

)
2+ (3x2

)
3

) 

= l+(6x+9x2 )+(12x2 +36x3 +27x4
) 

+(8x3 +36x4 +54x5 +27x6
) 

= 1+6x + 2lx2 + 44x3 + 63x4 + 54x5 + 27x6
, 

In this kind of detailed work, it is useful to check your answers. You could do this by 

expanding ( 1 + 2x + 3x2
) 

3 in the form ( (1 + 2x) + 3x2
) 

3 to see if you get the same 

answer. Rather quicker is to give x a particular value, x = 1 for example. Then the left 

side is (1+2+3)3 = 63 = 216; the rightis 1+6+21+44+63 + 54 + 27 = 216. It is 

important to note that the results are the same; it does not guarantee that the expansion 

is correct; but if they are different, it is certain that there is a mistake. 

- Exercise 9A 

1 Write down the expansion of each of the following. 

(a) (2x+y)2 (b) (5x+3y) 2 (c) (4+7p)2 (d) (l-8t)2 

(e) (l-5x2
)

2 (f) (2+x3
)

2 (g) (x 2 +y3) 3 (h) (3x2 +2y3) 3 

2 Write down the expansion of each of the following. 

(a) (x+2) 3 (b) (2p+3q)3 (c) (1-4x)3 (d) (l-x3 )
3 

3 Find the coefficient of x in the expansion of 

(a) (3x + 7)2
, (b) (2x + 5)3

. 

4 Find the coefficient of x 2 in the expansion of 

(a) (4x+5)3
, (b) (l-3x)4

. 

S Expand each of the following expressions. 

(a) (1+2x)5 (b) (p + 2q)6 (c) (2m - 3n)4 
(d) (l+-ixt 

6 Find the coefficient of x 3 in the expansion of 

(a) (1+3x)5
, (b) (2-5x)4

• 

7 Expand ( 1+x+2x2
) 

2
. Check your answer with a numerical substitution. 

8 Write down the expansion of (x + 4)3 and hence expand (x + l)(x + 4)3. 
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9 Expand (3x + 2)2 (2x + 3)3
. 

10 In the expansion of (1 +ax )4
, the coefficient of x 3 is 1372. Find the constant a. 

11 Expand (x + y)11
• 

12 Find the coefficient of x 6y6 in the expansion of (2x + y) 12
• 
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9.2 The binomial theorem 
The treatment given in Section 9 .1 is fine for finding the coefficients in the expansion of 
(x + Yt where n is small, but it is hopelessly inefficient for finding the coefficient of 
x11y4 in the expansion of (x + y)15

. Just think of all the rows of Pascal's triangle which 
you would have to write out! What you need is a formula in terms of n and r for the 
coefficient of xn-r y' in the expansion of (x + Yt. 
Fortunately, the nth row of Pascal's triangle is the nth Pascal sequence given in 
Section 8 .4. It was shown there that 

(~) ~1 ( n ) n-r(n) and r+l = r+l r, wherer=0,1,2, .... 

In fact, you can write Pascal's triangle as 

Row 1 (~) G) 
Row2 (~) (~) G) 
Row3 G) G) G) G) 
Row4 (~) (~) (~) (~) (:) 

and so on. 

This enables you to write down a neater form of the expansion of ( x + y t . 

The binomial theorem states that, if n is a natural number, 

( ) n (n) n (n) n-1 (n) n-2 2 (n) n x+y = 0 x + 1 x y+ 2 x y + ... + n y. 

To calculate the coefficients, you can use the inductive formula given at the 

beginning o~this section to generate a formula for(~} For example, to calculate (~), 
start by puttmg n = 4 . Then 

(
4

) = 1 so (
4

) = 
4 

- O (
4

) = _± x 1 = _± and (
4

) = ~ ( 4
) = 2 x _± = ~ 

0 ' 1 O+l 0 1 1' 2 1+1 1 2 1 lx2. 
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In the general case, 

-1 ---xl--(
n) (n) n-0 n 
0 - ' 1 - O+l - 1' (

n)= ~(n) = ~x~= n(n-l) 
2 1+1 1 2 1 lx2 ' 

Continuing in this way, you find that ( n) = n(n- l) ·:. (n -(r -1)) 
r lx2x ... xr · 

You can also write (;) in the form 

(n) = n(n-l) ... (n-(r-l)) x (n-r)x (n-r-l) x ... x 2x1 = ~ . 
r lx2x ... xr (n-r)x(n-r-l)x ... x2xl r!(n-r)! 

Notice that this formula works for r = 0 and r = n as well as the values in between, 

since (from Section 8.3) 0!= 1. 

The binomial coefficients are given by 

(n) n(n-l) ... (n-(r-l)) - or 
r - lx2x ... xr ' (n) n! 

r = r!(n-r)!. 

When you use the first formula to calculate any particular value of (;} such as (1~) or 

(1~), it is helpful to remember that there are as many factors in the top line as there are 

in the bottom. So you can start by putting in the denominators, and then count down 
from IO and 12 respectively, making sure that you have the same number of factors in 
the numerator as in the denominator. 

(
IO)= IOx9x8x7 = 2IO, (i2)= 12xllxIOx9x8x7x6 = 792 _ 
4 lx2x3x4 7 lx2x3x4x5x6x7 

Many calculators give you values of (;} usually with a key labelled [n C,]. To find c~), 
you would normally key in the sequence [IO, nc,, 4], but you may need to check your 

calculator manualfor details. 

Example 9.2.1 
Calculate the coefficient of x11 y4 in the expansion of (x + y)15

• 

(
15) 15x14x13x12 = 1365. 

The coefficient is 4 = 1 x 2 x 3 x 4 

··-· 
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One other step is required before you can be sure that the values of (~) are the values 

that you need for the binomial theorem. In Fig. 9.1 you saw that each term of Pascal's 
triangle, except for the ls at the end of each row, is obtained by adding the two terms 
immediately above it. So it should be true that 

(~:D=(;)+(,:1} 
For example: 

(
6)+(6)= 6x5x4 + 6x5x4x3 = 6x5x4x4+6x5x4x3 
3 4 lx2x3 lx2x3x4 lx2x3x4 

= 6 x 5 x 4 x ( 4 + 3) 
lx2x3x4 
7x6x5x4 
lx2x3x4 

=(~). 

The proof that ( ~ : ~) = ( ~) + ( r : 1) is not easy. You may wish to accept the result and 

omit the proof, and jump to Example 9.2.2. 

To prove this result, start from the right side. 

(
nJ+( .n J= n(n-l) ... (n-(r-l)) + n(n-l) ... (n-r) 
r r+l lx2x ... xr lx2x ... xrx(r+l) 

_ n(n-l) ... (n-(r-l)) x (r+ 1) + n(n-l) ... (n-r) 

1x2 x ... x r x (r + 1) 

n(n-l) ... (n-(r-l)) (( ) ( )) = x r+l + n-r 
1x2 x ... x r x (r + 1) 

_n(n-l) ... (n-(r-l)) ( ) 
=· x n+l 

1x2 x ... x r x (r + 1) 

_ ( n + 1 )n( n - 1) ... ( ( n + 1) - r) 

lx2x ... xrx(r+l) 

= (n+lJ· 
r+l 

This completes the chain of reasoning which connects Pascal's triangle with the binomial 
coefficients. 

The following example is one in which the value of x is assumed to be small. When this is 
the case, say for x = 0.1, the successive powers of x decrease by a factor of 10 each time 
and become very small indeed, so higher powers can be neglected in approximations. 

( 
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In Example 9.2.2 you are asked to put the terms of a binomial expansion in order of 
ascending powers of x. This means. that you start with the term with the smallest 
power of x, then move to the next smallest, and so on. 

Example 9.2.2 

Find the first four terms in the expansion of ( 2 - 3x) 10 in ascending powers of x . By 

putting x = 
1
6

0
, find an approximation to 1.9710 correct to the nearest whole number. 

( 10) (10) (10) (2-3x)10 =210 + 
1 

x29 x(-3x)+ 2 x28 x(-3x) 2 + 
3 

x27 x(-3x) 3 + ... 

- 10x9 10x9x8 
= 1024-lOx 512x 3x +--x 256x 9x2 

- x 128x 27x3 + ... 
lx2 lx2x3 

= 1024 -15360x+103 680x 2 -414 720x3 + .... 

The first four terms are therefore 1024-15360x+103 680x2 
- 414 720x3

. 

Putting x = 160 gives 

10 I ( I )2 ( I )3 1.97 "'1024-15 360x 100 +103 680x 
100 

-414 720x 
100 

= 880.353 28. 

Therefore 1.9710 
"' 880. 

The next term is actually (1~) x 26 x(3x)4 =1088 640x4 = 0.010 886 4 and the rest are 
very small indeed. · 

~~~~ t@ Exercise 9B 

1 Find the value of each of the following. 

(a) G) ~ (b) (~) (c) G) (d) (1i) 
(e) (~) (f) (1~) (g) G~) ., (h) (520) 

2 Find the coefficient of x 3 in the expansion of each of the following. 

(a) (l+x)5 (b) (1-x)8 (c) (l+x)11 (d) (1-x)16 

3 Find the coefficient of x 5 in the expansion of each of the following. 

(a) (2+x)7 (b) (3-x)8 (c) (1+2x)9 (d) (1-ix)
12 

4 Find the coefficient of x6y8 in the expansion of each of the following. 

(a) (x+y) 14 (b) (2x+y)14 (c) (3x-2y)14 (d) (4x+iy)14 

S Find the first _four terms in the expansion in ascending powers of x of the following. 

(a) (l+x)13 (b) (1-x)15 (c) (1+3x)10 (d) (2-5x)7 
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6 Find the first three terms in the expansion in ascending powers of x of the following. 

(a) (l+x)22 (b) (1-x)30 (c) (1-4x)18 (d) (1+6x)19 

'4P 7 Find the first three terms in the expansion, in ascending powers of x, of (1+2x )8
. By 

substituting x = 0.01, find an approximation to 1.028 . 
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8 Find the first three terms in the expansion, in ascending powers of x, of (2 + 5x )12
. By 

substituting a suitable value for x, find an approximation to 2.00512 to 2 decimal places. 

1' 9 Expand (1 + 2x )16 up to and including the term in x 3 • Deduce the coefficient of x 3 in the 
expansion of (1+3x)(l + 2x)16

• 

10 Expand (1- 3x)10 up to and including the term in x2 . Deduce the coefficient of x2 in the 
expansion of (1+3x)2(1- 3x)10 

11 Given that the coefficient of x in the expansion of (1+ax)(l+5x)40 is 207, determine the 
value of a. 

12 Simplify (1- x)8 + (1 + x)8
. Substitute a suitable value of x to find the exact value of 

0.998 +1.01 8 . 

13 Given that the expansion of (1 + axt begins 1+36x + 576x2 , find the values of a and n. 

Miscellaneous exercise 9 ..... ~~~ 
.~ 1 Expand (3 + 4x )3

. 

2 Find the first three terms in the expansions, in ascending powers of x , of 

(a) (1+4x)10
, (b) (1-2x)16

. 

3 Find the coefficient of a3b5 in the expansions of 

(a) (3a-2b)8
; (b) (5a+ib)8. 

4 Expand (3 + 5x) 7 in ascending powers of x up to and including the term in x2 . By putting 
x = 0.01, find an approximation, correct to the nearest whole number, to 3.057 . 

5 Obtain the first four terms in. the expansion of ( 2 + :!- x) 8 
in ascending powers of x . By 

substituting an appropriate value of x into this expansion, find the value of 2.00258 

correct to three decimal places. (OCR) 

6 Find, in ascending powers of x, the first three terms in the expansion of (2- 3x)8
. Use the 

expansion to find the value of 1.9978 to the nearest whole number. (OCR) 

7 Expand (x2 + ~ r, simplifying each of the terms. 

" 8 Expand ( 2x - : 2 r 
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9 Expand and simplify ( x + 2~ Y + ( x -
2

1J 6 

10 Find the coefficient of x2 in the expansion of ( x 4 + ~)3 

11 Find the term independent of x in the expansion of ( 2x + ~ Y 
12 Find the coefficient of y4 in the expansion of (1 + y)12 . Deduce the coefficient of 

(a) y4 in the expansion of (1+3y)12 , 

(b) y8 in the expansion of(l- 2y2 )
12

, 

(c) x 8y4 in the expansion of{ x + i y }12. 
13 Determine the coefficient of p 4q 7 in the expansion of (2p- q)(p + q) 10

• 

(OCR) 

14 Find the first three terms in the expansion of (1+2x)20
. By substitution of a suitable value 

of x in each case, find approximations to 

(a) 1.00220 , (b) 0.99620 . 

15 Write down the first three terms in the binomial expansion of ( 2- 2~2 )ID in ascending 

powers of x. Hence find the value of 1.99510 correct to three significant figures. (OCR) 

16 Two of the following expansions are correct and two are incorrect. Find the two expansions 
which are incorrect. 

A: (3 + 4x)5 = 243+1620x + 4320x2 + 5760x3 +3840x4 +1024x5 

3 . 
B: (1-2x+3x2) = 1+6x-3x2 +28x3 -9x4 +54x5 -27x6 

C: (1- x)(l + 4x)4 =1+15x + 80x2 +160x3 -256x5 

D: (2x + y)2(3x + y)3 =108x5 +216x4y+171x3y2 +67x2y3 +13xy4 + y6 

17 Find and simplify the term independent of x in the expansion of (2~ + x 3 
)

8 

. 9 

18 Find the term independent of x in the expansion of ( 2x + ·:2) 

19 Evaluate the term which is independent of x in the expansion of ( x2 - 2~2 )
16 

20 Find the coefficient of x-12 in the expansion of (x3 
- ~r

4 

(OCR) 

(OCR) 

(OCR) 

21 Expand (1+3x + 4x2 )4 in ascending powers of x as far as the term in x2. By substituting 
a suitable of x, find an approximation to 1.0304 4 . 

22 Expand and simplify (3x + 5)3 
- (3x - 5)3

. 

Hence solve the equation (3x + 5)3 
- (3x - 5)3 = 730 . 

23 Solve the equation (7 - 6x )3 + (7 + 6x )3 = 1736. 
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24 Find, in ascending powers of t, the.first three terms in the expansions of 

· (a) (1 + at)5
, (b) (1- f3t}8. 

Hence find, in terms of a and f3, the coefficient of t2 in the expansion of 
(1 + at)5(l- /3t) 8

• 

25 (a) Show that 

137 

(OCR) 

(i) (~) = (~). (ii) (1~) = (1~). (""") (15) = (15) 
lll 12 3 ' (iv) en= en. 

(b) State the possible values of x in each of the following. 

(i) (~1) = (~1) (ii) (136) = (1;) (iii) (2~) = (2x0) (iv) (~;) = ( ~) 
(c) Use the definition ( n) = n! to prove that ( n) = ( n ). 

r r!(n-r)! r . n-r 

26 The inductive property ( n 
1
) = n- r (n) was given in Section 8.4. Use 

r+ r+l r 

this to prove the Pascal triangle property that (;) + (r: 1) = (;: ~). 
27 (a) Show that 

(i) 4x(~)=3xG)=6xG)· (ii) 3 x (~) = 5 x G) = 7 x (~). 
(b) State numbers a , b and c such that 

(i) ax GJ= bx(:)= c x G). (ii) ax(~)=bx(!)=cxG} 

(c) Prove that (n-r) x (;) = (r + 1) x (r: 1) = n x ( n ~ 1). 

2s Prove that (r:1)+2(;)+(r:1)=(::n. 
29 Find the value of 1.000318 correct to 15 decimal places. 

30 (a) Expand ( 2-J2 + -J3)4 in the form a+ b-J6, where a and b are integers. 
. 5 

(b) Find the exact value of (2-12 +-J3) . 
31 (a) Expand and simplify (-fl+ ~)4 + (-fl - ~( By using the fact that 

4 
0 <-fl - ~ < 1, state the consecutive integers between which (-fl+~} lies. 

(b) Without using a calculator, find the consecutive integers between which the value of 
(-J3 + -12) 6 

lies. 

32 Find an expression, in terms of n, for the coefficient of x in the expansion 

(1+4x)+(1+4x)2 +(1+4x)3 + ... +(1+4xt. 
33 Given that 

a + b(l + x )3 + c(l + 2x )3 + d(l + 3x )3 = x3 

for all values of x, find the values of the constants a, b , c and d . 
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10 Trigonometry 

This chapter develops work on sines, cosines and tangents. When you have completed it, 
you should 

• know the shapes of the graphs of sine, cosine and tangent for all angles 
• know, or be able to find, exact values of the sine, cosine and tangent of certain 

special angles 
• be able to solve simple trigonometric equations 
• know and be able to use identities)nvolving sin 8°' cos 8° and tan 8°. 

10.1 The graph of cos 6° 

Letters of the Greek alphabet are often used to denote angles. In this chapter, 8 (theta) 
and <jJ (phi) will usually be used. 

You probably first used cos 8° in calculations with right-angled triangles, so that 
0 < 8 < 90. Then you may have used it in any triangle, with 0<8<180. However, if 
you have a graphic calculator, you will find that it produces a graph of cos8° like that 
in Fig. 10.3. This section extends the definition of cos8° to angles of any size, positive 
or negative. 

Fig. 10.l shows a circle ofradius 1 unit with centre O; 
the circle meets the x-axis at A. Draw a line OP • 
at an angle 8 to the x-axis, to meet the circle at P. 
Draw a perpendicular from P to meet OA at N. 
Let ON = x units ~d NP = y units , so that the 
coordinates of Pare (x,y)• 

Look at triangle ONP. Using the definition 
ON x 

cos8° = - 'you find that cos8° = - = x. 
OP 1 

This result, cos 8° = x , is used as the definition of 
cos 8° for all values of e . 

You can see the consequences of this definition 
whenever e is a multiple of 90 . 

Example 10.1.1 
Find the value of cos8° when (a) 8=180, (b) 8 = 270. 

y 

0 

Fig.10.1 

(a) When 8 = 180, Pis the point (-1,0). As the x-coordinate of Pis -1, 
'COS 180° = -1 . • 

(b) When 8=270,Pisthepoint (0,-1),so cos270°=0. 

·' 

N Al x 
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As e increases, the point P moves round the circle. When e = 360, Pis once again at A, 
and as e becomes greater than 360, the point P moves round the circle again. It follows 
immediately that cos(e- 360)0 = cos(J0

, and that the values of cos8° repeat themselves 
every time e increases by 360 . y 

~ 

If e < 0 , the angle e is drawn in the opposite 
direction, starting once again from A. Fig. 10.2 shows 
the angle -150° drawn. Thus, if (J = -150 ,Pis in 

N 
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the third quadrant, and, since the x -coordinate of P 

is negative, cos(-150)0 is negative. At x 

A calculator will give you values of cos 8° for all 
values of e. If you have access to a graphic 
calculator you should use it to display the graph of 
cos 8° , shown 'in Fig. 10 .3. 

You will have to input the equation of the graph of 
Fig. 10.2 

cos 8° as y = cos x into the calculator, and make sure that the calculator is in degree mode. 

""' e 

~ 

Fig. 10.3 

Note that the range of the cosine function is -1,,;;;; cos 8°,,;;;; 1. The maximum value of 1 
is taken at e = 0, ± 360, ± 720, ... , and the minimum of -1 at e = ±180, £ 540, .... 

• 
The graph of the cosine function keeps repeating itself. Functions with this property are 
called periodic; the period of such a function is the smallest interval for which the 
function repeats itself. The period of the cosine function is therefore 360 . The property 
that cos(8 ±360)0 = cos8° is called the periodic property. Many natural phenomena 
have periodic properties, and the cosine is often used in applications involving them. 

Example 10.1.2 
The height in metres of the water in a harbour is given approximately by the formula 
d = 6 + 3 cos 30t

0 
where t is the time in hours from noon. Find (a) the height of the 

water at 9.45 p.m., and (b) the highest and lowest water levels, and when they occur. 

(a) At 9.45 p.m., t= 9.75, sod= 6+3cos(30x9.75)0 = 6+3cos292.5° = 7.148 .... 
Therefore the height of the water is 7 .15 metres, correct to 3 significant figures. 

(b) The maximum value of d occurs when the value of the cosine function is l , and is 
therefore 6+3x1 = 9 .. Similarly, the minimum value is 6 + 3 x (-1) = 3. The highest 
and lowest water levels are 9 metres and 3 metres . The first times that they occur after 
noon are when 30t = 360 and 30t = 180; that is, at midnight and 6.00 p.m. 

\!., 
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10.2 The graphs of sin 8° and tan 8° 
Using the same construction as for the cosine (see Fig. 10.1), the sine function is defined by 

sineo =NP_ y 
OP -l=y. 

Like the cosine graph, the sine graph (shown in Fig. 10.4) is periodic, with period 360. 
It also lies between -1 and 1 inclusive. 

-90 

Fig. 10.4 

If you return to Fig. 10 .1, you will see that tan (}0 = NP = 2:'..; this is taken as the 
ON x 

e 

definition of tan (}0 
• The domain of tan 8° does not include those angles for which x is 

zero, namely (} = ±90, ±270, .... Fig. 10.5 shows the graph of tan (} 0
• 

f(e) 

4 
f(O)= tan8° 

3 . 

-90 9 270 e 

-3 

Fig. 10.5 

.Like the graphs of cos (}0 and sin (} 0
, the graph of tan (}0 is periodic, but its period is 

180. Thus tan(8±180)0 = tan(}0
• 
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As cos 8° = x , sin 8° = y and tan 8° = I , it follows that tan 8° = sin 
80 

. y OU could use 
x cosfJ0 

this as an alternative definition of tan 8° . 

10.3 Exact values of some trigonometric functions 

There are a few angles which are a whole number of degrees and whose sines, cosines· 
and tangents you can find exactly. The most important of these are 45°, 60° and 30°. 

To find the cosine, sine and tangent of 45°, draw a right-angled 
isosceles triangle of side 1 unit, as in Fig. 10.6. The length of the 
hypotenuse is then -fi units. Then 

450 1 . 50 1 450 cos = ..J2 , sm 4 = ..J2 , tan = 1. 

If you rationalise the denominators you get 
ALJ: 

I B 

..J2 . ..J2 
cos45° =- sm45° = - tan45°=1. 2 , 2 , 

To find the cosine, sine and tangent of 60° and 30° , draw an 
equilateral triangle of side 2 units, as in Fig. 10.7. Draw a 
perpendicular from one vertex, bisecting the opposite side. This 
perpendicular has length -J3 units, and it makes an angle of 30° 
with AC. Then 

cos60° =.! 
2' 

cos30° = .J3 
2' 

sin60o = .J3 
2' 

sin30o = .! 
2' 

tan 60° = .J3; 

tan 300 = _l .J3 
{3=3· 

You should learn these results, or be able to reproduce them quickly. 

Example 10.3.1 

Fig. 10.6 

c 

A 

Fig. 10.7 

Writedowntheexactvaluesof (a) cosl35°, (b) sinl20°, (c) tan495°. 

(a) FromFig.10.3, cos135°=-cos45°=-~..J2. 

(b) From Fig. 10.4, sinl20° = sin60; = ~.J3. 

(c) From Fig. 10.5, tan495° = tan(495-360)0 = tanl35° =-tan45° =-1. 

2 

B 

·~.i;;;:- ~~s-: ExerciselOA ~w~ 

1 For each of the following values of fJ find, correct to 4 decimal places, the values of 
(i) cos 8°, (ii) sin 8° , (iii) tan 8° . 

(a) 25 '(b) 125 (c) 225 (d) 325 

(e) -250 (f) 67.4 (g) 124.9 (h) 554 



\_ 

142 PuREMATHEMATICS 1 

2 Find the maximum value and the minimum value of each of the following functions. In 
each case, give the least positive values of x at which they occur. 

(a) 2+sinx0 (b) 7 - 4 COS X 0 ( C) 5 + 8 COS 2x0 

8 
(d) 3-sinx0 

(e) 9 +sin( 4x - 20)0 30 

(f) 11- 5 cos(!x - 45)° 

3 (Do not use a calculator for this question.) In each part of the question a trigonometric 
function of a number is given. Find all the other numbers x, 0,,;; x,,;; 360, such that the 
same function of x is equal to the given trigonometric ratio. For example, if you are given 
sin 80°, then x = 100 , since sin 100° = sin 80° . 

(a) sin 20° 

(e) cos 140° 

(i) tan430° 

(b) cos40° 

(f) tan 160° 

U) sin(-260)0 

(c) tan 60° 

(g) sin400° 

(k) cos(-200)0 

(d) sin 130° 

(h) cos(-30 )0 

(1) tan 1000° 

4 (Do not use a calculator for this question.) In each part of the question a trigonometric 
function of a number is given. Find all the other numbers x, -180,,;; x,,;; 180, such that the 
same function of x is equal to the given trigonometric ratio. For example, if you are given 
sin 80° , then x = 100 , since sin 100° = sin 80° . 

(a) sin20° (b) cos40° (c) tan60° (d) sin130° 

(e) cos140° (f) tan160° (g) sin400° (h) cos(-30 )0 

(i) tan430° U) sin(-260)0 (k) cos(-200)0 (1) tan1000° 

5 Without using a calculator, write down the exact values of the following. 

(a) sin135° (b) cos120° (c) sin(-30)° (d) tan240° 

(e) · cos 225° (f) tan(-330)° (g) cos900° (h) tan510° 

(i) sin225° U) cos630° · (k) tan405° (I) sin(-315)0 

(m) sin210° (n) tan675° (o) cos(-120)0 (p) sin 1260° 

6 Without using a calculator, write down the smallest positive angle which satisfies the 
following equations. 

(a) cose0 = l 2 (b) sin</>0 = -!-J3 (c) tane0 = --J3 (d) cose0 =!-J3 

(e) tane0 = l-J3 3 (f) tan</J0 = -1 (g) sine0 = -! (h) cose0 = 0 

7 Without using a calculator, write down the angle with the smallest modulus which satisfies 
the following equations. (If there are two such angles, choose the positive one.) 

(a) cose0 = -l 
2 (b) tan</>0 = -J3 (c) sine0 = -1 (d) cose0 = -1 

(e) sin</>0 = !-J3 (f) tane0 = -l-J3 3 (g) sin</>0 =-!-viz (h) tan</J0 = 0 

8 The water levels in a dock follow (approximately) a twelve-hour cycle, and are modelled 
by the equation D = A+ B sin 30t 

0
, where D m:etres is the depth of water in the dock, A 

and B are positive constants, and t is the time in hours after 8 a.m. 

Given that the greatest and least depths of water in the dock are 7 .80 m and 2.20 m 
respectively, find the value of A and the value of B. 

Find the depth of water in the dock at noon, giving your answer correct to the nearest cm. 
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10.4 Symmetry properties of the graphs· of cos 8°, sin 8° and tan 8° 
If you examine the graphs of cos e 0 

, sin e 0 and tan e 0 
, you can see that they have many 

symmetry properties. The graph of cose0 is shown in Fig. 10.8. 

The graph of cos e 0 is symmetrical about the 
vertical axis. This means that if you replace e by 
-e the graph is unchanged. Therefore 

cos( -e)0 = cos e 0 
• 

This shows that cos e 0 is an even function of e 
(as defined in Section 3.3). 

f(e) 
f(e)= cose0 

Fig. 10.8 

There are other symmetry properties. For example, from Fig. 10.8 you can see that if 
you decrease (or increase) e by 180 you change the sign of f( e) . Therefore 

cos(e-180)0 =-cose0
• 

This is called the translation property. 

There is one more useful symmetry property. Using the even and translation properties, 

cos(180 - e)0 = cos(e-180)0 =-cos e 0
• 

You may have met this property in using the cosine formula for a triangle. 

There are similar properties for the graph of 
sine0

, which is shown in Fig, 10.9. You are 
asked to prove them as part of Exercise lOB. 
Their proofs are similar to those for the cosine. 

f(e) 

The functions cose0 and sine0 have the following properties. 

Fig.10.9 

Periodic property: cos(e ± 360)0 =cos e 0 sin( e ± 360)0 =sin e 0 

Odd property: cos(-e)0 = cose0 sin(-e)0 = -sine0 

Translation property: cos(e-180)0 =-cose0 sin(e-180)0 = -sine0 

cos(180 - e)0 =-cos e 0 sin(180 - e)0 =sin e 0 

f(e)= sin e 0 

143 
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If you refer back to the graph of tan0° in Fig. 10.5, and think in the same way as with 
the cosine and sine graphs, you can obtain similar results: 

The function tan e0 has the following properties, 

Periodic property: 

Odd property: 

tan(0±180)0 = tane0 

tan( -e )0 = - tan e0 

tan(l80 - e)0 =-tan e0 

Note that the period of the graph of tan 0° is 180, and that the translation property of 
tan e0 is the same as the periodic. property. 

There are also relations between cos e0 and sin 0° . One is shown in Example 10 .4 .1. 

Example 10.4.1 
Establish the property that cos(90 - e)° = sin 0° . 

This is easy if 0 < e < 90: consider a right-angled triangle. But it can be_shown for any 

value of e. 

If you translate the graph of cos e0 by 90 in the direction of the positive e-axis, 
you obtain the graph of sin e0

, so cos( e - 90 )0 = sin 0° . And since the cosine is an 
even function, cos(90 - e)0 = cos(e- 90)0

• Therefore cos(90 - 0)0 =sin 0°. 

Another property, which you are asked to prove in Exercise lOB, is sin(90 - 0) 0 = cos 0°. 

~~~ Exercise lOB ~~e 

1 Use the symmetric and periodic properties of the sine, cosine and tangent functions to 
establish the following results. 

(a) sin(90-0)0 = cose 0 (b). sin(270 + e)0 = -'cose0 

( c) sin(90 + 0) 0 = cos e0 

(e) tan(0-180) 0 =tan0° 

(g) tan(360 - 0) 0 = - tan(l 80 + 0)0 

(d) cos(90 + 0) 0 = -sin0° 

(f) cos(180-0)0 = cos(180 + 0) 0 

(h) sin(-e - 90 )0 = - cos e0 

1 
2 Sketch the graphs of y = tan 0° and y = -- on the same set of axes. 

1 tan e0 

Show that tan(90 - e)° =-. - . 
· tane0

• 

3 In each of the following cases find the least positive value .of a for which 

(a) cos( a - e)0 =sin e0
, (bY sin( a- e)° =cos( a+ e)0

, 

(c) tan0°·=tan(e+a)°, (d) sin(0+2a)0 =cos(a-0)0
, 

(e) cos(2a - e)° = cos(e- a)0
, (f) sin(5a + 0)0 = cos(0-3a)0

• 

_,........... 
~~~~ 
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10.5 Solving equations involving the trigonometric functions 

Solving the equation cos 8° = k 
To solve the equation cos 8° = k, you need to assume that -1:;;;; k:;;;; 1. If this is not true, 
there is no solution. In Fig. 10.10, a negative value of k is shown. Note that, in general, 
there are two roots to the equation cos 8° = k in every interval of 360° , the exceptions 
being when k = ±1. 

Fig. 10.10 

To find an angle 8 which satisfies the equation you can use the [ cos -I] key on your 
calculator (or, on some calculators, the [ARCCOS] key), but unfortunately it will only 
give you one answer. Usually you want to find all the roots of cos8° =kin a given 
interval (probably one of width 360). The problem then is how to find all the other roots 
in your required interval. 

There are three steps in solving the equation of cos 8° = k. 

Step 1 

Step2 

Step3 

Find cos-1 k. 

Use the symmetry property cos(-.fil0 = cos8° to 
find another root. 

Use the periodic property cos(8 ± 360)0 = cos8° 
-....:.,- .. -· ... -

to find the roots in the required interval. 

Example 10.5.1 
Solve the equation cos8° = i, giving all roots in the interval 0:;;;; 8:;;;; 360 correct to 
1 decimal place. 

Step 1 Use your calculator to find cos-1 i = 70.52 .... This is one root in the 
interval 0 :;;;; 8 :;;;; 360 . 

Step 2 Use the symmetry property cos(-8)° =cos 8° to show that -70.52 ... is 
another root. Note that - 70 .52 ... is not in the required interval. 

Step 3 Use the periodic property, cos( 8 ± 360 )0 = cos 8°, to obtain 
- 70 .52 ... + 360 = 289 .4 7 ... , which is a root in the required interval. 

Therefore the roots in the interval 0:;;;; 8:;;;; 360 are 70.5 and 289.5, correct to 
1 decimal place. 

145 
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Example 10.5.2 
Solve the equation cos 38° = -i, giving all the roots in the interval -180 .;;; 8 .;;; 180 . 

This example is similar to the previous example, except for an important extra step at the 

beginning, and another at the end. 

Let 38 = <P. Then you have to solve the equation cos rp 0 = -i. But, as 38 = <P, if 

-180 .;;; 8 .;;; 180 , then 3 x (-180) .;;; 38 .;;; 3 x 180 so -540 .;;; rp .;;; 540 . So the 

original problem has become: solve the equation cosrp0 = -i giving all the roots 

in the interval -540 .;;; <P.;;; 540. (You should expect six roots of the equation in 

this interval.) 

Step 1 cos-1(-i) = 120. 

Step 2 Another root is -120 . 

Step 3 Adding and subtracting multiples of 360 shows that -120 - 360 = -480, 
-120 + 360 = 240, 120 - 360 = -240 and 120 + 360 = 480 are also roots. 

Therefore the roots of cos rp0 = -i in -540 .;;; <P ,;;; 540 are -480 , - 240 , -120 , 
120, 240 and 480. 

Returning to the original equation, and using the fact that 8 = ~ <P, the roots are 
-160, -80, -40, 40, 80 and 160. 

Solving the equation sin 8° = k 
The equation sin 8° = k , where -1 .;;; k .;;; 1 is solved in a similar way. The only 
difference is that the symmetry property for sin 8° is sin(l 80 - 8)0 = sin 8°. 

Step 1 

Step 2 

Step 3 

Find sin-1 k. 

Use the symmetry property , 
sin(~,,::!!];= sin 8° to find another root. 

use the periodic property sin(f! 360 )0 = sin 8° 
to find the roots in the required interVai. 

Example 10.5.3 
Solve the equation sin8° = -0.7, giving all the roots in the interval -180.;;; 8.;;; 180. 
correct to 1 decimal place. 

Step 1 Use your calculator to find sin-1(-0.7) = -44.42 .... This is one root in 
the interval -180,;;; 8,;;; 180. 
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Step 2 Use the symmetry property sin(l 80 - 8)0 = sin 8° to show that 
180 - (-44.42 ... ) = 224.42 ... is another root. Unfortunately it is not in the 
required interval. 

Step 3 Use the periodic properly, sin( 8 ± 360 )0 = sin 8° , to obtain 
224.42 ... - 360 = -135 .57 ... , which is a root in the required interval. 

Therefore the roots in the interval -180,,;;; e,,;;; 180 are -44.4 and -135.6, 
correct to 1 decimal place. 

Example 10.S.4 
Solve the equation sin~ ( 8 - 30)0 = i-J3 , giving all the roots in the interval 0 ,,;;; 8 ,,;;; 360 . 

Let ~ ( 8 - 30) = l/J , so that the equation becomes sin l/J0 = i-J3, with roots required 

in the interval -10 ,,;;; l/J ,,;;; 110 . 

Step 1 sin-1 (!-J3) = 60. This is one root in the interval -10,,;;; l/J,,;;; 110. 

Step 2 Another root is 180- 60=120, but this is not in the required interval. 

Step 3 Adding and subtracting multiples of 360 will not give any more roots in 
the interval -10 ,,;;; l/J ,,;;; 110 . 

Therefore the only root of sin l/J0 = !-J3 in -10 ,,;;; l/J ,,;;; 110 is 60 . 

Returning to the original equation, since 8 = 31/J + 30, the root is 8 = 210 . 

Solving the equation tan 6° = k 
The equation tan 8° = k is also solved in a similar way. Note that there is generally one 
root for every interval of 180 . Other roots can be found from the periodic property, 
tan(180 + 8)0 = tan8°. 

Step 1 

Step 2 

Find tan-
1 

k. (G;Jjrovf 
Use the periodic property tan(~)0 = tan8° 
to find the roots in the required interval. 

Example 10.S.S 
Solve the equation tan 8° = -2, giving all the roots correct to 1 decimal place in the 
interval 0 ,,;;; e ,,;;; 360 . 

Step 1 Find tan-1(-2) = -63.43 .... Unfortunately, this root in not in the 
required interval. 

Step 2 Add multiples of 180 to get roots in the required interval. This gives 
116.56 ... and 296.56 ..... 

Therefore the roots of tan 8° = -2 in 0,,;;; 8,,;;; 360 are 116.6 and 296.6, correct to 
1 decimal place. 

147 
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Revisiting Example 10.1.2, here is an application of solving equations of this type. 

Example 10.5.6 
The height in metres of the water in a harbour is given approximately by the formula 
d = 6 + 3 cos 30t

0 

where t is the time measured in hours from noon. Find the time after 
noon when the height of the water is 7.5 metres for the second time. 

To find when the height is 7.5 metres, solve 6 + 3 cos 30t
0 

= 7.5. This gives 
3 cos 30t

0 
= 7 .5 - 6 = 1.5, or cos 30t

0 
= 0.5. After substituting </J = 30t, the 

equation reduces to cos </J
0 = 0 .5 . 

Now cos-1 0.5 = 60, but this gives only the first root, t = 2. So, using the 
symmetry property of the cos function, another root is -60. Adding 360 gives 
</J = 300 as the second root of cos</J0 = 0.5. Thus 30t = 300, and t = 10. 

The water is at height 7 .5 metres for the second time at 10.00 p.m. 

~~*'~~~~ ExerciselOC ~~~~,jj'.!i 

1 Find, correct to 1 decimal place, the two smallest positive values of (} which satisfy each of 
the following equations. 

(a) sin 8° = 0 .1 (b) sin 8° = -0 .84 (c) sin8° = 0.951 

(d) cos 8° = 0.8 (e) cos8° = -0.84 lf) cos8°= ~ 
(g) tan 8° = 4 (h) tan 8° = -0 .32 (i) tan8° = 0.11 

(j) sin(180 + e)° = 0.4 (k) cos(90 - 8)° = -0.571 (1) tan(90- 8)0 = -3 

(m) sin(W + 60)0 = 0.3584 (n) sin(30 - 8)0 = 0.5 (o) cos(38-120)0 =0 

2 Find all values of (} ill the interval -180 ~ (} ~ 180 which satisfy each of the following 
equations, giving your answers correct to 1 decimal place where appropriate. 

(<:t) sin 8° = 0 .8 (b) cos8° = 0.25 (c) tan8° = 2 

(d) sin 8° = -0.67 (e) cos8° = -0.12 (f) 4tan8°+3 = 0 

(g) 4sin8° = 5cos8° (h) 2sin8° = -
1

- (i) 2 sin 8° = tan (}0 

sin8° 

3 Find all the solutions in the interval 0 < (} ~ 360 of each of the following equations. 

(a) cos 2() 0 = _! 
3 

( d) cos 48° = _ _! 
4 

(b) tan38° = 2 

(e) tan28° = 0.4 

(c) sin 28° = -0.6 

(f) sin 38° = -0 ,42 

4 Find the roots in the interval -180 ~ x ~ 180 of each of the following equations. 

(a) cos 3x0 = ~ 
(d) COS 2x0 = 0.246 

(b) tan 2x0 = - 3 

(e) tan 5x0 = 0.8 

(c) sin3x0 = -0.2 

(f) sin2x0 = -0.39 
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5 Find the roots (if there are any) in the interval -180.;;; 8.;;; 180 of the following equations. 

(a) cosl8° _ 2 2 -3 

(d) cos~8°=~ 

(b) tan~8° = -3 

(e) tanl-8 = 0.5 

(c) sinl8° = _ _!_ 4 4 

(f) sin~8° =-0.3 

6 Without using a calculator, find the exact roots of the following equations, if there are any, 
giving your answers in the interval 0 < t .;;; 360. 

(a) sin(2t- 30)0 = ~ (b) tan(2t -45) 0 = 0 

(d) tanGt-45)0 =-.J3 (e) cos(2t-50)0 =-~ 

(g) cos(-~t-50)0 =0 (h) tan(3t-180)0 =-1 

(c) cos(3t + 135)0 = ~.J3 
(f) sin(~ t + 50 )0 = 1 

(i) sin(-_tt-20)0 =0 

7 Find, to 1 decimal place, all values of z in the interval=A~k.§.J_SJ),gtisJ}d.ng.--

(a) sinz0 = -0.16, 

(d) sin2z0 = 0.23, 

(b) cosz0 (1+sinz0 )=0, 

(e) cos(45-z) 0 =0.832, 

8 Find all values of 8 in the interval 0 .;;; 8 .;;; 360 for which 

(a) sin 28° = cos 36°, (b) cos 58° = sin 70° , 

(c) (1-tanz 0 )sinz0 =0, 

(f) tan(3z -17) 0 = 3. 

(c) tan 38° =tan 60°. 

9 Find all values of 8 in the interval 0 .;;; 8 .;;; 180 for which 2 sin 8° cos 8° = ! tan 8° . 

10 For each of the following values, give an example of a trigonometric function involving 
(i) sine, (ii) cosine and (iii) tangent, with that value as period. 

(a) 90 

(d) 120 

(b) 20 

(e) 720 

(c) 48 

(f) 600 

11 Sketch the graphs of each of the following in the interval 0.;;; </J.;;; 360. In each case, state 
the period of the function: 

(a) y =sin 3</J 0 

(d) y = tan~</J0 

(g) y = sin(3</J- 20)0 

(b) y = cos2</J0 

(e) y = cos!<fJ0 

(h) y = tan 2</J0 

(c) y =sin 4</J0 

(f) y =sin(! </J + 30 )0 

(i) y = tan(~</J + 90)0 

12 At a certain latitude in the northern hemisphere, the number d of hours of daylight in each 
day of the year is taken to be d = A+ B sin kt0 

, where A , B, k are positive constants and 
t is the time in days after the spring equinox. 

(a) Assuming that the number of hours of daylight follows an annual cycle of 365 days, 
find the value of k, giving your answer correct to 3 decimal places. 

(b) Given also that the shortest and longest days have 6 and 18 hours of daylight 
respectively, state the values of A and B. Find, in hours and minutes, the amount of 
daylight on New Year's Day, which is 80 days before the spring equinox. 

(c) A town at this latitude holds a fair twice a year on those days having exactly 10 hours 
of daylight. Find, in relation to the spring equinox, which two days these are. 

C"~~~.'.iOE?lll!N!M:t.P!!&%K'%"M"'m - - - -



·~-

150 P1JRE MATHEMATICS 1 

10.6 Relations between the trigonometric functions 

In algebra you are used to solving equations, which involves finding a value of the 
unknown, often called x, in an equation such as 2x + 3 - x - 6 = 7. You are also used to 
simplifying algebraic expressions like 2x + 3 - x - 6, which becomes x - 3. You may 
not have realised, however, that these are quite different processes. 

When you solve the equation 2x + 3 - x - 6 = 7, you find that there is one solution, 
x = 10. But the expression x - 3 is identical to 2x + 3 - x - 6 for all values of x . 
Sometimes it is important to distinguish between these two situations. 

If two expressions take the same values for every value of x, they are said to be identically 
equal. This is written with the symbol =,read as 'is identically equal to'. The statement 

2x + 3 - x - 6 = x - 3 

is called an identity. Thus an identity in xis an equation which is true for all values of x. 

Similar ideas occur in trigonometry. At the end of Section 10.2, it was observed that 

tan 8° = sin 
80 

, provided that cos 8° :;e 0 . Thus . 
cos8° 

tan eo = sin e0 

cose0
• 

The identity symbol is used even when there are some exceptional values for which 
neither side is defined. In the example given, neither side is defined when e is an odd 
multiple of 90, but the identity sign is still used. 

There is another relationship which comes immediately from the definitions of cos8° = x 
and sin 8° = y in Sections 10.l and 10.2. As P lies on the circumference of a circle with 
radius I unit, Pythagoras' theorem gives x2 + y2 = I, or (cos 8°)2 +(sin 8°)2 = 1. 

Conventionally, (cos8°)2 is written as cos2 e0 and (sin8°)2 as sin2 8°, so for all 
values of e, cos2 8° + sin2 8° =I. This is sometimes called Pythagoras' theorem in 
trigonometry. 

For all values of e: 

tan eo = sin e0 

coseo, 
provided that cos 8° :;C 0; 

cos2 8° + sin2 8° =I. 

The convention of using cosn 8° to stand for (cose0t is best restricted to positive 

powers. In any case, it should never be used with n = --=I, because of the danger of 

confusion with cos-1 x, which is used to stand for the angle whose cosine is x. If in 

doubt, you should write (cos e0t or (cos e0 rn ' which could only mean one thing. 
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YOU can use the relation COS z (} 0 + sin z (}0 
:: 1 in the process of proving the cosine 

formula for a triangle. 

Let ABC be a triangle, with sides BC =.a, CA= b and AB= c. Place the point A at the 
origin, and let AC lie along the x-axis in the positive x-direction, shown in Fig. 10.11. 

The coordinates of C are ( b, 0) , and those of B are 
(ccosA0 ,csinA0

), where A stands for the angle BAC. Then, 
using the distance formula (Section 1.1), 

az =(b-ccosA0 )z +(csinA0 )z 

y B(ccosA0 ,csinA0
) 

151 

= bz - 2bc cos A 0 + cz cosz A 0 + cz sinz A 0 

=bz -2bccosA0 +cz(cosz A0 +sinz A0
) 

=bz +cz -2bccosA0
, 

A b C(b,O) x 

Fig. 10.11 

using cosz A 0 +sinzA0 =1 at the end. 

Example 10.6.1 
Given that sin e0 =~,and that the angle 8° is obtuse, find, without using a calculator, 
the values of cos (} 0 and tan (}0 

• 

Since cosz (} 0 + sinz e0 =1, cosz (}0 =1-Gt = 1~ giving cos(}0
::;: ±~.As the 

angle 8° is obtuse, 90<e<180, so cos8° is negative. Therefore cos(}0 = -~. 

As sin eo = ~ and cos eo = - ~ , tan eo = sin eo = Ys = - l 
cos(}0 -Ys 4. 

Example 10.6.2 
Solve the equation 3 cosz 8° + 4 sin 8° = 4, giving all the roots in the interval 
-180 < e,,;;; 180 correct to 1 decimal place. 

As it stands you cannot solve this equation, but if you replace cos2 (} 0 by 
1- sin 2 

(} 0 you will obtain the equation 3( 1- sin z e0
) + 4 sin (} 0 = 4 ' which 

reduces to 

3 sin z (} 0 
- 4 sin e0 + 1 = 0 . 

This is a quadratic equation in sin8°, which you can solve using factors: 

(3 sin (}0 
- l)(sin (} 0 -1) = 0' giving sin (} 0 = ~ or sin (} 0 = 1. 

One root is sin- 1 ~=19.47 ... , and the other root, obtained from the symmetry of 

sin(}0
, is (180-19.47 ... ) = 160.52 .... 

The only root for siri e0 = 1 is e = 90 , so the roots are 19 .5, 90 ·and 160 .5, 
correct to 1 decimal place. 
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~1~2'~1l;l}¥;1:~ Exercise lOD ~; · ii*± 

1 For each triangle sketched below, 

(i) use Pythagoras' theorem to find the length of the third side in an exact form; 

(ii) write down the exact values of sin () 0 
, cos () 0 and tan ()0 

• 

(a) 

~ 
(b) 

2~ 
(c) 

~ s..J3 
42.5 

8.8 

(d) (e) 31 (f) 

N s..J3 v 4~ 4 
22 

2 (a) Given that angle A is obtuse and that sinA0 =~.J3,findtheexactvalueof cosA0
• 

(b) Given that 180 < B < 360 and that tan B0 = - ~~ , find the exact value of cos B0 
• 

( c) Find all possible values of sin C0 for which cos C0 = i. 
(d) Find the values of Dforwhich -180<D<180 and tanD0 =5sinD0

• 

3 Use tan () 0 = sin 
80

, cos () 0 :;t: 0, and cos2 0° + sin2 0°=1 to establish the following. 
cos ()0 

(a) _._ - _._ = 1- cos()
0 

sin e0 tan () 0 sin ()0 

1 cos () 0 

(c) --+tan0°=---
cos () 0 1 - sin ()0 

. 2 eo 
(b) _s_m __ =· 1 + cos () 0 

1- cos () 0 

(d) tan0°s!n()
0 

=l+-1-
1 - cos () 0 cos ()0 

4 Solve the following equations for (), giving all the roots in the interval 0 ~ () ~ 360 correct 
to the nearest 0 .1 . 

(a) 4sin2 
()0 -1=0 

(c) 10 sin 2 
() 0 

- 5 cos2 
()0 + 2 = 4sin ()0 

(b) sin2 
()0 + 2cos2 

() 0 = 2 

(d) 4sin2 
()

0 cos()0 = tan2 
() 0 

5 Find all values of () , -180 < () < 180 , for which 2 tan ()0 
- 3 = -

2 
-

tan () 0 

~~~ Miscellaneous exercise 10 ~ 

1 Write down the period of each of the following. 

(a) sinx0 (b) tan2x 0 (OCR) 

2 By considering the graph of y = cosx0
, or otherwise, express the following in terms of 

cosx0
• 

(a) cos(360 - x )0 (b) cos(x+180)0 (OCR) 

3 Draw the graph of y = cos! 0° for () in the interval - 360 ~ () ~ 360 . Mark clearly the 
coordinates of the points where the graph crosses the 0- and y-axes. 

4 Solve the following equations for (),giving your answers in the interval 0 ~ () ~ 360. 

(a) tan0°=0.4 (b) sinW0 =0.4 (OCR) 
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5 Solve the equation 3cos2x0 = 2, giving all the solutions in the interval 0~x~180 
correct to the nearest 0.1. (OCR) 

6 (a) Give an example of a trigonometric function which has a period of 180. 

(b) Solve for x the equation sin 3x0 = 0.5, giving all solutions in the interval 0 < x < 180. 
(OCR) 

7 Find all values of 0°, 0 ~ e ~ 360 , for which 2 cos( e + 30 )0 = 1. (OCR) 

8 (a) Express sin 2x0 + cos(90 - 2x )0 in terms of a single trigonometric function. 

(b) Hence, or otherwise, find all values of x in the interval 0 ~ x ~ 360 for which 

sin 2x0 + cos(90 - 2x )° = -1. (OCR) 

9 Find the least positive value of the angle A for which 

(a) sin A0 = 0.2 and cos A0 is negative; (b) tanA0 = -0.5 and sinA0 is negative; 

(c) cosA0 = sinA0 and both are negative; (d) sinA0 = -0.2275 and A> 360. 

10 Prove the following identities. 

( ) 1 . eo cos 0° (b) 
1-sin0° cose0 

a· ---sm =-- -
sin0° tan0° cos0° 1 + sin0° 

(c) 
1 1 1-2sin2 e0 

= cos0° - sin0° --+tan0°= (d) 
tan0° sin0°cos0° cos 0° + sin e 0 

11 For each of the following functions, determine the maximum and minimum values of y 
and the least positive values of x at which these occur_ 

(a) y = 1 + cos2x0 (b) y = 5- 4sin(x + 30)0 

(c) y = 29-20sin(3x-45)0 

( )
. . 12 

e y=--
3+cosx0 

(d) y=8-3cos2 .X0 

~ 
60 

y=--
l + sin2 (2x -15)0 

12 Solve the following equations for e, giving solutions in the interval 0 ~ e ~ 360 . 

~) sin0° = tan0° ~ 2-2cos2 e0 = sin0° 

(c) tan2-0° - 2 tan 0° = 1 (d) I sin 20° -vG COS20° = 0 

13 The function t is defined by t(x) = tan3x0
• 

(a) State the period of t(x). 

(b) Solve the equation t(x) = t for 0~x~180. 

(c) Deduce the smallest positive solution of each of the following equations. 

(i) t(x)=--! 

(ii) t(x) = 2 (OCR) 
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14 In each of the following, construct a formula involving a trigonometric function which 
could be used to model the situations described. 

(a) Water depths in a canal vary between a minimum of 3.6 metres and a maximum of 
6 metres over 24-hour periods. 

(b) Petroleum refining at a chemical plant is run on a 10-day cycle, with a minimum 
production of 15 000 barrels per day and a maximum of 28 000 barrels per day. 

(c) At a certain town just south of the Arctic circle, the number of hours of daylight varies 
between 2 and 22 hours during a 360-day year. 

15 A tuning fork is vibrating. The displacement, y centimetres, of the .tip of one of the prongs 
from its rest position after t seconds is given by 

y = O.lsin(lOO 000t) 0
• 

Find 

(a) the greatest displacement and the first time at which it occurs, 

(b) the time taken for one complete oscillation of the prong, 

(c) the number of complete oscillations per second of the tip of the prong, 

( d) the total time during the first complete oscillation for which the tip of the prong is 
more than 0.06 centimetres from its rest position. 

16 One end of a piece of elastic is attached to a point at the top of a door frame and the other 
end hangs freely. A small ball is attached to the free end of the elastic. When the ball is 
hanging freely it is pulled down a small distance and then released, so that the ball 
oscillates up and down on the elastic. The depth d centimetres of the ball from the top of 
the door frame after t seconds is given by 

d = 100 + 10 COS 500t0
• 

Find 

(a) the greatest and least depths of the ball, 

(b) the time at which the ball first reaches its highest position, 

(c) the time taken for a complete oscillation, 

( d) the proportion of the time during a complete oscillation for which the depth of the ball 
is less than 99 centimetres. 

17 An oscillating particle has displacement y metres, where y is given by y = a sin( kt +a )0
, 

where a is measured in metres, tis measured in seconds and k and a are constants. The 
time for a complete oscillation is T seconds. 

Find 

(a) k in terms of T, 

(b) the number, in terms of k, of complete oscillations per second. 
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1J The population, P, of a certain type of bird on a remote island varies during the course of a 
year according to feeding, breeding, migratory seasons and predator interactions. An 
ornithologist doing research into bird numbers for this species attempts to model the 
population on the island with the annually periodic equation 

P = N - C cos rot0 
, 

where N, C and ro are constants, and t is the time in weeks, with t = 0 representing 
midnight on the first of January. 

(a) Taking the period of this function to be 50. weeks, find the value of ro . 

(b) Use the equation to describe, in terms of N and C, 

(i) the number of birds of this species on the island at the start of each year; 

I 
(ii) the maximum number of these birds, and the time of year when this occurs. 

1 The road to an island close to the shore is sometimes covered by the tide. When the water 
rises to the level of the road, the road is dosed. On a particulai: day, the water at high tide is 
a height 4.6 metres above mean sea level. The height, h metres, of the tide is modelled by 
using the equation h=4.6coskt0

, where t is the time in hours from high tide; it is also 
assumed that high tides occur every 12 hours. 

(a) Determine the value of k. 

(b) On the same day, a notice says that the road will be closed for 3 hours. Assuming that 
this notice is correct, find the height of the road above sea level, giving your answer 
correct to two decimal places. 

(c) In fact, a road repair has raised its level, and it is impassable for only 2 hours 

j, 40 minutes. By how many centimetres has the road level been raised? (OCR) 

20 A simple model of the tides in a harbour on the south coast of Cornwall assumes that they 
< 

are caused by the attractions of the sun and the moon. The magnitude of the attraction of 
the moon.is assumed to be nine times the magnitude of the attraction of the sun. The period 
of the sun's effect is taken to be 360 days and that of the moon is 30 days. A model for 
the height, h metres, of the tide (relative to a mark fixed on the harbour wall), at t days, is 

h = Acosat0 + Bcosf3t0
, 

where the term A cos at0 is the effect due to the sun, and the term B cos f3t 0 is the effect 
due to the moon. Given that h;,, 5 when t = 0, determine the values of A, B, a and f3. 

(OCR, adapted) 

) 



11 Combining and inverting functions 

This chapter develops the idea of a function, which you first met in Chapter 3. It 
introduces a kind of algebra of functions, by showing how to find a composite function. 
When you have completed it, you should 

• be able to use correct language and notation associated with functions 
• know when functions can be combined by the operation of composition, and be able 

to form the composite function 
• appreciate that a sequence can be regarded as a function whose domain is the 

natural numbers, or a consecutive subset of the natural numbers 
• know the 'one-one' condition for a function to have an inverse, and be able to form 

the inverse function 
• know the relationship between the graph of a one-one function and the graph of its 

inverse function. 

The references to calculators in the chapter may not exactly fit your own machine. For 
example, on some calculators the[=] key is labelled [EXE] (which stands for 'execute'). 

11.1 Function notation 

In using a calculator to find values of a function, you carry out three separate steps: 

Step 1 Key in a number (the 'input'). 

Step 2 Key in the function instructions. 

Step 3 Read the number in the display (the 'output'). 

Step 2 sometimes involves just a single key, such as 'square root', 'change sign' or 
'sine'. For example: 

Input Output 

4 -7 [ -[] -7 2 

3 -7 [ +/±] -7 -3 

30 -7 [sin] -7 0.5 

In this chapter sin, cos and tan stand for these functions as operated by your calculator 

in degree rriode. You enter a number x, and the output is sin x 0
, cos x 0 or tan x 0

• 

Other functions need several keys, such as 'subtract 3': 

7 -7 [-,3,=] -7 4. 

But the principle is the same. The important point is that it is the key sequence inside the 
square brackets that represents the function. This sequence is the same whatever number 
you key in as the input in Step 1. 
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You can think of a function as a kind of machine. Just as you can have a machine which 
takes fabric and turns it into clothes, so a function takes numbers in the domain and turns 
them into numbers in the range. 

For a general input number .x , you can write 

x ~ [ +/± ] ~ -x, 

x ~ [ -, 3, =] ~ x-3, 

and so on. And for a general function, 

x ~ [ f ] ~ f(x), 

where f stands for the key sequence of the function. 

This book has often used phrases like 'the function x 2
', 'the function cos x 0

' , or 'the 
function f(x)', and you have understood what is meant. Working mathematicians do this 
all the time. But it is strictly wrong; x 2

, cos x 0 and f(x) are symbols for the output 
when the input is x, not for the function itself. When you need to use precise language, you 
should refer to 'the function square', 'the function cos' or 'the function f' . 

Unfortunately only a few functions have convenient names like 'square' or 'cos'. There 
is no simple name for a function whose output is given by an expression such as 
x 2 

- 6x + 4. The way round this is to decide for the time being to call this function f 
(or any other letter you like). You can then write 

f : x H x 2 
- 6x + 4. 

You read this as ' f is the function which turns any input number x in the domain into the 
output number x 2 

- 6x + 4'. Notice the bar at the blunt end of the arrow; it avoids confusion 
with the arrow which has been used to stand for 'tends to' in finding gradients of tangents. 

Try to write a key sequence to represent this function. (You may need the memory keys.) 

Example 11.1.1 
Iff:xHx(S-x),whatis f(3)? 

The symbol f(3) stands for the output when the 
input is 3. The function f turns the input 3 into 
the output 3(5 - 3) = 6. So f(3)= 6. 

This idea of using an arrow to show the connection 
between the input and the output can be linked to the 
graph of the function. Fig. l l.1 shows the graph of 
y = x( 5 - x), with the input number 3 on the x-axis. An 
arrow which goes up the page from this point and bends 
through a right angle when it hits the graph takes you to 
the output number 6 on the y-axis. 

y 

6 I~ ...--... 

output 

Fig. 11.l 

x 
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11.2 Forming composite functions 

If you want to work out values of -J x - 3 , you would probably use the key sequence 
[- , 3 , = , .[] with hardly a thought. But if you look carefully, you will see that three 
numbers appear in the display during the process. For example, if you use the input 7, 
the display will show in tum your input number 7 , then (after keying [ =]) 4, and 
finally the output 2. In fact, you are really working out two functions, 'subtract 3' then 
'square root', in succession. You could represent the whole calculation: 

7 ~ (-,3,=] ~ 4 ~ (,f] ~ 2. 

The output of the first function becomes the input of the second. 

Example 11.2.l 
Find the outputs when the functions 'square' and 'sin' act in succession on the inputs of 
(a) 30, (b) x. 

(a) 30 ~ [square] ~ 900 ~ [sin] ~ 0. 

(b) x ~ [square] ~ x 2 ~ [sin] ~ sin(x2
)

0
• 

Since in (b) the input to the function sin is x2
, not x, the output is sin( x2 )°, not sin x0 

• 

For a general input, and two general functions f and g, the process would be written:· 

x ~ [f] ~ f(x) ~ [g] ~ g(f(x)). 

When you work out two functions in succession in this way, you are said to be 
'composing' them. The result is a third function called the 'composite function'. 

Since the output of the composite function is g(f(x)), the composite function itself is 
denoted by gf. Notice that gf must be read as 'first f, then g'. Yo~must get used to 
reading the symbol gf from right to lef( Writing fg means 'first g, then f' , which is 
almost always a different function from gf. For instance, if you change the order of the 
functions in Example 11.2.l(a), instead of the output 0 you get 

30 ~ [sin] ~ 0.5 ~ [square] ~ 0.25. 

Example 11.2.2 
Let f : x H x + 3 and g : x H x2 

. Find gf and fg . Show that there is just one number x 

such that gf(x) = fg(x). 

The composite function gf is represented by 

x ~ [f] ~ x+3 ~ [g] ~ (x+3)2 

and fg is represented by 

x ~ [ g] ~ x2 ~ [ f] ~ x2 + 3. 

So gf : x H (x + 3)2 and fg: x H x2 + 3 . 

If gf(x) = fg(x), (x+3)2 = x2 +3, so x2 +6x+9 = x2 +3, giving x = -1. 
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You can check this with your calculator. If you input -1 and then 'add 3' [ + , 3 , =] 

followed by 'square', the display will show in turn -1, 2, 4. If you do 'square' followed 
by 'add 3', it will show -1, 1, 4. When the input is -1, the outputs are the same although 
the intermediate displays are different. 

Example 11.2.3 
1 

If f:xHcosx0 and g:xH-,calculate (a) gf(60), (b) gf(90). 
x 

(a) With input 60, the calculator will show in turn 60, 0.5, 2, so gf( 60) = 2. 

(b) With input 90, the calculator will display 90, 0 and then give an error 
message! This is because cos 90° = 0 and ! is not defined. 

What has happened in Example 11.2 .3 (b) is that the number 0 is in the range of the 
function f, but it is not in tlie domain of g . You must always be aware that this may 
happen when you find the composite of two functions. It is time to look again at 
domains and ranges, so that you can avoid this problem. 

11.3 Domain and range. 

When you see the letters x and y in mathematics, for example in an equation such as 
y = 2x -10, it is generally understood that they stand for real numbers. But sometimes 
it is important to be absolutely precise about this. The symbol ~ is used to stand for 
'the set ofreal numbers', and the symbol E for 'belongs to'. With these symbols, you 
can shorten the statement ' x is a real number', or ' x belongs to the set of real 
numbers', to x E ~.So you can write 

f : X H 2x - 10, X E ~ 

to indicate that f is the function whose domain is the set of real numbers which turns 
any input x into the output 2x -10. 

Strictly, a function is not completely defined unless you state the domain as well as the 
rule for obtaining the output from the input. For the function above the range is also ~, 
although you do not need to state this in describing the function. 

You know from Chapter 3 that for some functions the domain is only a part of ~, 
because the expression f(x) only has meaning for some x E ~.(Here E has to be read 
as 'belonging to' rather than 'belongs to'.) The set ofreal numbers for which f(x) has a 
meaning will be called the 'natural domain' off. With a calculator, if you input a 
number that is not in the natural domain, the output will be an 'error' display. 

For the square root function, for example, the natural domain is the set of positive real 
numbers and zero, so you write 

square root : x H .f;, where x E ~ and x ~ 0. 

If you are given a function described by a formula but no domain is stated, you should 

assume that the domain is the natural domain. 

159 
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Example 113.1 
Find the range of each of the functions 
(a) sin, with natural domain IR, (b) sin, with domain x E IR and 0 < x < 90. 

From the graph of y = sin x 0 
, shown in Fig. 11.2, you can read off the ranges: 

-90 

f(x) 
I 

0.5 

-I 

Fig. 11.2 

(a) For x E IR, the range is y E IR, -1:;;;; y:;;;; 1. 

(b) For x E IR, 0 < x < 90 , the range is y E IR, 0 < y < 1. 

f(x)= sin x 0 

x 

Example 11.3.1 has used the letter x in describing the domain, and y for the range, but 
other letters would work just as well. The expressions y E IR, 0 < y < 1 and x E IR, 0<x<1 
and t E IR, 0 < t < 1 all describe the same set of numbers. 

It is especially important to understand this when you find composite functions. For 
example, in Example 1 l .2.3(a), the number 0.5 appears first as the output for the input 
60 to the function f : x H cos x0 

, so you might think of it as y = cos 60° = 0 .5 . 

But when it becomes the input to the function g: x H .!_,it is natural to write x = 0.5. 
x 

The number 0 .5 belongs first to the range of f , then to the domain of g . 

This is where Example l 1.2.3(b) breaks down. The number 0, which is the output when 
the input to f is 90 , is not in the natural domain of g . So although 90 is in the natural 
domain of f , it is not in the natural domain of gf . 

The general rule is: 

~~~f~~;.~~~~!tifi~~~1~~~t~~lli~~"k!'~~~M~W~~~~ 

To form the composite function gf , the domain D of f must be 
chosen so that the whole of the range of f is included in the domain J~ 

t~~ of g. The function gf is then defined as gf: x H g(f(x)), x ED. '~ 
~~:h'.~~';E~'~·;.~~~~::::·:,Q;~x~?~?.~;~~~zn~~~tirrtrto1s~:;r~~.~xi::-1~it.'l~~~~- -~ 

For the functions in Example 11.2.3, the domain of g is the set IR excluding 0, so the 
domain of f must be chosen to exclude the numbers x for which cos x0 = 0. These are 
... , -450, -270 , -90 , +90, +270 , +450, ... , all of which can be summed up by the 
formula· 90+180n, where n is an integer. 

There is a neat way of writing this, using the standard symbol "1l.. for the set of integers 
{ ... , - 3,-2,-1,0, 1, 2, 3, ... } . The domain off can then be expressed as 
x ER x * 90+180n, n E "1l... 
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Example 11.3.2 
Find the natural domain and the corresponding range of the function x H ~ x(x - 3) . 

You can express the function as gf, where f: x H x(x - 3) and g: x H ~. 

The natural domain of g is x E IR, x ~ 0, so you want the range of f to be 
included in y E IR, y ~ 0. (Switching from x to y is not essential, but you may 
find it easier.) The solution of the inequality y = x(x - 3) ~ 0 is x ~ 3 or x <s: 0. 

The natural domain of gf is therefore x E IR, x ~ 3 or x <s: 0 . 

With this domain the range of f is y E IR, y ~ 0, so the numbers input to g are 
given by x E IR, x ~ 0. With this domain, the range of g is y E IR, y ~ 0. This is 
therefore the range of the combined function gf . 

If you have access to a graphic calculator, try to plot the graph y =)x(x - 3), using a 
window of -1 .;;; x .;;; 4 and 0 .;;; y .;;; 2 . You· should find that no points are plotted for the 
'illegal' values of x in the interval 0 < x < 3. If you input a number in this interval, such 
as 1, you will get as far as 1(1- 3) = -2, but the final [-{] key will give you an error 
message or some display which does not represent a real number. 

11.4 Sequences as functions 

Not all functions have for their domain the set of real numbers or a restricted interval of 
the real numbers. For example, a function might have the set of natural numbers 
{ 1, 2, 3, ... } for its domain. This set is denoted by the symbol N. 

Some games (such as chess and Scrabble) are played on a board ruled out in squares. If 
the board has r squares each way, then the total number of squares is r2

. So this defines 
a function 

f: r H r 2
, where r EN. 

This is a different function from 

f: x H x 2
, where XE IR, 

because the number of squares each way must be a whole number. 

You can make a list of the successive values of f(r): 

f(l)=l, f(2)=4, f(3)=9, f(4)=16, f(5)=25, .... 

Notice that these numbers are precisely those in sequence (a) in Section 8.1. This 
suggests that a sequence can be considered as a function whose domain is N . 

Some sequences have only a finite number of terms. Suppose, for example, that you have 
6 identical coins, and f( r) denotes the number of ways of splitting the coins into r piles. 
Thus f(2) = 3, because you can have piles of 1 coin and 5 coins, 2 coins and 4 coins, or 3 
coins and 3 coins. Check for yourself that 

f(l)=l, f(2)=3, f(3)=3, f(4)=2, f(5)=1 and f(6)=1; 
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but f( r) has no meaning for r > 6. The domain of the function is therefore the set 
{ 1, 2, 3, 4, 5, 6} , which is a subset of consecutive numbers in N . 

A sequence can therefore be defined as a function whos~ domain is N or a consecutive 
subset of N. For sequences the notation ur is normally used rather than f(r), but that is 
simply for convenience. 

You saw in Chapter 8 that it is simpler with some sequences to begin with t: = 0 rather 

than r =I: For those sequences the domain is { 0, 1, 2, 3, ... }. The 'notation for 

describing. this setis N u { 0} . 

An important difference between N and ~ is that, for every natural number r, there is 
a 'next numbei;'. This is what makes it possible to use an inductive definition to describe 
a< sequence. There is no comparable way of defining a function f(x), where x E ~, 

because there is no such thing as .the 'next real number'. 

r~>SZf'2}i!:IiW!:~ifl.'it~~ffl;:~~~ Exercise llA 

1 Given f: x H (3x + 5)2
, where x E ~,find the values of 

(a) f(2), (b) f(-1), (~) f(7). 

2 Given g: x H 3x2 + 5, where x E ~,find the values of 

(a) g(2), (b) g(-1), (c) g(7). 
4 r 

3 Given f: x H -- , where x E ~ ~d x '/:. -5, find the values of 
x+5 

(a) f(-1), (b) f(-4), (c) f(3). 

4 Given g: x H i + 5, where x E ~ and x '/:. 0 , find the values of x . 
(a) g(-1), (b) g(-4), (c) g(3). 

5 Find the output if the functions 'square' and 'subtract 4' act in succession on an input of 

·(a) 2, (b) -5, (c) ! , (d) x. 

6 Find the output if the functions,' cos', ' add 2 ', and 'cube' act in succession on an input of 

(a) 0, (b) 90, (c) 120, (d) x. 

7 Find the output if the functions 'square root', 'multiply by 2', 'subtract Hr and 'square' act 
in succession on an i:gput of 

(a) 9, (b) 16, 1 
(c) 4' (d) x. 

8 DeterrtJ.ine the key sequence needed io represent each of the following functions. 

(a) f:xH4x+9 (b) f:xH4(x+9) (c) f:xH2.x 2 -5 

(d) f:xH2(x-5) 2 (e) f:xH(~-3)3 ,x;;:;.O (f) f:xH~~(x---2-)2_+_1_0 

9 Find the natural domain and corresponding range of each.of the following functions. 

(a) f:xHx2 (b) f:xHcosx 0 (c) f:xH-Jx-3 

(d) f:xHx2 +5 

(g) f:x H -Jx(4-x) 

I 
(e) f:xH r 

-vx, 

(h) f:x H .x2 +4x+10 

(f) f: X H x( 4 - x) 

(i) f:xf-4(1--Jx-3)
2 
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10 Given that f : x H 2x + 1 and g: x H 3x - 5, where x E IR, find the value of the following. 

(a) gf(l) 

(e) ff(5) 

(b) gf(-2) 

(f) ff(-5) 

(c) fg(O) 

(g) gg( 4) 

(d) fg(7) 

(h) gg( 2 ~) 

11 Given that f: x H x2 and g: x H 4x -1, where x E IR, find the value of the following. 

(a) fg(2) 

(d) ff(!) 
-.r 

·(b) gg(4) 

(e) fgf(-1) 

(c) gf(-3) 

(f) gfgf(2) 

12 Given that f : x H 5 - x and g : x H i, where x E IR and x * 0 or 5 , find the values of 
the following. x 

(a) ff(7) (b) ff(-19) (c) gg(l) (d) _gg{!) 

(e) gggg(!) (f) fffff(6) (g) fgfg(2) (h) fggf(2) 

13 Given that f:xH2x+5, g:xHx2 and h:xH.!.,where xEIR and x*O or -i,find 
the following composite functions. x 

~~ ~~ ~fh Whl 
(e) ff (f) hh (g) gfh (h) hgf 

14 Given that f: x H sin x 0 
, g : x H x 3 and h : x H .x - 3, where x E IR , find the following 

functions. 

(a) hf 

(d) fg 

(b) fh 

(e) 'hhh 
! 

(c) fhg 

(f) gf 

15 Given that f : x H x + 4, g : x H 3x and h : x H x2
, where x E IR , express each of the 

following in terms off, g, h as appropriate. 

(a) x H x 2 +4 

(d) XH9x2 

(g) X H 9x+16• 

(b) X H 3x+4 · 

(e) xH3x+12 

(h) XHX2 +8x+16 

(c) x H x 4 

(f) X H 3(x2 +8) 

(i) x H 9x2 + 48x + 64 

16 In each of the following, find the natural domain and the range of the function gf . 

(a) f:xH../x, g:xHx-5 (b) f:,xHx+3, g:xH..Jx 
1 

(c) f:xHx-2, g:xH­
x 

(e) f:xH!J(x-3) 2
, g:xH../x 

(g) f:xHx 2 -x-6, g:xH~ 

(d) f: x H sinx0
, g: x H {;i 

(f) f:xH16-x 2
, g:xHVx 

1 
(h) f: X H X + 2, g: X H ~ 

-v-x 

17 Given that f: x H x 2 and g: x H 3x - 2, where x E IR, find a, b and c such that 

(a) fg(a).= 100, (b) gg(b)=55, (c) fg(c) = gf(c). 

18 Given that f: x H ax+ band that ff: x H 9x -28 , find the possible values of a and b. 

19 For f: x H ax+ b, f(2) = 19 and ff(O) = 55. Find the possible values of a and b. 

20 The functions f: x H 4x + i and g: x H ax + b are such that fg =. gf for all real values 
of x . Show that a = 3b + 1. 

~· 
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21 Use function notation to describe 

(a) the triangle number sequence, 

(b) the general arithmetic sequence with first term a and common difference d . 

22 In prime number theory the following notation is used: 

Pr is the rth prime number, 

n( r) is the number of prime numbers less than or equal to r. 

For each of these functions, state 

(a) the domain, (b) the values for 1 ,,:;; r ,,:;; 10 , (c) the range. 

(Note: 1 is not a prime number.) 
,·,:- ,,,. ';'·<::~·-:,,~-''.:.J,':i::"J~JU?;.~~i~~:;~~:;~:~~>.( ·," . 

11.5 Reversing functions 

If your sister is 2 years older than you, then you are 2 years younger than her. To get her 
age from yours you use the 'add 2' function; to get your age from hers you 'su_btract 2'. 
The functions 'add 2' and 'subtract 2' are said to be inverse functions of each other. 
That is, 'subtract 2' is the inverse function of 'add 2' (and vice versa). 

You know many pairs of inverse functions: 'double' and 'halve', and 'cube' and 'cube 
root' are simple examples. 

Some functions are their own inverses, such as 'change sign'; to undo the effect of a 

change of sign, you just change sign again. Another example is 'reciprocal' ( x H ~). 
These functions are said to be self-inverse. 

The inverse of a function f is denoted by the symbol C 1
. If f turns an input number x 

into an output number y, then C 1 turns y into x. You can illustrate this graphically by 
reversing the arrow which symbolises the function, as in Fig. 11.3. The range of f 
becomes the domain of C 1

, and the domain of f becomes the range of C 1
• 

range 
off 

y f 

domain off 

domain 
off-I 

Fig. IL3 

y f-1 

range of f-1 

You have already used inverse functions in calculations about triangles. Often you know 
an angle, and calculate the length of a side by using one of the trigonometric functions 
such as tan. But if you know the sides and want to calculate the angle you use the 
inverse function, which is denoted by tan-1

• 

On many calculators you find values of tan -I by using a sequence of two keys: first an 

'inverse' key (which on some calculators is labelled 'shift' or '2nd function') and then 'tan'. 

In the following pages this is referred to as 'the tan-1 key', and similarly for the sin-1 and 
cos-1 functions. 
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Example 11.S.1 
Findthevaluesofcos-1 ywhen (a) y=0.5, (b) y=-1, (c) y=l.5. 

Using the [ cos -l ] key with inputs 0 .5 , -1 , 1.5 in tum gives outputs of 60 , 180 , 
and an error message! 

So, in degree mode, (a) cos-1 0.5 = 60, 
(b) cos-1(-1)=180,but(c) cos-1 1.5hasno 
meaning. 

Fig. 11.4 shows the graph of y =cos x 0 with 
domain x E IR, 0,,:;; x,,:;; 180. This shows that the 
range of the function cos is -1 ,,:;; x ,,:;; 1. Since 
this is the domain of the inverse function, the 
result in part (c) is explained by the fact that 1.5 
lies outside this interval. 

If you try to check by finding the cosines of the answers to 
this example, you get. 

(a) 0.5 ~ [cos-1
] ~ 60 ~ [cos] ~ 0.5, 

(b) -1 ~ [cos-1
] ~ 180 ~ [cos] ~ -1. 

y 

1.5 

0.5 

0 

-I 

y=cosx0 

90 

Fig. 11.4 

This is of course what you would expect; the function and its inverse cancel each other 
out. In general, if -1,,:;; y,,:;; 1, then 

y ~ [cos-1
] ~[cos]~ y. 

You may therefore be surprised by the result of the next example. 

Example 11.S.2 
If f: x H sin x 0 and g: x H sin-1 x, evaluate (a) gf(50), (b) gf(130). 

Work this example for yourself using the calculator sequence 

x ~ [sin] ~ [sin-1
] ~ gf(x). 

You should get the answers (a} 50 (as you would expect) and (b) 50. 

The answer to part (b) calls for a more careful look at the theory of inverse functions. 

11.6 One-one functions 

The answers to Example 11.5 .2 can be explained by Fig. 11.5, which shows the graph of 
· y = sin x 0 over the interval 0 ,,:;; x ,,:;; 180. The graph rises from y = 0 to y = 1 over 
values for x for which the angle is acute, and then falls symmetrically back to y = 0 
over values for which the angle is obtuse. This is because the sine of the obtuse angle 
x 0 is equal to the sine of the supplementary angle (180 - x )°. So sin 1 :30° = sin 50°, and 
the calculator gives the value 0.7660 ... for both. 

165 
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~1 y=sinx0 

0.7~.~ 

0~30 ISO: 
lcs 0.766...~" 

,..,... r r )I: 

0 ' 50 90 180 x 

Fig. 11.5 

When you use the [ sin-1
] key to find sin-1 (0.7660 ... ) , the calculator has to give the 

same answer in either case. It is programmed to give the answer with the smallest 
modulus, which in this case is 50. 

Exactly the same problem arises whenever you try to reverse a function which has the 
same output for more than one input. And in mathematics, such ambiguity is not 
acceptable. The solution adopted is a drastic one, to refuse to define an inverse for any 
function which has the same output for more than one input. That is, the only functions 
which have an inverse function are those for which each output in. the range comes from 
only one input. These functions are said to be 'one-one'. 

A function f defined for some domain D is one-one if, for each 
number y in the range R of f there is only one number x E D 

such that y = f(x). The function with domain R defined by 
C 1 

: y H x, where y = f(x), is the inverse function off. 

"fi~,, 

This definition was illustrated in Fig. 11.3, which was drawn to ensure that the function 
f was one-one. 

In practice, this can be achieved by restricting its 
domain. For example, the function x H sin x 0

, x E IR, 
whose graph is shown in Fig. 11.2 on page 160, is not 
one-one, so it does not have an inverse. But the function 
x H s!n x 0

, where x E IR and - 90 :;;;; x :;;;; 90 , shown in 
Fig. 11.6, is one-one; it is the inverse of this function 
which is denoted by sin-1

, and activated by the familiar 
key sequence on the calculator. 

Fig. 11.3 suggests that, if you compose a function with 
its inverse, you get back to the number you started 
with. That is, 

C 1f(x)=x, and fC1(y)=y. 

y 
y = sinx0 

Fig. 11.6 

The functions C 1f and fC1 are called identity functions because their inputs and 
outputs are identical. But there is a subtle difference between these two composite 
functions, since their domains may not be the same; the first has domain D and the 
second has domain R. 
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11.7 Finding inverse functions 

For very simple functions it is easy to write down an expression for the inverse function. 
The inverse of 'add 2' is 'subtract 2 ',so 

f : x H x + 2, x E IR has inverse C 1 
: x H x - 2, x E IR. 

Notice that the inverse could equally well be written as C 1 
: y H y - 2, y E ~ .. 

You can sometimes break down more complicated functions into a chain of simple 
steps. You can then find the inverse by going backwards through each step in reverse 
order. (This is sometimes called the 'shoes and socks' process: ~ou put your socks on 
before your shoes, but you take off your shoes before your socks. In mathematical 
notation, (gff1 = C 1g-1

, where f denotes putting on your socks and g your shoes.) 

However, this method does not always work, particularly if x appears more than once 
in the expression for the function. Another method is to write y = f(x), and tum the 
formula round into the form x = g(y) . Then g is the inverse of f . 

Example 11.7.1 
Find the inverse of f : x H 2x + 5, x E IR. 

Note first that f is one-one, and that the range is IR. 

Method 1 You can break the function down as 

x ~ [double] ~· [add 5] ~ 2x + 5. 

To find C 1
, go backwards through the chain (read from right to left): 

i (x - 5) f-- [halve] f-- [subtract 5] f-- x . 

So c' : x H t (x - 5), x E IR. 

Method 2 If y = 2x + 5 , 

y-5=-2x whichgives x=~(y-5). 

So the inverse function is c' : y Ht (y - 5), y E IR. 

The two answers are the same, even though different letters are used. 

Example 11.7.2 
Restrict the domain of the function f : x H x 2 

- 2x , 
so that an inverse function exists. Find an expression 
for c'. 

Fig. 11.7 shows the graph of y = x 2 
- 2x, x E IR, 

which is quadratic with its vertex at (1, -1). For 
y > -1 there are two values of x for each y , so 

y 

the graph does not represent a one-on~ function. -1 

One way of making it one-one is to chop off the Fig. 11.7 

part of the graph to the left of its axis of 
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symmetry. This restricts the domain to x E IR, x ~ 1, but the range is still y E ~. y ~ -1. 
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Method 1 Completing the square gives f(x) = (x -1)2 -1, so you can break the 

function down as 

x ~ [subtract 1] ~ [square] ~ [subtract 1] ~ y. 

In reverse, 

l + -Jy + 1 f-- [add 1] f-- ["" ] f-- [add 1] f-- y. 

So the inverse function is C 1 
: y H 1+-Jy+1, y E !h£, y ~ -1. 

Notice that the positive square root was chosen to make x > 1. 

Method 2 If y = x 2 
- 2x, then x 2 

- 2x - y = 0. 

This is a quadratic equation with roots 

2±,)4+4y =1±-Jf+Y. 
x= 2 

Since x ~ 1, you must choose the positive sign, giving x = 1 + -Jl+Y. So the 

inverse function is C 1 
: y H 1 + ,) y + 1, y E !h£, y ~ -1. 

Example 11.7.3 
2 

Find the inverse of the function f(x) =.::..±___,where x E !h£ and x -F 2. 
x-2 

It is not obvious that this function is one-one, or what its range is. However, using 

the second method and writing y = x + 2 
, 

x-2 
y(x-2)=x+2, 

yx-2y=x+2, 

yx-x=2y+2, 

x(y-1) = 2(y + 1), 

2(y+ 1) 
x=--

y-1 . 

This shows that, unless y = 1, there is just one value of x for each value of y. So 
f must be one-one, the inverse function therefore exists, and 

-1 2(y + 1) 
f : y H -.-- , where y E !h£ and y -F -1 . 

y-1 

11.8 Graphing inverse functions 

Fig. 11.8 shows the graph of y = f(x), where f is a one-one function with domain D and 
range R. Since f-1 exists, with domain R and range D, you can also write the equation as 
x = C 1 (y). Yo,u can regard Fig. 11.8 as the graph of both f and C 1 

. 
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But you sometimes want to draw the graph of rt in the more conventional form, as 
y = rt(x) with the domain along the x-axis. To do this you have to swap the x- and 
y-axes, which you do by reflecting the graph in Fig. 11.8 in the line y = x. (Make sure 
that you have the same scale on both axes!) Then the x-axis is reflected into the y-axis 
and vice versa, and the graph of x =rt (y) is reflected into the graph of y =rt (x). 
This is shown in Fig. 11.9. 

If f is a one-one function, the graphs of y = f(x) and y = rt(x) 
are reflections of each other in the line y = x . 

y 

R 

D x 

Fig. 11.8 

Example 11.8.1 
For the function in Example 11.7 .2, draw the 
graphs of y = f(x) and y = rt(x). 

Example 11.7.2 showed that 
rt(x)=l+-Jx+l, XEIR, x~-1. 

Fig. 11.10 shows the graphs of 
y = f(x) = x2 -2x for x ~ 1 and 
y=rt(x)=l+-Jx+l for x~-1.You 
can see that these graphs are reflections of 
each other in the lihe y = x . 

y 

D 

/_ 
, / y=x 

i / 
!/ 
)' 

/! 
// i ........... 

/ ! ./ y=f(x) 

~/~-----·r 
R 

Fig. 11.9 

y y=l+.rx+i 

x 

//y=x 

/ 

-1 / 
/ 

/ -1 

/ 
/ 

/ 

/ 2 / y=x -2x 

x 

Fig. 11.10 
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1 Each of the following functions has domain IR . In each case use a graph to show that the 
function is one-one, and write down its inverse. 

(a) f:xHx+4 (b) f:xHx-5 

(d) f:xH!x (e) f:xHx3 

(c) f: x H 2x 

(f) f:x H Vx 
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2 Given the function f : x H x - 6, x E IR, find the values of 

(a} C 1(4), (b) C 1(1), (c) C 1(-3), (d) fC1(5), (e) C 1f(-4). 

3 Given the function f: x H 5x, x E IR, find thevalues of 

(a) C 1(20), (b) C 1(100), (c) C 1(7), (d) fC1(15), (e) C'1f(-6). 

4 Given the function f: x H Vx, x E IR , find the values of 

(a) C 1(2), (b) C 1(!), (c) C 1(8), (d) C 1f(-27), (e) fC1(5). 

5 Each of the following functions has domain IR. Detennine which are one-one functions. 

(a) f: X H 3x+4 (b) f: X H x2 +1 (c) f: x H x2 -3x 

(d) f:xH5-x (e) f: x H cosx0 (t) f:xHx 3 -2 

(g) f : X H i X - 7 (h) f: x HU (i) f :x H x(x-4) 

(j) f:xHx 3 -3x (k) f: X H x 9 (1) f:xH~x2 +1 

6 Determine which of the following functions, with the specified domains, are one-one. 

(a) f:xHx2 ,x>0 (b) f : x H cos x 0
' - 90 ,,;; x ,,;; 90 

( C) f : x H 1- 2x, X < 0 (d) f: xH x(x-2),0 <x < 2 

(e) f:xHx(x-2),x>2 (t) f: x H x(x - 2), x < 1 

(g) f : x H Fx, x > 0 (h) f: x H x2 + 6x - 5, x > 0 

(i) f: x H x 2 + 6x - 5, x < 0 (j) f: x H x2 + 6x - 5, x > -3 

7 Each of the following functions has domain x;;.: k. In each case, find the smallest possible 
value of k such that the function is one-one. 
(a) f:xHx 2 -4 (b) f:xH(x+1) 2 (c) f: x H (3x-2)2 

(d) f: x H x2 -8x+15 (e) f: x H x2 +lOx+l (t) f: x H (x + 4)(x - 2) 

(i) f:xH(x-4) 4 (g) f : x H x 2 
- 3x (h) f : x H 6 + 2x - x2 

8 Use method 1 of Example 11.7.l to find the inverse of each of the following functions. 

(a) f:xH3x-1,xe!R (b) f:xHix+4,xelR 

(c) f:xHx 3 +5,xe!R (d) f:xHFx-3,x>O 
5x-3 

(e) f: x H --, x E IR (t) f: x ~ (x -1)2 + 6, x ;;.1 
2 

9 Use method 2 of Example 11.7.l to find the inverse of each of the following functions .. 

x+4 
(a) f: x H 6x + 5, x E IR (b) f: x H -- , x E IR 

5 

(c) f: x H 4-2x,x E IR 2x+7 
(d) f: XH--,XE IR . ' 3 

(e) f: x H 2x3 +5,x E IR (t) 
1 

f: xH-+4,xe!Randx:;t:O 
x 

5 
(h) f:xH(x+2) 2 +7,xe!Randx;;.-2 (g) f: x 14 -· - , x E IR and x * 1 

x-1 

(i) f: x H (2x-3) 2 -5,x E IR andx;;.: ~ (j) f: x H x2 
- 6x, x e IR and x;;.: 3 
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10 For each of the following, find the inverse function and sketch the graphs of y = f(x) and 
y=C1(x). 

(a) f: x H 4x, x E IR 

(c) f: x H .fx,x E IR andx;;;;. 0 

(e) f:xH(x-2) 2 ,xEIRandx;;;.2 

3 
(g) f: x H - , x E IR and x ;e 0 

x 

(b) f: x H x + 3, x E IR 

(d) f: x H 2x + 1, x E iR 

(f) f:xH1-3x,xE IR 

(h) f : x H 7 - x, x E IR 

11 Show that the following functions are self-inverse. 

(a) f: x H 5- x, x E IR (b) f: x H -x, x E IR 

(c) 
4 

f: x H - , x E IR and x ;t 0 
x 

x+5 
(e) f: x H -- , x E IR and x ;t 1 

x-1 

(d) 

(f) 

6 
f: x H - ,"x E IR and x ;t 0 

5x 

3x-1 3 
f: x H --, x E IR and x ;t 2 2x-3 

12 Find the inverse of each of the following functions. 
x 

(a) f: x H --.,x E IR andx ;t 2 
x-2 

x+2 
( c) f: x H -- , x E IR and x ;t 5 

x-5 

2x+l 
(b) f: x H -- , x E IR and x ;e 4 

· x-4 

3x-ll 3 
(d) f:xH--,xEIRandx;e 4 4x-3 

13 The function f : x H x 2 
- 4x + 3 has domain x E IR and x > 2. 

(a) Determine the range off. 

(b) Find.the inverse function C 1 and state its domain and range. 

(c) Sketch the graphs of y = f(x) and y = C 1(x). 

14 The function f : x H -J x - 2 + 3 has domain x E IR and x > 2 . 

(a) Determine the range off. 

(b) Find the inverse function C 1 and state its domain and range. 

(c) Sketch the graphs of y = f(x) and y = C 1(x). 

15 The function f: x H x 2 + 2x + 6 has domain x E IR and x.;;; k. Given that f is one-one, 
determine.the greatest possible value of k. When k has this value, 

(a) determine the range off, 

(b) find the inverse function C 1 
· and state its domain and range, 

(c) sketch the graphs of y = f(x) and y = C 1(x). 

16 The inverse of the function f: x H ax+ b, x E IR' is c': x H 8x -3. Find a and b. 

17 The function f: x H px + q, x E IR' is such that C 1(6) = 3 and C 1(-29) = -2. 
Find C 1(27). 

18 The function f: x H x 2 + x + 6 has domain x E IR and x > 0. Find the inverse function and 
state its domain and range. 

19 The function f: x H -2x2 + 4x - 7 has domain x E IR and x < 1. Find the inverse function 
and state its domain and range. 
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20 For each of the following Junctions, sketch the graph of y = CI ( X) . 

(a) f:xl-Hinx 0 ,xEJRand -90=x=90 

(b) f : x H cos x0
, x E JR and 0 = x = 180 

(c) f: x H tanx0 ,x E JR and -90 < x < 90 

[;l;".iif~~~~'ilil.\ii~~l~'ilj;if~'"~GJ Miscellaneous exercise 11 ~'.ilIEtl 

1 The functions f and g are defined by 

f: x H 4x+9,x E JR, g: x H x 2 +1,x E JR. 

Find the value of each of the following. 

(a) fg(2) 

(d) ff(-3) 

(b) fg(2-J3) 

(e) gg(-4) 

(c) gf(-2) 

(f) fgf(t) 

2 Find the natural domain and corresponding range of each of the following functions. 

(a) f:xH4-x 2 (b) f:xH(x+3)2 -7D (c) f:xH.Jx+2 

(d) f:xH5x+6 (e) f:xH(2x+3) 2 (f) f:xH2-~ 

3 The functions f and g are defined by 

f:xHx 3 ,xEJR, g:xH1-2x,xEJR. 

Find the functions 

(a) fg, (b) gf, (c) gff, (d) gg, (e) g-1. 

4 The function f is defined by f: x H 2x3
--'- 6, x E JR. Find the values of the following. 

(a) f(3) (b) C 1(48) (c) C 1(-8) (d) C 1f(4) (e) fC1(4) 

I 

5 The function f is defined for all real values of x by f ( x) = x 3 + 10 . Evaluate 

(a) ff(-8), (b) C 1(13). (OCR) 

6 Show that the function f : x H (x + 3)2 + 1, with domain x E JR and x > 0, is one-one and 
find its inverse. 

7 The function f is defined by f : x H 4x3 + 3, x E JR . Give the corresponding definition of 
C 1

. State a relationship between the graphs of f and. r 1
. (OCR) 

8 Given that f(x) = 3x2 -4, x > 0, and g(x) = x+ 4, x E JR, find 

(a) C 1(x),x>-4, (b) fg(x),x>-4. 

9 The functions f , g and h are defined by 

f: X H 2x + 1, X E JR, g: X H x 5 ,x E JR, 
1 

h:xH-,xEJRandx:;t:O. 
x 

(OCR) 

Express each of the following in terms of f, g, h as appropriate. 

(a) xH(2x+1)5 (b) xH4x+3 (c) 
1 

(d) xH2x-5 +1 XHX 5 

(e) 
1 

(f) 
x-1 

(g) XH~:S +1 
2 

XH-- XH-- (h) XH-
2x5 +1 2 x-1 
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10 The function f is defined by f: x H x2 +1, x ~ 0. Sketch the graph of the function f and, 
using your sketch or otherwise, show that f is a one-one function. Obtain an expression in 
terms of x for C 1(x) and state the domain of c'. 
The function g is defined by g: x H x - 3, x ~ 0 . Give an expression in terms of x for 
gf(x) and state the range of gf. (OCR) 

11 The functions f and g ate defined by 

f:xHx 2 +6x,xEIR, g:xH2x-1,xEIR. 

Find the two values of x such that fg(x) = gf(x), giving each answer in the form p + q,J3. 

12 The function f is defined by f : x H x2 
- 2x + 7 with domain x ~ k. Given that f is a 

one-one function, find the greatest possible value of k and find the inverse function C 1 
• 

13 · Functions f and g are defined by 

f: x H x 2 +2x+ 3,xE IR, g: x H ax+b,xE IR. 

Given that fg( x) = 4x2 
- 48x + 146 for all x, find the possible values of a and b . 

14 The function f is defined by f : x H 1- x2
, x ~ 0. 

(a) Sketch the graph of f. 

(b) Find an expression, in terms of x, for C 1(x) and state the domain of C 1
. 

(c) The function g is defined by g: x H 2x, x ~ 0. Find the value of x for 
which fg(x) = 0. (OCR) 

15 Functions f and g are d.efined by f: x H 4x + 5, x E IR, and g: x H 3-2x, x E IR. Find 

(a) c', (b) g-1
, (c) c 1g-1

, (d) gf, (e) (gfr'. 

16 Functions f and g are defined by f: x H 2x + 7 ,x E IR, and g: x H x 3 -1, x E IR. Find 

(a) c'' (b) g-1
, (c) g-1c 1

' (d) c 1g-1
' 

(e) fg, (t) gf, (g) (fgr', (h) (gfr1
• 

17 Given the function f: x H 10 - x, x E IR, evaluate 

(a) f(7), (b) f 2 (7), (c) f 15(7), (d) f!OO (7). 

(The notation f 2 represents the composite function ff, f 3 represents fff, and so on.) 

18 Given the function f: x H x + 
5 

, x E IR and x *~·find 
2x-1 

(a) f 2 (x), (b) f3(x), (c) f 4 (x), (d) f 10 (x), 

19 Given the function f(x) = 2x-
4

, x E IR and x * 0, find 
x 

(a) f 2 (x), 

(d) f 4 (x), 

(b) C 1(x), 

(e) f 12 (x), 

(c) f 3 (x), 

(t) fs2(x). 

(e) f35I(x). 

20 Show that a function of the form x H x +a, x E IR and x * 1 , is self-inverse for all values 
x-1 

of the constant a . 

£~~~~'i.ill".&1.~~·~l'.'.§'ff,P;~'lf~~~.m~~~~~~~~~ ... ~~&..s.:r..<1~~~'.l~ 



12 Extending differentiation 

This chapter is about differentiating composite functions. When you have completed it, 
you should 

• be able to differentiate composite functions of the form f(F(x)) 
• be able to apply differentiation to rates of change, and to related rates of change. 

You may want to leave out Section 12.4 on a first reading; the exercises do not depend 
on it. 

12.1 Differentiating (ax+ b r 
To differentiate a function like (2x + 1)3

, the only method available to you at present is to 
use the binomial theorem to multiply out the brackets, and then to differentiate term by term. 

Example 12.1.1 

Find dy for (a) y = (2x + 1)3
, (b) y = (1- 3x)4

• 
dx 

(a) Expanding by the binomial theorem, 

y = (2x)3 +3x(2x)2 x1+3x (2x) x 12 +1 3 =8x3 +12x2 +6x+1. 

So dy = 24x2 + 24x + 6 . 
dx 

It is useful to express the result in factors, as dy = 6( 4x2 +4x+1) = 6(2x + 1)2
. 

dx 
(b) Expanding by the binomial theorem, 

y = 14 + 4xi3x(-3x)+6x12 x(-3x)2 +4x1 x (-3x)3 + (-3x)4 

= l-12x + 54x2 -108x3 + 8lx4
. 

So : = -12+ 108x-324x2 + 324x3 = -12(1-9x+ 27x2 -27x3
) = -12(1-3x)3

. 

Exercise 12A 

In Question 1, see if you can predict what the result of the differentiation will be. If you 
can predict the result, then check by carrying out the differentiation, and factorising your 
result. If you can't, differentiate and simplify and look for a pattern in your answers. 

1 Find dy for each of the following functions. In parts (d) and (e), a and b are constants. dx . 

(a) (x+3)2 (b) (2x-3)2 (c) (l-3x)3 (d) (ax+b) 3 

(e) (b-ax) 3 (f) (l-x)5 (g) (2x-3)4 (h) (3-2x)4 
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2 Suppose that y = (ax+ b t, where a and b are constants and n is a positive integer. Guess 

a formula for dy . 
dx 

3 Use the formula you guessed in Question 2, after checking that it is correct, to differentiate 
each of the following functions, where a and b are constants. 

(a) (x+3) 10 (b) (2x-1)5 (c) (1-4x)7 
(e) (4-2x)6 . (f) 4(2+3x)6 (g) (2x+5)5 

(d) (3x - 2)5 

(h) (2x - 3)9 - - 11111 - W W:VM!i8 'illllll! 

In Exercise 12A, you were asked to predict how to differentiate a function of the form 
(ax+ bt, where a and b are constants and n is a positive integer. The result was: 

Ify=(ax+bt,then dy=n(ax+bt-1 xa. 
dx 

Now assume that the same formula works for all n, including fractional and negative 
values. There is a proof in Section 12.4, but you can skip it on a first reading. The result, 
however, is important, and you must be able to use it confidently. 

If a' b and n are constants, and y =(ax+ bt' then dy = n(ax + bt-1 x a. 
dx 

Example 12.1.2 

Find dy when (a) y = -J3x + 2, 
dx 

1 
(b) y= l-2x · 

(a) Writing .,,/3x + 2 in index form as (3x + 2)! and using the result in the box, 

dy =1.(3x+2rt X3=l 1 
I =--

3 
, 

dx 2 2 (3x + 2)2 2-J3x + 2 

(b) in index form y = (1-2xr1
, so.~= -1(1-2xr2 x (-2) = --

2 ~ . 

Example 12.1.3 
Find any stationary points on the graph y = -J2x + 1 + b, and determine whether 
h . . . .th -v2x+ 1 t ey are maxima, mm1ma or ne1 er. 

,/2x + 1 is defined for x;;;. -! , and b for x > -! . So the largest possible 
d · · 1 \/2X + 1 omam1s x>- 2 . 

I I 
y = (2x + 1)2 + (2x + 1p:, so 

~ = ~ (2x + it! x 2 + (-W2x + It~ x 2 = ( 2x + 1) ~! - (2x + It~ 
1 1 2x + 1-1 2x 
-1-:- 3= 3=-- 3' 

(2x + 1)2 (2x + 1)2 (2x + 1)2 (2x + 1)2 
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Stationary points are those for which dy = 0 , which happens when x = 0. 
dx 

To find the nature of the stationary point, notice that the denominator in the expression 

for dy is positive for all values of x in the domain, and that the numerator is pos"itive 
dx 

for x > 0 and negative for x < 0. So y has a minimum at x = 0 . 

The result given in the box on page 175 is a special case of a more general result which 

you can use to differentiate any function of the form f( ax + h) . 

'"H'3i.&~~i$~:~~~~~£~~4i~~@~~~~m.,~~~~ 

If a and hare constants, and if i_f(x) = g(x), 
dx 

d 
then -f(ax + h) = ag(ax + b). 

dx 

For the special case in this section, f(x) = xn and g(x) = nxn-1
• Then 

i_(a.X+ ht= i_f(ax+ h) = ag(ax + b) =an( ax+ ht-1
• 

dx dx 

~4.~iil'S!ll.i!~!ii~l§!\\!~JIRI!~~ Exercise 12B r&~ 

1 Find dy for each of the following. 
dx 

(a) ,y=(4x+5)5 (b) y=(2x-7)8 

2 Find dy for each of the following. 
dx 

1 1 
(a) y=3x+5 - -.- -2 (b) Y- (4-x) 

3 Find dy for each of the following. 
dx 

(a) y=-J2x+3 (b) y=~6x-1 

(c) y=(2-:x)6 

- . ·3· (c) Y- (2x+l) 

1 
(c) y= -J4x+7 

4 Given that y = {2x + 1)3 + (2x -1)3 , find the value of dy when x = 1. 
dx 

(d) y=(-}x+4)4 

4 
(d) y= (4x-lt 

(d) y = 5(3x - 2rt 

3 
S Find the coordinates of the point on the curve y = (l - 4x )2 at which the gradient is - 30 . 

6 Find the equation of the tangent to the curve y = -
1
-. at (-1, -±) . 

3x+l 

7 Find the equation of the normal to the curve y = -J 6x + 3 at the point for which x = 13. 

~;,~~"J:..1:;z:'.:z-:,i:~r:"'~;::"'.X.''iin·.:-:::\::~.--~~~::-·:v::.12-~:"IT":-:~iPf~'.f~~::~~~1F~~~~~~·rl!~l'9'l@'J'"":.;&dj\.2l*ifi~t.~g*-,,.:?::~&~ 



CHAPTER 12: EXTENDING DIFFERENTIATION 

12.2 The chain rule: an informal treatment 

When you differentiate (ax + b t by using the methods of Section 12.1, you are actually 
differentiating the composite function 

x ~ [x,a,+,b,=] ~ ax+b ~ [raisetopowern] ~ (ax+bt. 

That is, you are differentiating f(F(x)), where F: x H ax+ band f: u Hun. 

You will soon see the reason for using different letters, x and u, in describing the two 

functions. Remember that the function is the same, whatever letter is used. (See 

Section 11.3.) 

The rule at the end of Section 12.1 is a special case in which F(x) =ax+ b. This section 
shows how the rule can be generalised to differentiate f(F(x)) where F is any function 
which can be differentiated. As a lead-in, here is a very simple example which suggests 
the general rule. 

Example 12.2.1 
Find the derivative of the composite function 
x ~ [x,a,+,b,=J ~ ax+b ~ [x,c,+,d,=] ~ c(ax+b)+d. 

If you let y = c( ax + b) + d , then 

dy d d - = -(c(ax+ b) + d) = -(cax + cb +d) =ca. 
dx dx dx 

However, if you let u stand for the intermediate output ax + b , then y = cu -t d. 
dy · du dy . dy dy du 

So -=c and-=a and -=ca. That1s -=-X-. 
du dx ' dx ' dx du dx 

You can also think about this in terms of rates of change. 

Recall that: 

• 

• 

• 

dy is the rate at which y changes with respect to x, 
dx 

dy is the rate at which y changes with respect to u , 
du 

du is the rate at which u changes with respect to x . 
dx 

The equation dy = c means that y is changing c times as fast as u; similarly u is 
du 

changing a times as fast as x . It is natural to think that if y is changing c times as fast 
as u , and u is changing a times as fast as x , then y is changing c x a times as fast 

as x. Thus, again, 

dy dy du 
-=-X-. 
dx du dx 
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Example 12.2.2 

Find : when y = ( 1 + x2
) 

3
. 

So far there has been no alternative to expanding by the binomial theorem. You 
have had to write 

y =(1+ x2
)

3 =1+3x2 + 3x4 + x 6
, 

dy = 6x+ 12x3 + 6x5 = 6x(l + 2x 2 + x 4
) 

dx 

= 6x(l + x2
) 

2
. 

. ~ ~ ~ . But now the relation - = - x :-- suggests another approach. If you substitute 
dx du dx 

u = 1 + x 2
, so that y = u3

, then 

dy =3u2 =3(1+x2 ) 2 and du =2x. 
du dx 

So dy x du = 3( 1 + x2
) 

2 x 2x = 6x( 1 + x2
) 

2
. 

du dx 

. dy _ dy xdu. 
So once agam dx - du dx 

Assume now that this result, known as the chain rule, holds in all cases. It is also 
sometimes called the 'composite function' rule, or the 'function of a function' rule. 

The chain rule is easy to remember because the term du appears to cancel, but bear in 

mind that this is simply a helpful feature of the notation. Cancellation has no meaning in 

this context. 

Chain rule 

dy dy du 
If y = f(F(x)), and u = F(x) so that y = f(u), then - =--,--- x - . 

dx du dx 

A proof is given in Section 12.4, but you can omit it on a first reading. 

Example 12.2.3 
I 

Differentiate y = (2x + 1)2 with respect to x. 

I dy 1 I · 1 I dU 
Substitute u=2x+l,sothat y=u2 .Then -= 2 u-2 = 2 (2x+1r2 and -=2. 

du dx 

A dy - dy du dy - 1 (2 1)_.!. 2 - (2 1)_1- - 1 s ---x- --- x+ 2 x - x+ 2 -- • 
· dx du dx' dx 2 .)2x + 1 



Example 12.2.4 

Find dy when 
dx 

CHAPTER 12: EXTENDING DIFFERENTIATION 

1 
(a) y = 1 + x2' (b) y=-Jl-x2 

' (c) y = ~1 + ...Jx . 

. 2 1 dy 1 1 du 
(a) Substitute u = 1 + x , so y = - . Then - = - 2 = - 2 and - = 2x. 

u du u (1+x2) dx 

dy dy du 1 -2x 
So -=-X-=-

2
x2x=--,. 

dx du dx (1+ x2) (1 + x2) 

(b) Substitute u = 1- x2
, so y =-JU= ut. 

1 1 du dy 1 -t _ - and - = -2x · 
Then du= -zu - 2-JU-

2
-Jl-x2 dx 

dy dy du 1 -x 
So -=-X-= ~x(-2x)= -J 

2
. 

dx du dx 2 1- x 2 1- x 

(c) Substitute u = 1 + ...Jx, so y =-[;;,. 

I 1 1 dU 1 
dy 1 -- - and - = / · 

Then du= 2 u 2 = 2..J;;, - 2~1 +...Jx dx 2-v x 

dy dy du 1 1 _ 1 
So dx = du x dx = 2~ 1 + ...Jx x 2...Jx - 4~r=x(=l =+ =...Jx=) . 

Exercise 12C 

1 Use the substitution u = 5x + 3 to differentiate the following with respect to x. 
6 I 1 

(a) y=(5x+3) (b) y=(5x+3)2 (c) y=--
5x+3 

2 Use the substitution u = 1- 4x to differentiate the following with respect to x. 

(a) y=(l-4x)5 (b) y=(l-4xr3 (c) y=.Jl-4x 

3 Use the substitution u = 1 + x3 to differentiate the following with respect to x. 

(a) y=(l+x3 )
5 

(b) y=(l+x3r4 
(c) y=~h+x3 

4 Use the substitution u = 2x2 + 3 to differentiate the following with respect to x. 

( )
6 1 1 

(a) y= 2x2 +3 (b) y=-
2

- (c) y= ~ 
· 2x +3 · v2x2 +3 

S Differentiate y = (3x 4 + 2 )
2 

with respect to x by using the chain rule. Confirm your 

answer by expanding (3x 4 + 2 )2 and then differentiating. 
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6 Differentiate y = ( 2x3 + 1) 3 with respect to x 

(a) by using the binomial theorem to expand y = ( 2x3 + 1) 3 and then differentiating term 
by term, 

(b) by using the chain rule. 

Check that your answers are the same. 

7 Use appropriate substitutions to differentiate the following with respect to x. 

(a) y=(x5 +1) 4 (b) y=(2x3 -"1) 8 (c) y=(-v'X-1)
5 

8 Differentiate the following with respect to x; try to do this without writing down the 
substitutions. 

(a) y=(x 2 +6) 4 (b) y = ( 5x3 + 4) 3 (c) y=(x4 -8)7 (d) y=(2-x9)5 

9 Differentiate the following with respect to x. 

(a) y=--J4x+3 (b) y=(x2 +4) 6 (c) y=(6x3 -5}-2 (d) y=(5-x3
)-

1 

10 Given that f(x) =~,find (a) f'(2), (b) the value of x such that f'(x) =0. 
l+x 

11 Given that y = V x3 + 8 , find the value of dy when x = 2. 
dx 

12 Differentiate the following with respect to x . 

(a) y=(x2 +3x+1) 6 (b) y=rz-1. 
x +5x 

13 Find the equation of the tangent to the curve y = ( x2 
- 5) 3 at the point (2, -1) . 

14 Find the equation of the tangent to the curve y = ,--
1 

at the point (4,1). 
--ix -1 

15 Find the equation of the normal to the curve y = ~ at the point ( -1,4) . 
1-x 

16 Use the substitutions u = x 2 -1 and v =.JU+ 1 with the chain rule in the form 

dy = dy x dv x du to differentiate y = (-J x 2 -1+1)
6

. 
dx dv du dx 

17 Use two substitutions to find ! (~1+.,/4x+3). 
18 A curve has equation y = (x2 +1) 4+ 2(x2 +1) 3

. Show that ~ = 4x(x2 +1)2 (2x 2 + 5) and 

hence show that the curve has just one stationary point. State the coordinates of the 
stationary point and, by considering the gradient of the curve on either side of the 
stationary point, determine its nature. 

mi'IT<...1~i5"~>-~Ji{?,,::Ct:'°t.'.':!E:~i:!7;:filo;:,~~'dZ.'?>::4.~~;s;;_';:E;~:::.:.~~2-:;::,.~;z-}i~~'[.tr~~~"~'.;':,';~~..2;'.,.'";2_;:,.;:.~~·~':,:~'~l-":~'~?.:?.~.T.if:::t.2!:;;:.;~2:'?:?.:"":'l.'.'.:~;_,,-::';:~~;~"£".!l:..~.M:.t'i..~~~c~ 
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12.3 Related rates of change 

You often need to calculate the rate at which one quantity varies with another when one 
of them is time. In Section 7.4 it was shown that if r is some quantity, then the rate of 

h f . h . . dr· c ange o r wrt respect to time t rs - . 
dt 

But suppose that r is the radius of a spherical balloon, and you know how fast the volume 
V of the balloon is increasing. How can you find out how fast the radius is increasing? 

Questions like this can be answered by using the chain rule. The situation is best 
described by a problem. 

Example 12.3.1 
Suppose that a spherical balloon is being inflated at a constant rate of 5 m3 s-1

. At a 
particular moment, the radius of the balloon is 4 metres. Find how fast the radius of the 
balloon is increasing at that instant. 

First translate the information into a rriathematical form. 

Let V m3 be the·volume of the balloon, and let r metres be its radius. Let 
i seconds be the time for which the balloon has been inflating. Then you are given 

dV . ~ 
that - = 5 and r = 4, and you are asked to fmd - at that moment. 

dt dt 

Your other piece of information is that the balloon is spherical, so that V = ~ nr3
• 

The key.to solving ~he problem is to use the chain rule in the form 

dV dV dr 
-=-X-, 
dt dr dt 

You can now use dV = 4nr2
. Substituting the various values into the chain rule 

dr formula gives 

5 = ( 4n x 4 2 ) x dr . 
dt 

Th " · h' · f' d h dr 5 h d' · ere1ore, rearrangmg t rs equation, you m t at - = -- , sot era ms rs 
5 dt 64n 

increasing at -- m s-1 

64n 

In practice you do not need to write down so much detail. Here is another example. 

Example 12.3.2 
The surface area of a cube is increasing at a constant rate of 24 cm 2 s -t . Find the rate at 
which its volume is increasing at the moment when the volume is 216 cm3

. 

Let the side of the cube be x cm at time t seconds, let the surface area be S cm2 

and let the volume be V cm 3 
. 

181 
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Then S = 6x2
, V = x 3 and dS = 24, and you need to find dV when V = 216, 

dt dt 

which is when x 3 = 216, or x = 6. 

If you know S and want to find V you need to find x first. Similarly, when you know 

dS and want to find dV you should expect to find dx first. 
ili ili ili 

. dV dV dx 2 dx dV dx 
Fromthechamrule, -=-x-=3x -,so,when x=6, -=108-. 

dt dx dt dt dt dt 

But dS = dS x dx = 12x dx, so 24 = (12 x 6) x dx, giving dx =~.Substituting 
dt dx dt dt dt dt 

this in the equation dV = 108 dx gives dV =<= 108 x ~ = 36. 
dt dt dt 

Therefore the volume is increasing at a rate of 36 cm3 s-1
. 

Exercise 12D 

1 The number of bacteria present in a culture at time t hours after the beginning of an 
experiment is denoted by N . The relation between N and t is modelled by 

N = 10 ( 1 + ~ t) 3 . At what rate per hour will the number of bacteria be increasing when 

t = 6? (OCR, adapted) 

2 A metal bar is heated to a certain temperature and then the heat source is removed. At time 
t minutes after the heat source is removed,.the temperature, (} degrees Celsius, of the 

b .. bl) 280 h "h d. metal ar IS given y o . At w at rate IS t e temperature ecreasmg 
1+0.02t 

100 minutes after the removal of the heat source? (OCR, adapted) 

3 The length of the side of a square is increasing at a constant rate of 1.2 cm s-1• At the 
moment when the length of the side is 10 cm , find 

(a) the rate of increase of the perimeter, 

(b) the rate of increase of the area. 

4 The length of the edge of a cube is increasing at a constant rate of 0.5 mm s-1 . At the 
moment when the length of the edge is 40 mm, find 

(a) the rate of increase of the surface area, 

(b) the rate of increase of the volume. 

S A circular stain is spreading so that its radius is increasing at a constant rate of 3 mm s-1 . 

Find the rate at which the area is increasing when the radius is 50 mm. 

6 A water tank has a rectangular base 1.5 m by 1.2 m . The sides are vertical and water is 
being added to the tank at a constant rate of 0.45 m3 per minute. At what rate is the depth 
of water in the tank increasing? 

7 Air is being lost from a spherical balloon at a constant rate of 0.6 m3 s-1 • Find the rate at· 
which the radius is decreasing at the instant when the radius is 2.5 m. 



CHAPTER 12: EXTENDING DIFFERENTIATION 183 

8 The volume of a spherical balloon is increasing at a constant rate of 0.25 m 3 s-1. Find the 
rate at which the radius is increasing at the instant when the volume is 10 m 3 . 

9 A funnel has a circular top of diameter 
20 cm and a height of 30 cm. When the 
depth of liquid in the funnel is 12 cm, the 
liquid is dripping from the funnel at a rate of 
0.2 cm3 s-1 . At what rate is the depth of the 
liquid in the funnel decreasing at this instant? 

-2ocm-

1 
30cm 

j 
~ P¥ 

12.4* Deriving the chain rule 

In Section 12.2 the chain rule was shown to work in a number of simple cases, and 
justified by an informal argument involving rates of change. This section shows how it 
can be proved, although the argument depends on some assumptions which need to be 
examined more carefully before the proof is complete. You may omit this section if you 
wish; there is no exercise depending on it. 

In Section 7.4, dy is defined as 
d.x 

dy = lim oy. 
d.x Ox-40 ox 

By changing the letters in the definition, 

dy = lirn oy 
du Ou-40 Ou 

and du=limou. 
d.x Ox-40 ox 

Now, in these expressions, when y is a function of u, where u is a function of x, then 
as x changes u changes and so y changes. 

Take a particular value of x, and increase x by ox with a corresponding increase of ou 
in the value of u' which, in turn, increases the value of y by oy. Then 

oy oy ou 
-=-x-ox OU ox 

because oy, ou and ox are numbers which you can cancel, assuming that ou -:;:. 0 . 

To find dy , you must take the limit as ox ~ 0, so 
d.x 

dy = lim oy = lim ( 0Y x ou). 
d.x Ox-40 ox Ox-40 OU ox 
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Assuming that as Ox~ 0, Ou~ 0 and that lim (
0Y x Ou)= lim (

0Y) x lim (
0
u), 

· f 11 · h lix->o ou ox 0x->o ou 0x->o ox It 0 OWS t at 

dy = lim Oy = lim ( 0Y x Ou) 
dx lix->O Ox ox-->0 Ou Ox 

= Im - X Im - = Im - X Im -1. (oy) 1. (ou) 1. (oy) 1. (ou) 
lix-;O Ou ox->0 Ox Ou->0 Ou Ox-->0 ox 
dy du 

=-X-. 
du dx 

Th. dy dy du · h. h · 1 " d"f"' · · · f · is result, - = - x - , 1st e c am rue 1or 1 1erentlatmg composite unctmns. 
dx du dx 

Note that the results in Section 12.1 are particular cases of the chain rule since; if 
du u=ax+b, -=a. 
dx 

~~- Miscellaneous exercise 12 lllFI§• Uitaw;w · H lL&i 

1 Differentiate ( 4x -1)20 with respect to x. (OCR) 

2 Differentiate 
1 

7 with respect to x . 
(3-4x) 

(OCR) 

3 Differentiate 2( x 4 + 3) 5 with respect to x. 

4 Find the equation of the tangent to the curve y = ( x 2 
- 5) 6 at the point ( 2, 1). 

5 Given that y = ~ x 3 + 1 , show that dy > 0 for all x > -1 . dx . 

6 Given that y = - 1
- + 1 

2 , find the exact value of dy wheri x = 2 . 
2x-l (2x-l) dx 

7 Hnd the equation of the tangent to the curve y = ( 4x + 3)5 at the point ( ~ ! ,1), giving your 
answer in the form y = nu+ c . (OCR) 

8 Find the coordinates of the stationary point of the curve with equation y = -
2 

1
-. 

x +4 

9 Find the equation of the normal to the curve y = ~2x2 + 1 at the point (2,3). 

10 The radius of a circular disc is increasing at a constant rate of 0.003 cm s-1
• Find the rate at 

which the area is increasing when'the radius is 20 cm. (OCR) 

11 A viscous liquid is poured on to a flat surface. It forms a circular patch whose area grows at 
a steady rate of 5 cm2 s-1. Find, in terms of n, 

(a) ·the radius of the patch 20 seconds after pouring has commenced, 

(b) the rate of increase of the radius at this instant. (OCR) 
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12 Find the equation of the tangent to the curve y = 
50 

2 at the point (3,2), giving your 
. (2x-1) 

answer in the form ax+ by+ c = 0, where a, b and c are integers. (OCR) 

13 Sketch the graph of y = (x - 2)2 
- 4 showing clearly on your graph the coordinates of any 

stationary points and of the intersections with the axes. 

Find the coordinates of the stationary points on the graph of y = (x - 2)3 -12(x - 2) and 
sketch the graph, giving the exact coordinates (in surd form, where appropriate) of the 
intersections with the axes. (OCR) 

14 Differentiate ~ x + ~ with respect to x. (OCR) 

15 The formulae for the volume of a sphere of radius r and for its surface area are V = i nr 3 

and A= 4nr2 respectively. Given that, when r = 5 m, V is increasing at a rate of 
10 m3 s-1 , find the rate of increase of A. at this instant. (OCR) 

16 Using differentiation, find the equation of the tangent at the point (2,1) on the curve with 

equation y = -J x 2 - 3. (OCR) 

17 Differentiate 
1 

? with respect to t . 
(3t 2 + 5) 

(OCR) 

18 (a) Curve C
1 

has equation y = -J 4x - x2 • Find dy and hence find the coordinates of the 
. . dx 

stationary pomt. 

(b) Show that the curve C2 with equation y = -Jx2 -4x has no·stationary point. 

19 A curve has equation y = ~ (3x + 1)4 
- 8x. 

(a) Show that there is a stationary point where .x = ~ and determine whether this 
stationary point is a maximum or a minimum. 

(b) At a particular point of the curve, the equation of the tangent is 48x + 3y + c = 0. Find 
the value of the constant c. (OCR) 

20 If a hemispherical bowl of radius 6 cm contains water to a depth of x cm, the volume of 
the water is ~ nx 2 (18 - x). Water is poured into the bowl at a rate of 3 cm3 s-1 . Find the 
rate at which the water level is rising when the depth is 2 cm . 

21 An underground oil storage tank ABCDEFGH is 
part of an inverted square pyramid, as shown in the 
diagram. The complete pyramid has a square base Er----+------<• 

of side 12 m and height 18 m . The depth of the 
tank is 12 m. 

When the depth of oil in the tank is h metres, show 
that the volume V m3 is given by 
V= 2~(h+6)3 -32. 

Oil is being added to the tank at the constant rate of 
4.5 m3 s-1 • At the moment when the depth of oil is 
8 m, find the rate at which the depth is increasing. 
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22 A curve has equation y = ( x 2 -1) 3 
- 3( x 2 -1) 2 . Find the coordinates of the stationary 

points and determine whether each is a minimum or a maximum. Sketch the curve. 

23 Find the coordinates of the stationary point of the curve y = -
1
- -

1 ~ and 
2x + 1 · (2x + 1) 

determine whether the stationary point is a maximum or a minimum. 

24 Find the coordinates of the stationary point of the curve y = -J 4x -1 + ~ and 
-v4x -1 

determine whether the stationary point is a maximum or a minimum. 

25 (a) Expand (ax+ b )3 using the binomial theorem. Differentiate the result with respect to 
x and show that the derivative is 3a(ax + b)2

. 

(b) Expand (ax+ b)4 using·the binomial theorem. Differentiate the result with respect to 
x and show that the derivative is 4a( ax+ b )3 

. 

(c) Write down the expansion of (ax+ bY where n is a positive integer. Differentiate the 
result with respect to x. Show that the derivative is na( ax + b y-1

. - 111111 iiBiri w• ~ 



Revision exercise 2 

1 Find the equation of the tangent at x = 3 to the curve with equation y = 2x2 - 3x + 2. 

2 Find the coordinates of th.e vertex of the parabola with equation y = 3x2 + 6x + 10 

(a) by using the completed square form, 

(b) by using differentiation. 

3 Find the coordinates of the point on the curve y = 2x2 - 3x + 1 where the tangent has 
gradient 1. 

4 The normal to the curve with equation y = x 2 at the point for which x = 2 meets the curve 
again at P . Find the coordinates of P . 

S A normal to the curve y = x 2 has gradient 2. Find where it meets the curve. 

6 Find the equation of the normal to the curve with equation y = '1X at the point (1,1) . 
Calculate the coordinates of the point at which this normal meets the graph of y = -'1X. 

7 The height, h centimetres, of a bicycle pedal above the ground at time t seconds is given 
by the equation 

h = 30+15cos90t0
• 

(a) Calculate the height of the pedal when t = 1 ! . 
(b) Calculate the maximum and minimum heights of the pedal. 

( c) Find the first two positive values of t for which the height of the pedal is 43 cm. Give 
your answers correct to 2 decimal places. 

(d) How many revolutions does the pedal make in one minute? 

8 (a) Calculate the gradient of the graph of y = 12Zfx at the point where x = 8 and hence 
find the equation of the tangent to the graph of y = 12Zfx at the point where x = 8 . 

(b) Find the equation of the line passing through the points with coordinates (15,30) and 
(-31,-14). 

(c) Hence find the coordinates of the point where the tangent in part (a) meets the line in 
part (b). 

1 3 ('1X+1)
2 

9 Differentiate x +-, 2'1X, r and with respect to x. 
x -vx x 

10 Find the maximum and minimum values of y = x 3 - 6x2 + 9x - 8. 

11 A curve has equation y = 2x3 - 9x2 + 12x - 5. Show that one of the stationary points lies 
on the x-axis, and determine whether this point is a maximum or a minimum. 
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12 Solve the following equations, giving values of (:} in the interval -180 ,;::; (:} ,;::; 180 correct 

to .1 decimal place. 

(a) 3sin2 e0 
- 2cos2 e0 =1 

(b) 3+4tanW0 =5 

(b) cos8°tan8° = -i 
(d) 4cos2 W 0 = 3 

13 (a) Solve the equation tan2 2x 0 = ~ giving all solutions in the interval 0,;::; x,;::; 360. 

1 
(b) Prove that tan 2 8° = --2- -1. 

cos e0 

(c) Write down the period of the graph of y = 
3 

2 , and also the coordinates of a 
2+cos 2x 0 

maximum value of y. 

14 Differentiate ~ + Jx and ( ~ + Jx r with respect to x. 

15 By drawing suitable sketch graphs, determine the number of roots of the equation 

10 
cosx0 =­

x 

which lie in the interval -180 < x < 180 . (OCR, adapted) 

16 The function x H l- x , x E IR, x :;t: -t, has an inverse. Find the inverse function, giving 
1+2x 

your answer in similar notation to the original. 

17 The nth term of a.series is t (2n -1). Write down the (n + l)th term. 

(a) Prove that the series is an arithmetic progression. 

(b) Find, algebraically, the value of n for which the sum to n terms is 200 . 

18 (a) Determine the first three terms in the binomial expansion of ( x - ~y 

(b) write down the constant term in the binomial expansion of ( 2x + ~ r 
19 Differentiate y = ~ with respect to x. Draw a sketch of the curve. 

2x+3 

(OCR) 

(OCR) 

20 (a) The function f is defined by f(x) = x 2 -2x-1 for the domain -2,;::; x,;::; 5. Write 
f(x) in completed square form. Hence fina the range of f. Explain why f does not 
have an inverse. 

(b) A function g is defined by g(x) = 2x2 
- 4x - 3. Write down a domain for g such that 

g-1 exists. (OCR, adapted) 

21 The tenth term of an arithmetic progression is 125 and the sum of the first ten terms is 
260. 

(a) Show that the first term in the progression is - 73. 

(b) Find the common difference. (OCR) 
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22 The binomial expansion of (1 +ax f, where n is a positive integer, has six terms. 

(a) Write down the value of n. 

The coefficient of the x3 term is % . 
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(b) Find a. (OCR) 

23 The function f is defined for the domain x ~ 0 by f: x H 4 - x 2
. 

(a) Sketch the graph of f and state the range of f. 

(b) Describe a simple transformation whereby the graph of y = f(x) may be obtained from 
the graph of y = x 2 for x ~ 0 . 

(c) The inverse off is denoted by f- 1 . Find an expression for f-1 (x) and state the 
domain of f-1 . 

(d) Show, by reference to a sketch, or otherwise, that the solution to the equation 
f(x) = f- 1(x) can be obtained from the quadratic equation x 2 + x -4 = 0. Determine 
the solution of f(x) = f-1(x), giving your value to 2 decimal places. 

24 Find the coefficient of x\ in the bino~ial expansion of ( 1+~)
6 

25 An arithmetic progression has first term 3 and common difference 0.8. The sum of the 
first n terms of this arithmetic progression is 231. Find the value of n . 

26 Differentiate each of the following functions with respect to x . 

(a) (x3 +2x-1)3 (b) ~ 2
1 

x +l 

27 A spherical star is collapsing in size, while remaining spherical. When its radius is one 
million kilometres, the radius is decreasing at the rate of 500 km s - l . Find 

(a) the rate of decrease of its volume, (b) the rate of decrease of its surface area. 

28 Write down the periods of the following trigonometric functions. 

(a) cosx0 (b) cos~x0 (c) cos~x0 

29 A woman started a business with a workforce of 50 people. Every two weeks the number of 
people in the workforce increased by 3 people. 

How many people were there in the workforce after 26 weeks? 

Each member of the workforce earned $600 per week. What was the total wage bill for this 
26 weeks? 

30 Sketch the graph of y = ~ x 2 
- 3x + 12. 

The points P and Q on the graph have x-coordinates 0 and 8 respectively. The tangents at 
P and Q meet at R. Show that the point (11,9) is equidistant from P, Q and R. 

(OCR, adapted) 

31 The origin 0 and a point B(p,q) are opposite vertices of the square OABC. Find the 
coordinates of the points A and C . 

A line l has gradient !1. Find possible values for the gradient of a· line at 45° to l. 
p 



13 Vectors 

This chapter introduces the idea of vectors as a way of doing geometry in two or three 
dimensions. When you have completedit, you should 

• understand the idea of a translation, and how it can be expressed either in column form 
or in terms of basic unit vectors 

• know and be able to use the rules of vector algebra 
• understand the idea of displacement and position vectors, and use these to prove 

geometrical results 
• appreciate similarities and differences between geometry in two and three dimensions 
• know the definition of the scalar product, and its expression in terms of components 
• be able to use the rules of vector algebra which involve scalar products 
• be able to use scalar products to solve geometrical problems in two and three 

dimensions, using general vector algebra or components. 

13.1 Translations of a plane 

In Section 3.6 you saw that if you translate the graph y = ax 2 +bx through a distance c 
in the y-direction its new equation is y = ax2 +bx+ c. In general, if you translate the 
graph y = f(x) a distance c units in the y-direction its equation becomes y = f(x) + c. 
A practical way of doing this is to draw the graph on a transparent sheet placed over a 
coordinate grid, and then to move this sheet up the grid by c units. 

The essential feature of a translation is that the sheet moves 
over the grid without turning. A general translation would 
move the sheet k units across and l units up the grid. This is 
shown in Fig. 13 .1, where several points move in the same 
direction through the same distance. Such a translation is 

called a vector and is written (~} ~ 
Fig. 13.1 

For example, the translation of y = f(x) described above would be performed by the vector 

( ~) ; similarly the vector ( ~) performs a translation of k units across in the x-direction. 

In practice, drawing several arrows, as in Fig. 13.1, is not a 
convenient way of representing a vector. It is usual to draw 
just a single arrow, as in Fig. 13.2. But you must understand 
that the position of the arrow in the (x,y)-plane is of no 
significance. This arrow is just one of infinitely many that 
could be drawn to represent the vector. 

~I 
k -- - - - - , 

Fig. 13.2 

You may meet uses of vectors in other contexts. For example, mechanics uses velocity 
vectors, acceleration vectors, force vectors, and so on. When you need to make the 
distinction, the vectors described here are called translation vectors. These are the only 
vectors used in this book. 
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13.2 Vector algebra 

It is often convenient to use a single letter to stand for a vector. In print, bold type is used to 

distinguish vectors from numbers. For example, in p = C) , p is a vector but k and l are 

numbers, called the components of the vector p in the x- and y-directions. 

In handwriting vectors are indicated by a wavy line underneath the letter: £ = ( 7} !tis 

important to get into the habit of writing vectors in this way, so that it is quite clear in your 

work which letters stand for vectors and which stand for numbers. 

If s is any number and p is any vector, then sp is another vector. If s > 0, the vector 
sp is a translation in the same direction as p but s times as large; if s < 0 it is in the 
opposite direction and Is I times as large. A number such as s is often called a scalar, 
because it usually changes the scale of the vector. 

The similar triangles in Fig. 13.3 show that sp = C7} In-~articular, (-l)p = (=~),which is 
a translation of the same magnitude as p but in the opposite direction. It is denoted by -p. 

p 

~l 

L
----: sp, 

- k : 

' 
. : sl 

' ' ' --------------------· 
sk 

Fig. 13.3 

w 

/7 u 
k m 

Fig. 13.4 Fig. 13.5 

Vectors are added by performing one translation after another. In Fig. 13.4, p and q are 
two vectors. To form their sum, you want to represent them as a pair of arrows by which 
you can trace the path of a particular point of the moving sheet. In Fig. 13 .5, p is shown 
by an arrow from U to V , and q by an arrow from V to W . Then when the 
translations are combined, the point of the sheet which was originally at u would move 
first to V and then to W . So the sum p + q is represented by an arrow from U to W. 

Fig. 13.5 also shows that: 

If p = (7) and q =(:}then p+q = (~::} 

To form the sum q + p the translations are performed in the 
reverse order. In Fig. 13.6, q is now represented by the 
arrow from U to Z; and since UVWZ is a parallelogram p 
is represented by the arrow from Z to W . This shows that 

p+q =q+p. 

This is called the commutative rule for addition of vectors. Fig. 13.6 

w 

191 

j 



192 PURE MATHEMATICS 1 

Example 13.2.1 

If p = ( !3). q = G) and r = G). show that there is a number s such that p + sq = r. 

You can write p +sq in column vector form as 

( !3 )+ sG) = ( !3 )+(;s) = ( _~:~s} 
If th~s is equal to r, then both the x- and y-components of the two vectors must 
be equal. This gives the two equations 

2+s=5 and -3+2s=3. 

Both these equations are satisfied by s = 3, so it follows that p + 3q = r . You can 
check this for yourself using squared paper or a screen display, showing arrows 
representing p, q , p + 3q and r . 

The idea of addition can be extended to three or more 
vectors. But when you write p + q + r it is not clear 
whether you first add p and q and then add r to the 
result, or whether you add p to the result of adding q 
and r. Fig. 13.7 shows that it doesn't matter, since the 
outcome is the same either way. That is, 

(p + q) + r = p + ( q + r). 

This is called the associative rule for addition of vectors. Fig. 13.7 

To complete the algebra of vector addition, the symbol 0 is needed for the zero vector, 
the 'stay-still' translation, which has the properties that, for any vector p, 

Op=O, p+O=p, and p+(-p)=O. 

Vector addition and multiplication by a scalar can be combined according to the two 
distributive rules for vectors: 

s(p + q) = sp + sq 

and (s+t)p=sp+tp 

Fig. 13.8 

(from the similar triangles in Fig. 13.8) 

(see Fig. 13.9) 

sq 

Fig. 13.9 

q 
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Subtraction of vectors is defined by 

p+x=q <=> x=q-p. 

This is illustrated in Fig. 13.10. Notice that to show q - p 
you represent p and q by arrows which both start at the 
same point; this is different from addition, where the 
arrow representing q starts where the p arrow ends. 

Comparing Fig. 13.10 with Fig. 13.11 shows that 

q-p=q+(-p). 

In summary, the rules of vector addition, subtraction and 
multiplication by scalars look very similar to the rules of· 
number addition, subtraction and multiplication. But the 
_diagrams show that the rules for vectors are interpreted 
differently from the rules for numbers. 

13.3 Basic unit vectors-

t7. 
Fig. 13.10 

~q 
Fig. 13.11 

If you apply the rules of vector algebra to a vector in column form, you can see that 

p =(7) =(~: ~) = (~)+C) = k(~) + z(~)-

The vectors (~).and (~) which appear in this last expression are called basic unit 

vectors in tlie x- and y-directions. They are denoted by the letters iand j, so 

p=ki+lj. 

Thisis illustrated by Fig. 13.12. The equation shows 
that any vector in the plane can be constructed as the 
sum of multiples of the two basic vectors i and j . 

The vectors ki and l j are called the component 
vectors of pin the x- and y-directions. 

p 

~ljjL 
ki I 

Fig. 13.12 

You now have two alternative notations for doing algebra with vectors. For example, if 

you want to find 3p - 2q, where p is G) and q is ( ! 
3
) , you can write either 

3(;)- 2( ~3) =(1~)-( !6) = (is6
-(:6)) =(;1) 

or 3(2i +5j)- 2(i - 3j) = (6i + 15j)- (2i- 6j) = 6i + 15j- 2i + 6j = 4i + 2lj. 

You will find that sometimes one of these forms is more convenient than the other, but 
usually it makes no difference which you use. 

193 
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~·,:_ ; ,,j;, ,:::2Efil'Z,Ki:Ei£1Z¥;>B:Mri!ii~;i;i~;';l Exercise 13A !r.l,~BU!iliil!!ll!lliiim~~lllilli'lli'liilmlll 

When you are asked to illustrate a vector equation geometrically, you should show 
vectors as arrows on a grid of squares, either on paper or on screen. 

1 Illustrate the following equations geometrically . 

(a) (;)+(~)=G) . . . .~.- . (b) 3(!2)=(!6) 

(c) (~)+2e2)=(~) (d) G}-(n=(~2) 
(e) 3( ~l)-( _34) = GJ (f) 4GJ-3G) =(~1) 

(g) (:3)+(~)+(=~) = (~) (h) 2(!1)+3(~2)+(~7}=(~) 
2 Rewrite each of the equations in Question 1 using unit vector notati~:m. 

3 Express each of the following vectors as column vectors, and illustrate your answers 
geometrically. 

(a) i+2j (b) 3i (c) j-i (d) 4i-3j 

4 Show th~t there is a number s such that s G) + ( ~3) = ( ~l J Illustrate your answer 
geometncally. 

5 If p = 5i - 3j, q = 2j- i and r = i + 5j, show that there is a number s such that 
p +sq= r. Illustrate your answer geometrically. 

Rearrange this equation so as to express q · in terms of p and r. Illustrate the rearranged 
equation geometrically. 

6 Find numbers s and t such that s(;) + t( =~) = GJ Illustrate your answer geometrically. 

7 If p = 4i + j , q = 6i - 5 j and r = 3i + 4 j, find numbers s and t such that sp + tq = r . 
Illustrate your answer geometrically. 

8 Show that it isn't possible to find numbers s and t such that(-~)+ s(n = ( ~6) and 

(!) + t ( ~l) = G). Give geometrical reasons. 

9 If p = 2i + 3j, q = 4i - 5j and r = i - 4j, find a set of numbers f, g and h such that 
f p + gq +hr= 0. Illustrate your answer geometrically. Give a reason why there is more 
than one possible answer to this question. 

10 If p = 3i- j, q = 4i + 5j and r = 2j- 6i, 

(a) can you find numbers s and t such that q = sp +tr, 

(b) can you find numbers u and v such that r = up+ vq? 

Give a geometrical reason for your answers. 

~.'ii3tl!t'"-~mJ]iR% .. ~"J.:""~~~MliiW#'~MiM'iR!! p• 
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13.4 Position vectors 

If E and F are two points on a grid, there is a unique translation which takes you from 
E to F . This translation can be represented by the arrow which. starts at E and ends at 

F, and it is denoted by the symbol EP. 
Some books use EF in bold type rather than EP to emphasise that it is a vector. 

However, although this translation is unique, its name is not. If G and Hare two other 
points on the grid such that the lines EF and GH are parallel and equal in length (so 
that EFHG is a parallel~gram, see Fig. 13.13), then the translation EF also takes you 

from G to H, so that it could also be denoted by GR . In a vector equation EP could 

be replaced by GlJ without affecting the truth of the statement. 

Vectors written like this are sometimes called displacement 

195 

vectors. But they are not a different kind of vector, just 
translation vectors written in a different way. 

H 

------------,,, F 

G ',,_ ----------
E There is, however, one especially important displacement 

vector. This is the _translation that starts at the origin 0 and 
~ ~ ~ ~ 0 --------A 

ends at a point A ( OA in Fig. 13.13), so that OA = EF = GH. 
The translation from 0 to A is called the position vector of A. Fig. 13.13 

There is a close link between the coordinates of A and the components of its position vector. 
If A has coordinates ( u, v) , then to get from 0 to A you must move u units in the 

-~ 
x-direction and v units in they-direction, so that the vector OA has components u and v. 

~~-i!!J~~~~~i'Z~~]f~-

The position vector of the point A with coordinates ( u, v) is 

~ (u) . . OA = v = Ul +VJ. 

A useful convention is to use the same letter for a point and its position vector. For 
example, the position vector of the point A can be denoted by a. This 'alphabet 
convention' will be used wherever possible in this book. It has the advantages that it 
economises on letters of the alphabet and avoids the need for repetitive definitions. 

B.5 Algebra with position vectors 

Multiplication by a scalar has a simple interpretation in 
terms of position vectors. If the vector sa is the position 
vector of a point D, then: 

~ a 2a 

• If s > 0, D lies on the directed line OA (produced if 
necessary) such that OD= sOA. 

• If s < 0, D lies on the directed line AO produced such 
that OD= J s JOA. 

This is shown in Fig. 13.14 for s = ~ and s = -! . 

~ 
1 -2a 

Fig.13.14 
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To identify the point with position vector a+ b 
is not,quite so easy, because the arrows from 0 
to A and from 0 to B are not related in the way 
needed for addition (see Fig. 13.5). Ifis therefore 
necessary fo complete the·parallelogram OACB, 
as in Fig. 13.15. 

Then 

~ ~ ~ ~ ~ 
a+ b = OA +OB = OA +AC = OC.. 

This is called the parallelogram rule of 
addition for position vectors. 

~t?J: 
Fig. 13.15 

B 

Subtraction can be shown in either of two ways. 
If you compare Fig. 13 .16 with Fig. 13 .10, you 
will see that b - a is the displacement vector 
jj. To interpret this as a position vector, draw a 

line OE equal and parallel to AB, so that 

E~A 

oE = jj . Then E is the point with position 

vector b-a. 

Alternatively, you can Write b - a as b + (-a) , 
and then apply the parallelogram rule of addition 
to the points with position vectors b and-a. By 
comparing Figs. 13.16 and 13.17 you can see 

that th,is leads to the same point E . 

:Eia~p1e 13.s.1 

E 

-a 

0 

Fig. 13.16 

B 
--· b 

Fig. 13.17 

Points A and B have position vectors a and b. Find the position vectors of 
(a) the mid-point M of AB, 
(b) the point of trisection T such that AT = j AB. 

, (a) Method 1 The displacement vector jj = b- a, so AM= i (b- a). 
Therefore 

~ ~ ~ 1 1 1' m =OM= OA +AM= a+ 2 (b-a) = 2 a+ 2 b. 

Method 2 If the parallelogram OACB is completed (see Fig.13.15) then 
c = a + b. Since the diagonals of (JACB bisect each other, the mid-point M of 
AB is also the midpoint of OC . Therefore 

_:!: 

m = i c = i (a+ b) = i a + i b. 

(b) The first method of (a) can be modified. The displacement vector 

Ai= ji:lJ = j(h-a), so 

~ ~ ' 

t=OA +AT= a +1(h-a) =~a+ 1b. 

The results of this example can be used to prove an important theorem about triangles. 

§ 

A 
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·Example 13.5.2 
In triangle ABC the mid-points of BC, CA and AB are D, E and F . Prove that the 
lines AD, BE and CF (called the medians) meet at a point G, which is a point of 
trisection of each "of the medians (see Fig. 13.18). 

From Example 13.5.1, d=~h+ic,andthe 
point of trisection on the median AD closer 
to D has position vector 

~a+~d=~a+~(ih+ic). 
= ~a+~b+~c. 

This last expression is symmetrical in a , b and 
c. It therefore also represents the point of 
trisection on the median BE closer to E , and 
the point of trisection on CF closer to. F . 

Therefore the three medians meet each other at a 
point G, with position vector g = ~ (a + b + c) . 
This point is called the centroid of the triangle. 

-. :~.:~-~·; :'.:~~~2 .~~~~.~~-.~J ·-~;,.~.-' ~ Exercise 13B 

B 

c 

Fig. 13.18 

In this exercise the alphabet convention is used, that a stands for the position vector of 
the point A , and so on. 
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1 The points A and B have coordinates (3,1) and (1,2). Plot on squared paper the points C, 
D, ... , H defined by the following vector equations, and state their coordinates. 

(a) c=3a (b) d=-b (c) e=a-b 

(d) f=b-3a (e) g=b+3a (f) h=i(h+3a) 

2 Points A and Bhavecoordinates (2,7) and (-3,-3)respectively.Useavectormethodto 
find the coordinates of C and D, where 

-7 -7 
(a) C is the point such that AC= 3AB, 

-7 -7 
(b) D is the point such that AD = ~AB . 

-7 -7 
3 C is the point on AB produced such that AB = BC . Express C in terms of a and b. 

Check your answer by using the result of Example 13.5.l(a) to find the position vector of 
the mid-point of AC: 

4 C is the point on AB such that AC: CB = 4: 3. Express c in terms of a and b. 

-7 -7 
5 If C is the point on AB such that AC= t AB, prove that c =th+ (1 _:_ t)a. 

-7 -7 
6 Write a vector equation ·connecting a, b, c and d to. express the fact that AB =DC. 

Deduce from your equation that 
-7 -7 

(a) DA =CB, 

(b) if E is the point such that OAEC is a parallelogram, then OBED is a parallelogram. 
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7 ABC is a triangle. D is the mid-point of BC, E is the mid-point of AC, F is the mid­
~ 

point of AB and G is the mid-point of EF . Express the displacement vectors AD and 
~ 

AG in terms of a , b and c. What can you deduce about the points A , D and G? 

8 OABC is a parallelogram, M is the mid-point of BC, and P is the point of trisection of 
AC closer to C . Express b, m and p in terms of a and c. Deduce that p = ~ m, and 

interpret this equation geometrically. 

9 ABC is a triangle. D is the mid-point of BC, E is the mid-point of AD and F is the 
~ ~ 

point of trisection of AC closer to A . G is the point on FB such that· FG = t FB. Express 
d, e , f and g in terms of a , b and c , and deduce that G is the same point as E . Draw a 
figure to illustrate this result. 

10 OAB is a triangle, Q is the point of trisection of AB closer to B and P is the point on 
~ ~ ~ 

OQ such that OP=~ OQ. AP produced meets OB at R. Express AP in terms of a and 
~ ~ 

b, and hence find the number k such that OA + k AP does not depend on a. Use your 

answer to express r in terms of b, and interpret this geometrically. 

Use a similar method to identify the point S where BP produced meets OA. 
~}.;~[~~~1'~1mr&'&f.EJ;iJWW&©iliiii!Mt1ttw1ws awm•N a 4&M••n V! HC\ii!l9fil&lil& 

13.6 Vectors in three dimensions 

The power of vector methods is best appreciated 
when they are used to do geometry in three 
dimensions. This requires setting up axes in three 
directions, as in Fig. 13.19. The usual convention is 
to take Xe and y-axes in a horizontal plane (shown 
shaded), and to add a z-axis pointing vertically 
upwards. 

These axes are said to be 'right-handed': if the Fig. 13.19 

outstretched index finger of your right hand points in 
the x-direction, and you bend your middle finger to point in the y-direction, then your 
thumb can naturally point up in the z-direction. · 

The position of a point is given by its three coordinates (x,y,z). 

A vector p in three dimensions is a translation of the whole of space relative to a fixed 
coordinateframework. (You could imagine Fig. 13.1 as a rainstorm, with the arrows 
showing the translations of the individual droplets.) 

It;, written" [ ~} whioh ;,. tran'lotion of I, m "'d n uni1' in the x-, y- and z­

di=~on..Jtoan nolw be written in the form II+ mj + .nk , where I = [ ~} j = [ n 
k = [ ~) ru-e b8'k unit veot= in the x -, y- ""d z-dffeotion,. 
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Almost everything that you know about coordinates in two dimensions carries over into 
three dimensions in an obvious way, but you need to notice a few differences: 

• The axes can be taken in pairs to define coordinate planes. For example, the x- and 
y-axes define the horizontal plane, called the xy-plane. All points in this plane have 
z-coordinate zero, so the equation of the plane is z = 0. Similarly the xz-plane and 
the yz-plane have equations y = 0 and x = 0; these are both vertical planes. 

• The idea of the gradient of a line does not carry over into three dimensions. However, 
you can still use a vector to describe the direction of a line. This is one of the main 
reasons why vectors are especially useful in three dimensions. 

• In three dimensions lines which are not parallel may or may not meet. Non-parallel 
lines which do not meet are said to be skew. 

Example 13.6.1 
Points A and B have coordinates (-5,3,4) and (-2,9,1). Investigate whether or not the 
point C with coordinates (-4, 5, 2) lies on the line passing through A and B. 

The displacement vector AB is 

h-· =[ ~i)-[ YHJJ { !J 
~ 

The displacement vector AC is 

,~·=[~l[Yl=U2l . .. 
As c - a i~ not a multiple of b ."- a ; if4s not parallel to b - a . The points B arid G . 
are not in the· same direction ( o~ ,41 opposite directions) from A , so C does riot lie 
on the line passing through 4-aiid: B. 

Note that if you change the: z -coordinate of C to 3, then C wQl.l/.d lie on the line AB . 
'"·:··~--(:_ 

Example 13.6.2 
Points P, Q and R have coordinates (1,3,2), (3,1,4) and (4,1,-5) respectively. 

. ~ ~ 

(a) Find the displacement vectors PQ and QR in terms of the basic vectors i, j and k. 
. ~ ·~ ~ 

(b) Find 2PQ-! PR +!QR in terms of the basic vectors i,j aq,dk, and the coordinates 
' .. ···c..::····,. ~ .· ·~ ~ 

of the point reached if you start at R and carry out the tiapsfation 2PQ -! PR+! QR. 
~ 

(a) PQ = q - p = (3i + j + 4k)-(i + 3j + 2k) = 2i :- 2J+ 4k. 

Qk = r - q = (4i + ~ 5k) -(3i + j + 4k) = i- 9Jc ... '·,f~~l~~,;;.;:'.;~~ , 
(b) Note first that PR= r - p = (4i + j- 5k)-(i + 3f{2k}~i3i- 2j- 7k. 

Then 2PQ ..:_,~jk +.!Ok= 2(2i-2j+ 2k)-!(3i-2j-7k) + !(i-9k) 

4' 4. 4k 3 ' . 7 k I' 9 k = I- J+ -2r+J+2 +1 1-2 

=3i-3j+3k. 

199 
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If you start from R , then the point reached has position vector 

r + (3i-3j+ k) = (4i + j-5k) + (3i-3j+ 3k) =·7i-2j-2k. 

The point is therefore (7,-2,-2). 

i~;;g~,~\~~j];~~~~?~~~~~~.if.i Exercise 13C -~{l?l!t-[ 

1 If p = 2i - j + 3k, q =Si+ 2j and r = 4i + j + k, calculate the vector 2p + 3q - 4r giving 
your answer as a column vector. 

-j 

2 A and Bare points with coordinates. (2,1,4) and (5,-5,-2). Find the vector AB 

(a) as a column vector, 

(b) using i, j and k. 

3 For eac;:h of the following sets of points A , B and C , determine whether the point C lies 
on the line AB . 

(a) A(3,2,4), B(-3,-7,-8), C(0,1,3) ·. (b) A(3,1,0), B(-3',l,3), C(S,1,-1) 

If the answer is yes, draw a diagram showing the relative positions of A, B and C on the 
line. 

-j -j 

4 (a) Using the points A(2,-l,3), B(3,l,-4) and C(-1,1,-1), write AB, 2AC and 
-j . 

~ BC as column vectors. 
-j -j -j· 

(b) If you start from B and the translation AB + 2 AC + ~ BC takes you to D , find the 
coordinates of D . 

5 Four points A, B, C and D have position vectors 3i -j + 7k, 4i + k, i - j + k and 
-j -j .. 

-2j + 7k respectively. Find the displacement vectors AB and DC . What can you deduce 
about the quadrilateral· ABCD? 

6 Two points A and Bhave position vectors [~1] and [~] · C is the point on the line 
. AC 2 3 

segment AB such that - = 2 . Find 
. CB 

. -j 
(a) the displacement vector AB, 

( c) the position vector of C. 

-j 

(b) the displacement vector AC, 

7 Four points A, B, C and D have coordinates (0,1,-2), (1,3,2), (4,3,4) and (5,-1,-2) 
respectively. Find the position vectors of 

(a) the mid-point E of AC, 

(b) the point F on BJ such that ;~ = j . 

Use your answers to draw a sketch showing the relative positions of A, B, C and D. 
F:::~~~~:c:~:rn;;;~ri-3:~~::;:;-~"S~~~r:n~;;-~~.rn~~~~:;.~'..!~ir~bi!JblYWliZi&l2!W;:;11&&&Gi:&LdtAii'li&Jl!&i'lRWE~~~ 
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13.7 The magnitude of a vector 

Any translation can be described by giving its magnitude and direction. The notation 
used for the magnitude of a vector p, ignoring its direction, is Ip I· 
If you have two vectors p and q which are not equal, but which have equal 
magnitudes, then you can write Ip I= I q 1-
If s is a scalar multiple of p, then it follows from the definition of sp (see Section 13.2) 
that I sp I= Is II p I- This is true whether s is positive or negative (or zero). 

The symbol for the magnitude of a vector is the same as the one for the modulus of a 
real number, because the concepts are similar. In fact, a real number x behaves just like 
the vector xi in one dimen,sion, where i is a basic unit vector. The vector xi represents 
a displacement on the number line, and the modulus Ix I then measures the magnitude 
of the displacement, whether it is in the positive or the negative direction. 

A vector of magnitude 1 is called a unit vector. The basic unit vectors i , j , k are 
examples of unit vectors, but there are others: there is a unit vector in every direction. 

Unit vectors are sometimes distinguished by a circumflex accent " over the letter. For 
example, a unit vector' in the direction ofr may be denoted by J!. This notation is 
especially common in mechanics, but it will not generally be used in this chapter. 

13.8 Scalar products :~ 

So far vectors have been added, subtracted and multiplied by scalars, but they have not 
been multiplied together. The next step is to define the product of two vectors: 

The scalar product, or dot product, of vectors p and q · is the number 
(or scalar) Ip 11 q I cos e , where e is the angle between the directions of 
p and q. It is Written p .q and pronounced 'p dot q'. . 

The angle e may be acute or obtuse, but it is important that it is the 
angle between p and q, and not (for example) the angle between p and 
-q . It is best to show e in a diagram in which the vectors are 
represented by arrows with their tails. at the same point, as in Fig. 13.20. 

The reason for calling this the 'scalar product', rather than simply the 

v. 
Fig. 13.20 

201 

product, is that mathematicians also use another product, called the 'vector product'. But it is 
important to distinguish the scalar product from 'multiplication by a scalar'. To avoid 
confusion, many people prefer to use the alternative name 'dot product'. 

For the same reason, you must always insert the 'dot' between p and q for the scalar 
prnduct, but you must not insert a dot between s and p when multiplying by a scalar. 
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For example, you can never have a scalar product of three vectors, p,q,r. You saw in 
Section 13 .2 that the sum of these three vectors can be regarded as (p + q) + r or as 
p + ( q + r), and that these expressions are equal. But (p. q) . r has no meaning: p. q is 
a scalar, and you cannot form a dot product of a scalar with the vector r. Similarly, 
p .( q .r) has no meaning. 

However, s(p,q), wheres is scalar, 
does have a meaning; as you would 
expect, 

s(p .q) = (sp) ,q. 

The proof depends on whether s is 
positive (see Fig. 13.21) or negative 
(see Fig. 13.22). 

v 
Fig. 13.21 

If s > 0 , then the angle between sp and q is e , so 

(sp) .q = / sp /I q /cose =/ s/I pl/ q/cose = / s /([ p [[ q [cose) = s(p.q). 

If s < o , then the angle between sp and q is n: - e , and s = -I s f , so 

·i! 
sp 

Fig. 13.22 

(sp) ,q = [ sp[[ q/cos(n:-e) = [ s [[ p [[ q [(-cose) =-[ s [([pf [ q[cose) = s(p .q). 

Another property of the scalar product is that p ,q = q ,p, which foliows immediately 
from the definition. This is called the commutative rule for scalar products. 

There are two very important special cases, which you get by taking e = 0 and putting 
p = q , and taking e = i n: , in the definition of scalar product. 

p .p = / p /
2 

( p .p is sometimes written as p2
). 

If neither p nor q is the zero vector, 

p ,q = 0 if and only if p and q are in perpendicular directions. 

These properties allow you to use vectors to find lengths and to identify right angles. 

13.9 Scalar products in component form 

The rules in the last section suggest that algebra with scalar products is much like 
ordinary algebra, except that some expressions (such as the scalar product of three 
vectors) have no meaning. You need one more rule to be able to use vectors to get 
geometrical results. This is the distributive rule for multiplying out brackets: 

(p+ q) .r =p.r + q.r. 

For the present this will be assumed to be true. There is a proof in Section 13 .10, but 
you may if you wish omit it on a first reading. 
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In the special cases at the end of Section -13 .8, take p and q to be basic unit vectors. 
You then get: 

For the basic unit vectors i , j , k , 

i.i=j.j=k.k=l and j.k=k.i=i.j=O. 
~1&filff~ill~~~~_m;~~,:t;ffi;~wIT~,~t~~~~-----

It follows that, if vectors p and q are written in component form as p = l i + m j + n k 
and q = u i + v j + w k , then 

p .q = (l i + mj + n k) .(u i + v j +wk) 
. . . ·+ j' k 

= lu i .i + lv i ,j + lw i .k +mu J ·1 + mv J .J mw · (using the distributive rule) 
+nu k .i + nv k ,j + nw k .k 

= lu x 1 + lv x 0 + lw x 0 + mu x 0 + mv x 1 + mw x 0 

+ nu x 0 + nv x 0 + nw x 1 

= lu + mv + nw. 

r;~"l&~m:'>~"~~~~~~,.~ 

~~ In component form, the scalar product is 
,.~ 

~~I [l][ l e" u I m. v =(li+mj+nk).(ui+vj+wk)=lu+mv+nw. 

~ n w . 

' ~~\!W;!l?J/;~~,.,..,.....~~~ 

This result has many applications. In particular, p ,p = 12 + m2 + n 2
, giving the length of p: 

IPl=~l2+m2+n2. 

In two dimensions, if p = l i + m j and q = u i + v j, then 

p.q = lu + mv 

so, in component form 

( ~) .( ~) = lu + mv . 

Example 13.9.1 ( 3) (_2) . 
Show that the vectors. 

2 
and 

3 
are.perpendicular. 

Writing p =(;) and q = (-3
2
), and using p ,q = lu + mv, 

p.q =(;).( ~2) = 3x (-2)+ 2x 3 =-6+ 6 =0, 

Using the result in the box on page 202, since neither p nor q is the zero vector 
and p . q = 0 , the vectors are perpendicular. 

203 
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Example 13.9.2 
Find the angle between the vectors p = 2i - 2j + k and q = l 2i + 4 j - 3k , giving your 
answer correct to the nearest tenth of a degree. 

The magnitudes of p and q are given by 

IPl=~22 +(-2) 2 +1 2 =.J4+4+1=..J9=3 

and 

I q I= ~122 + 4 2 + (-3)2 = .J144+16+9=.fI69=13. 

Using p .q =Ip 11 qi cos(}= lu + mv + nw, where (} 0 is the angle between p and q, 

3x 13x cos(}0 =2x12+(-2)x 4 + lx (-3) = 24-8-3=13, 

giving 

cos (} 0 = j~ =~,and thus (} = 70.5 .... 

The required angle is 70.5°. 

Vectors can give a good method for finding the angle between two straight lines, where 
it may not be easy or possible to draw a triangle containing the two lines. 

Example 13.9.3 
A barn (Fig. 13.23) has a rectangular floor ABCD of dimensions 6 m by 12 m. The edges AP, 
BQ, CR and DS are each vertical and of height 5 m. The ridge UV is symmetrically placed 
above PQRS, and is height 7 m above ABCD. Calculate to the nearest tenth of a degree the 
angle between the lines AS and UR. 

Take the unit vectors i,j and kin the directions 
BC, BA ar;id BQ. 

~ ~ 
Let AS = e and UR = f . 

Then 

e = 12i + 5k and f = 12i - 3j-2k, 

so I e I= ~122 + 02 + 52 = .fI69=13 

and lfl=~122 +(-3) 2 +(-2) 2 =.Ji57. 
Denote the angle between the lines by (} 0 

• 

Then 13x .Ji57cos(} 0 =12x 12 +Ox (-3) + 5x (-2) = 134, 

giving (} = 34.6, correct to 1 decimal place. 

So the angle between AS and UR is 34.6°. 

B 

Fig. 13.23 

In this example AS and UR are skew lines. Since AS is parallel to BR , the angle 
between AS and UR is equal to the angle between AS and BR . 

v 
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13.10* The distributive rule (p+ q) .r = p .r+ q .r 

The proof of this needs a preliminary result. Fig. 13.24 shows a 
directed line l and two points A and B (in three dimensions). If 
lines AD and BE are drawn perpendicular to l , the directed 
length DE is called the projection of the displacement vector 

Ah on l. 

Here the word 'directed' means that a positive direction is 
selected on l, and that (in this diagram) DE is positive and ED 
is negative. 

A 

Fig. 13.24 

Theorem · If p is the displacement vector Ah , and u is a unit vector in the direction 

of l , then the projection of Ah on l is p . u . 

Proof You will probably find the proof is easiest to 
follow if l is drawn as a vertical line, as in Fig. 13.25. 
Recall that AD and BE are perpendicular to l , and so 
are horizontal. The shaded triangles ADM and NEB 
lie in the horizontal planes through D and E . The 
point N is such that AN is parallel to l and 
perpendicular to NB . 

Then DE= AN, and u is a unit vector in the direction 
of AN . If the angle BAN is denoted by () , then 

p.u =I pix lx cos()= AB cos()= AN= DE, 

which is the projection of Ah on l . 

r 
EI<!::: · "p 

A 

Fig. 13.25 

Notice that, if B were below A, then the angle between p and u would be 
obtuse, so p. u would be negative. On l, E would be below D, so the directed 
length DE would also be negative. 

When you have understood this proof with l vertical, you can try re-drawing Fig. 13.25 
with l in some other direction, as in Fig. 13.24. If you then replace 'horizontal planes' 
by 'planes perpendicular to l ',the proof will still hold. 

Theorem For any vectors p, q and r, (p + q) .r = p .r + q .r. 

Proof In Fig. 13 .26 the displacement 
-:-7. ~ ~ 

vectors AB, BC and AC represent 
p , q and p + q . The line l is in the 
direction of r; this is again shown as a 
vertical line. The horizontal planes 
through A , B and C cut l at D, E and 
F respectively, so that AD, BE and 
CF are perpendicular to l . Let u be a 
unit vector in the direc;tion of r, and 

denote I r I by s , so that r = su . 

c Fk.- .. ~··"C'~:;;;;;:>lJ_1p + q 

r 

cf'; 

Fig. 13.26 
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Then 

p.r =p.(su) =s(p.u) =sxDE, 

and similarly q .r = s x EF and (p + q) .r= s'x DF. 

Since DE, EF and DF are directed lengths, it is always true that 
DE+ EF ,;_DF, whatever the order of the points D, E and F on 1. 

Therefore 

(p + q) .r = s x DF = s x (DE+ EF) = s x DE+ s x EF = p .r + q .r. 

As before, when you have understood this proof with l vertical, you cari adapt it for any 
other direction of l . 

~,~!M\i:D~iW~~ Exercise 13D ~J61~1Lf.ii:1'i! 

1 Let a=(;} b = (-2
4

) an~ c = (~}Calculate a . b, a .c and a ;(b + c), and verify that 

a .(b+ c) =a .b+ a .c. 

2 Let a= 2i - j, b = 4i - 3j and c = -2i - j. Calculate a .b, a .c and a .(b +;:c), and verify 

that a.(b+c)=a.b+a.c. 

3 Lot p = (~I} q = ( ~) and r = ( ;~} C•lcufate p .q. p .rnd q.r. WhatoOn you 

deduce about the vectors p, q and r? 

4 Which of the following vectors are perpendicular to each other? 

(a) 2i-3j+6k (b) 2i~3j-6k (c) -3i-6j+2k (d) 6i-2j-3k 

S Let p=i-2k, q=3j+'2k and r=2i-j+5k.Calculate p.q, p.r and p.(q+r) and 

verify that p.(q+ r) = p.q+ p.r. 

6 Find the magnitude of each· of the following vectors. 

(a) (~) (b) (~2) (c) (=D (d) ( ~i) 

(o) (-}) (Q (~~) (g) (~) thl ( ~1) 
I' 

3j+2k (i) i-2k (j) (k) 2i :- j + 5k (1) 2k 

7 Let a = ( ~3). Find the magnitude of a, and find a unit ,vector in the same direction as a. 

8 ~ii.d unit vooton; in tho '~' direction• " ( ~2) and 21- j + 2k . 
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9 Use a vector method to calculate the angles between the following pairs of vectors, giving 
your answers in degrees to one place of decimals, where appropriate. 

(a) (i) and G) (b) {~)and (i) (c) (-46) and (-96) 

(d) [JndU,J (e) [i}d[!.] (f) [~}{!] 
10 Let r1 = (~~) and r2 = (~~). Calculate [ r 2 - r1 [ and interpret your result geometrically. 

11 Find the angle between the line joining (1,2) and (3,-5) and the line joining (2,-3) to 

(1,4). 

12 Findtheanglebetweenthelinejoining (1,3,-2) and (2,5,-1) andthelinejoining (-1,4,3) 

to (3,2,1). 

13 Find the angle between the diagonals of a cube. 

14 ABCD is the base of a square pyramid of side 2 units, and V is the vertex. The pyramid is·•· 
symmetrical, and of height 4 units. Calculate the acute angle between AV and BC, giving· 
your answer in degrees correct to 1 decimal place. 

15 Two aeroplanes are flying in directions given by the vectors 300i + 400j + 2k and 
-lOOi + 500j-k. A person from the flight control centre is plotting their paths on a map. 

Find the acute angle between their paths on the map. 

16 The roof of a house has a rectangular base of side 4 metres by 8 metres. The ridge line of 
the roof is 6 metres long, and centred 1 metre above the base of the roof. Calculate the 
acute angle between two opposite. slanting edges of the roof. 

~£;~;;;a~::N1~E~i~S<:~:93rI~ Miscellaneous exercise 13 i:ET&,.,.<i'.!&~~~AWt~ 

1 Find which pairs of the following vectors are perpendicular to each other. 

a = 2i + j - 2k b = 2i - 2j + k c = i + 2j + 2k d = 3i + 2j- 2k 

~ . ~ [-11 [2] ~ 2 :e vecto: AB and AC are ~· and ~ respectively. The vector AD is the sum of 

AB and AC. Determine the acute angle, in degrees correct to one d~cimal place, between 
the diagonals of the parallelogram defined by the points A, B, C and D. (OCR) 

- [~] [~] 3 The vectors AB and AC are ~3 and -: respectively. 

(a) Determine the lengths of the vectors. 

(b) Find the scalar product AB . AC . 

(c) Use your result from part (b) to calculate the acute angle between the vectors. Give the 
angle in degrees correct to one decimal place. , (OCR) 
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4 Tho po;n" A , B ond C h.vo pm;tion vocto" a : ln b {i] ond ' : rn 
respectively, with respect to a fixed origin. The point D is such that ABCD, in that order, 
is a parallelogram. 

(a) Find the position vector of D. 

(b) Find the position vector of the point at which the diagonals of the parallelogram 
intersect. 

( c) Calculate the angle BAC, giving your answer to the nearest tenth of a degree. 
(OCR) 

S A vertical aerial is supported by three straight cables, each attached to the aerial at a point 
P, 30 metres up the aerial. The cables are attached to the horizontal ground at points A , B 
and C, each x metres from the foot 0 of the aerial, and situated symmetrically around it 
(see the diagrams). 

Suppose that i is the unit vector in the 
~ 

direction OA, j is the unit vector 
perpendicular to i in the plane of the 
ground, as shown in the Plan view, and 

. ~ 

k is the unit vector in the direction OP. 

(a) Write down expressions for the 
~ ~ ~ 

vectors OA, OB and OC in terms 
of x , i , j and k . 

B 

c 

p 

B, 

X\ 120ojL °' I. 

x- A 
I 

A cJ 
Side view Plan view 

~ ~ ~· 

(b) (i) Write down an expression for the vector AP in terms of vectors OA and OP. 
~ ~ 

(ii) Hence find expressions for the vectors AP and BP in terms of x, i , j and k . 
~ ~ 

(c) Given that AP and BP are perpendicular to each other, find the value of x. (OCR) 

6 The position vectors of three points A, B and C with respect to a fixed origin 0 are 
2i - 2j + k , 4 i + 2j + k . and i + j + 3k respectively. Find unit vectors in the directions of 
~ ~ 

CA and CB . Calculate angle ACE in degrees, correct to 1 decimal place. (OCR) 

7 (a) Findtheanglebetweenthevectors 2i+3j+6k and 3i+4j+12k. 

(b) The vectors a and bare non-zero. 

(i) Given that a+ b is perpendicular to a - b, prove that I a I= I b I -
(ii) Given instead that I a + b I = I a - b I. prove that a and b are perpendicular. 

8 OABCDEFG, shown in the figure, is a 
cuboid. The position vectors of A, C and 
D are 4i, 2j and 3k respectively. 
Calculate 

(a) I AGI, 

(b) the angle between AG and OB. 
(OCR) 

(OCR) 

z 

A x 
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9 The three-dimensional vector r, which has positive components, has magnitude 1 and· 
makes angles of 60° with each of the unit vectors i and j . 

(a) Write r as a column vector. 

(b) State the angle between r and the unit vector k. 

10 The points A, Band C have position vectors given respectively by a= 7i + 4j- 2k, 
b =Si+ 3j- 3k, c = 6i + 5j- 4k. 
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(a) Find the angle BAC. (b) Find the area of the triangle ABC . (OCR) 

11 The points A, B and C have position vectors a, b and c respectively relative to the 
~ ~ 

origin 0 . P is the point on BC such that PC = fcJ BC . 

(a) Show that the position vector of Pis rtJ(9c + b). 

(b) Given that the line AP is perpendicular to the line BC, show that 
(9c + b) .(c - b) = lOa .(c - b). 

(c) Given also that OA, OB and OC are·mutually perpendicular, prove that OC =~OB. 
(OCR) 

12 A mathematical market trader packages fruit in three sizes. An Individual bag holds 1 apple 
and 2 bananas; a Jumbo bag holds 4 apples and 3 bananas; and a King-size bag holds 
8 apples and 7 bananas. She draws two vector arrows a and b to represent an apple and a 
banana respectively, and then represents the three sizes of bag by vectors I = a+ 2b, 
J = 4a + 3b and K = 8a + 7b. Find numbers s and t such tnat K = sl + tJ. 

By midday she has sold all her King-size bags, but she has plenty of Individual and Jumbo 
bags left. She decides to make up some more King-size bags by using the contents of the 
other bags. How can she do this so that she has no loose fruit left over? 

13 ABCD is a parallelogram. The coordinates of A, B, Dare (4,2,3), (18,4,8) and 
(-1,12,13) respectively. The origin of coordinates is 0. 

~ ~ 
(a) Find the vectors AB and AD. Find the coordinates of C. 

~ ~ ~ 
(b) Show that OA can be expressed in the form IL AB+ µ·AD, stating the values of IL and 

µ. What does this tell you about the plane ABCD? (MEI) 

14 A balloon flying over flat land reports its position at 7.40 a.m. as (7 .8, 5.4, 1.2), the 
coordinates being given in kilometres relative to a checkpoint on the ground. By 7.50 a.m. 
its position has changed to (9.3,4.4,0.7). Assuming that it continues to descend at the same 
speed along the same line, find the coordinates of the point where it would be expected to 
land, and the time when this would occur. 

15 Prove that, if (c - b) .a= 0 and (c-;:- a) .b = 0, then (b-a) .c = 0. Show that this can be 
used to prove the following geometrical results. 

(a) The lines through the vertices of a triangle ABC perpendicular to the opposite sides 
meet in a point. 

(b) If the tetrahedron OABC has two pairs of perpendicular opposite edges, the third pair 
of edges is perpendicular. 

Prove also that, in both cases, OA 2 + BC 2 = OB 2 +CA 2 = OC 2 + AB2
. 

c :, '.:·.,_:_~ •• ; .'.L.:~ ~~.~~:·:.c~;:,~,'.~';-:l .. ~.~,'.."i2:':0£iZ.,,:~lJ.EfG:"~ZJ..s:th';:'Q:S;.::;;;:;~~[:,;r~....f.W~ 



14 Geometric sequences 

This chapter introduces another type of sequence. When you have completed it, you 
should 

• recognise geometric sequences and be able to do calculations on them 
• know-and be able to obtain the formula for the sum of a geometric series 
• know the condition for a geometric series to converge, and how to find its limiting 

sum. 

14.1 Geometric sequences 

In Chapter 8 you met arithmetic sequences, in which you get from one term to the next 
by adding a constant. A sequence in which you get from one term to the next by 
multiplying by a constant is called a geometric sequence. 

A geometric sequence, or geometric progression, is a 

sequence defined by u1 =a and U;+i = ru;, where i EN and 
r;eOorl. 

The constant r is called the common ratio of the sequence. 

t~ 
~l)l 

You should notice two points about this definition. First, since the letter r is 
conventionally used for the common ratio, a different letter, i, is used for the suffixes. 

-
Secondly, the ratios 0 and 1 are excluded. If you put r = 0 in the definition you get 
the sequence a,0,0,0, ... ;ifyoi.Iput r=lyouget a,a,a,a, ... . Neitherisvery 
interesting, and some of the properties of geometric sequences break down if r = 0 or 1. 
However, r can be negative; in that case the terms are alternately positive and negative. 

It is easy to give a formula for the ith term. To get from u1 to u; you multiply by the 
common ratio i -1 times, so u; = ri-l x u1 , which gives u; = ari-l. 

Example 14.1.l 
A geometric sequence has first term u1 = 1 and common ratio 1.1. Which is the first 
termgreaterthan (a) 2, (b) 5, (c) 10, (d) 1000? 

On many calculators you can keep multiplying by 1.1 by repeatedly pressing a 
single key. This makes it easy to display successive terms of a geometric sequence. 

(a) This can easily be done experimentally, co1:1nting how many times you press 
the key until the display exceeds 2 . You should find that after 8 presses you get 
2.143 588 81 'which is 1.18

. The i th term of the sequence is U; = 1 x ui-l , so 

this is first greater than 2 when i -1 = 8 , or i = 9. 
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(b) Go on pressing the key. After another 8 presses you reach (2.143 588 81)2
, 

which is certainly greater than 4, so you will reach 5 quite soon. In fact it turns 
out that 1.115 is already greater than 4, and two more presses take you to 
1.117 = 5 .054... . So u18 = 1 x 1.117 is the first term greater than 5 . 
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( c) Since 1.18 > 2 and 1.117 > 5 , it is certainly true that 1.125 = 1.18 x 1.117 is greater 
than 10 . Rather than continuing to multiply, you can just use the power key to find 
1.125 = 10.834 .... But you must check that 1.124 is not already greater than 10. In fact 
it isn't, since 1.124 = 9 .849.... So the first term greater than 10 is u26 = 1 x 1.125 

. 

( d) Since 1.124 < 10 and 1.125 > 10, you can cube both sides to find that 
l.172 =(1.124 )3 <1000and1.175 =(1.125

)
3 

>1000.Soyouonlyneedtocheck 

I.!73 and I.!74
. Using the power key, 1.173 = 1051.1. ... So the first term greater 

than 1000 is u74 = 1.173
. 

The first terms greater than 2 , 5 , 10 and 1000 are u9·, u18 , u26 and u74 • 

You can see from this example that, even with a common ratio only slightly greater 
than 1, the terms of a geometric sequence get big quite quickly. 

14.2 Summing geometric series 

Geometric sequences have many applications in finance, biology, mechanics and 
probability, and you often need to find the sum of all the terms. In this context it is usual 
to call the sequence a geometric series. 

The method used in Chapter 8 to find the sum of an arithmetic 
series does not work for geometric series. You can see this by 
taking a simple geometric series like 1 + 2 + 4 + 8 + 16 and 
placing an upside-down copy next to it, as in Fig. 14.1. When 
you did this with arithmetic series the two sets of crosses and 
noughts made a perfect join (see Fig. 8 .7), so they could easily be 
counted; but for the geometric series there is a gap in the middle. 

16 
xoooooooooooooooo 
~x 00000000 
xx xx 0000 
Xxxxxxxx oo 
xxxxxxxxxxxxxxxxo 

16 

Fig. 14.1 

For geometric series a different method is used. If you multiply the equation 
S = 1+2+4+8+16 by 2, then you get 2S = 2+4+8+16 + 32. Notice that the right 
sides in these two equations have the terms 2+4+8+16 in common; the sum of these 
terms is equal to S -1, from the first equation, and 2S - 32, from the second. So 

S -1 = 2S - 32, giving S = 31. 

You can use this method to find the sum of any geometric series. Let S be the sum of 
the first n terms of the series. Then 

S =a+ ar + ar2 + ... + arn-2 + arn-I. 

If you multiply this equation by r, you get 

Sr = ar + ar2 + ar3 + ... + arn-l ·+ arn. 



212 PURE MATHEMATICS 1 

The right sides in these two equations have the terms ar + ar2 + ... + arn-2 + arn-I in 
common; so 

S - a= ar + ar2 + ... + arn-2 + arn-I =Sr - ar~, 

which gives 

S(l-r) = a(l-rn), or 
S= a(l-rn) 

1-r · 

The sum of the geometric series a+ ar + ar2 + ... + arn-I, with n terms, is 

a(l- rn) 

1-r 

You should notice that it has nowhere been assumed that r is positive. The formula is valid 
whether r is positive or negative. When r > 1, some people prefer to avoid fractions with 
negative numerators and denominators by using the result in the.alternative form 

S = a(rn -1) 
r-l . 

Example 14.2.1 
A child lives 200 metres from school. He walks 60 metres in the first minute, and in 
each subsequent minute he walks 75% of the distance he walked in the previous 
minute. Show that he tllkes between 6 and 7 minutes to get to school. 

The distances walked in the first, second, third, ... , nth minutes are 60 m, 
60 x 0.75 m' 60 x 0.752 m' ... ' 60 x 0.75n-I m. In the first n minutes the child 
walks Sn metres, where 

Sn = 60 + 60 x 0.751 +60 x 0.752 + ... + 60 x 0.75n-I 

60(1-0.75n) 60(1-0.75n) ( ) 
= = =2401-0.75n. 

1-0.75 0.25 

From this formula you can calculate that 

S6 = 240(1-0.756
) = 240(1-0.177 ... ) = 197.2 ... , and 

S7 = 240(1-0.757
) = 240(1-0.133 ... ) = 207.9 ... . 

So he has not reached school after 6 minutes, but (if he had gone on walking) he 
would have gone more than 200 min 7 minutes. That is, he takes between 6 and 
7 minutes to walk to school. 

Example 14.2.2 
Find a simple expression for the sum p 6 

- p5 q + p 4 q2 - p 3 q3 + p2 q 4 
- pq5 + q6 

. 
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This is a geometric series of 7 terms, with first term p 6 and common ratio _ 9._. 

Its sum is therefore 
p 

p 6 (1-(-q/p) 7
) p

6
(1-(-q?/p

7
)) P 7 (l+q7 /p7

) p 7 +q7 

1-(-q/p) = l+q/p = p(l+q/p) = p+q 

Another way of writing the result of this example is 

P? +q? =(p+q)(p6 -psq+ p4q2-p3q3 + p2q4-pqs +q6). 

You can use a similar method for any odd number n to express pn + qn as the product 
of p + q and another factor. 
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~~jJhl~~~~r~~~~i-¥&~¥7:.flf.~Y~B~Ex~~;ft:t.fti-:~~~~t:~ Exercise 14A ~~z:lz~~~~~lidi~~r~~!~~;,_~~~~1~~"~~ 

1 For each of the following geometric sequences find the common ratio and the next two 
terms. 

(a) 3, 6, 12, ... 

(d). 2, -6, 18, - 54, ... 

(b) 2, 8, 32,. .. 

(e) 1.1, 1.21, 1.331,. .. 

(c) 32, 16, 8, ... 

(f) x 2 , x, 1,. .. 

2 Find an expression for the i th term of each of the following geometric sequences. 

(a) 2,6,18,. .. 

(d) 81,27,9,. .. 

(b) 10, 5, 2.5,. .. 

(e) x, x 2 , x 3 ,. .. 

(c) 1, - 2, 4,. .. 

(f) pq2, q3, p-1q4,. .. 

3 Find the number of terms in each of these geometric progressions. 

(a) 2, 4, 8,. .. ,2048 

(c) 2, 6, 18, ... ,1458 

(e) 16, 12, 9,. . .,3.796 875 

(b) 1, - 3, 9,. . .,531441 

(d) 5, -10, 20, .. .,-40 960 

(f) x-6, x-2, x2, ... ,x42 

4 Find the common ratio and the first term in the geometric progressions w_here 

(a) the 2nd term is 4 and the 5th term is 108, 

5 

(b) the 3rd term is 6 and the 7 th term is 96 , 

(c) the 4th term is 19 683 and the 9th term is 81, 

(d) the 3rd term is 8 and the 9thterm is 64, 

(e) the nth term is 16 807 and the (n + 4)th term is 40 353 607. 

Find the sum, for the given number of terms, of each of the following geometric series. 
Give decimal answers corr:ect to 4 places. 

(a) 2+6+18+ ... 10 terms (b) 2-6+18- ... 10 terms 

(c) 1 1 1 +1+4+ ... 8 terms (d) 1 1 1-2+4- ... 8 terms 

(e) 3+6+12+ ... 12 terms (f) 12-4 +~ - ... 10 terms 

(g) x+x2 +x3 + ... n terms (h) x-x2 +x3 
- ... n terms 

(i) 
1 1 

(j) 
1 1 

x+-+3+ ... n terms 1-2+4+ ... n terms 
x x x x 
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6 Use the method in Section 14.2 to find the sum of each of the following geometric series. 

Give numerical answers as rational numbers. 

(a) 1+2+4+ ... +1024 (b) 1 - 2 + 4 - ... + 1024 

(c) 3+12+48+ ... +196608 . 1 1 1 
(d) 1+ 2 + 4 + ... + 512 

(e) 1 1 1 
l-3+9-···-19683 (f) 10 + 5 + 2.5 + ... + 0.156 25 

( ) 1 I I I g 4+16+ 64+ ... +1024 (h) 1 . I 1 1. +1+4+ ... +2" 

1 1 
(i) 16+4+1+ ... + 22n U) 81-27+ 9- ... +--

c-3r 

7 A well-known story concerns the inventor of the g~me of chess. As; I!: reward for inventing 

the game it is rumoured that he was asked to choose his own prize. H& asked for 1 grain of 

rice to be placed on the first square of the board, 2 grains on the second square, 4 grains 

on the third square and so on in geometric progression until all 64 squares had been 
covered. Calculate the total number of grains ofrice he would have received. Give your 

answer in standard form! 

8 A problem similar to that of Question 7 is posed by the child who negotiates a pocket 

money deal of 1 cent on 1 February, 2 cents on 2 February, 4 cents on 3 February and so 

on for 28 days. How much should the child receive in total during February? 

9 If x, y and z are the first three terms of a geometric sequence, show that x2, y2 and z2 

form another geometric sequence. 

10 Different numbers x, y and z are the first three terms of a geometric progression with 

common ratio r, and also the first, second and fourth ternis of an arithmetic progression. 

(a) Find the value of r. 

(b) Find which term of the arithmetic progression will next be equal to a term of the 

geometric progression. 

11 Different numbers x, y and z are the first three terms of a geometric progression with 

common ratio r and also the first, second and fifth terms of an arithmetic progression. 

(a) Find the value of r. 

(b) Find which term of the arithmetic progression will next be equal to a term of the 

geometric progression. 

12 Consider the geometric progression 

qn-1 + qn-2 p + qn-3 p2 + ... + qpn-2 + pn-1. 

(a) Find the common ratio and the number of terms. 

(b) Show that the sum of the series is equal to qn - pn . 
q-p 

(c) By considering the limit as q ---t p deduce expressions for f'(p) in the cases 

(i) f(x) = xn, (ii) f(x) = x-n, for all positive integers n. 

mllirn'.li1ll.~l.r..1;~~ ,°" ",i\11 k ~~ 
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14.3 Convergent sequences 

Take any sequence; such as the sequence of triangle numbers t1 = 1., t2 = 3, t3 = 6 , ... (see 
Section 8.2). Form a new sequence whose terms are the sums of successive triangle numbers: 

S1 = t1 = 1, S2 = t1 + t2 = 1+3 = 4, S3 = t1 + t2 + t3 = 1+3 + 6 = 10, and so on. 

This is called the sum sequence of the original sequence. 

Notice that S2 = S1 + t2 , S3 = S2 + t3 , .•• . This property c.an be used to give an inductive 
definition for the sum sequence: 

For a given sequence u;, the sum sequence S; = u1 + ... + u; is 

defined by S1 = u 1 and S;+i = S; + ui+l · 

(If the original sequence begins with u0 rather than u1 , the equation S1 = u1 in the 
definition is replaced by S0 = u0 .) 

Geometric sequences have especially important sum sequences. Here are four examples, 
each with first term a = 1: 

(a) r=3 

U; 1 3 9 27 81 243 729 

S; 1 4 13 40 121 ·364 1093 

Table 14.2 

(b) r=0.2 

U· 
l. 1 0.2 0.04 0.008 0.0016 0.000 32 0.000 064 

S; 1 1.2 1.24 1.248 1.249 6 1.249 92 1.249 984 

Table 14.3 

(c) r =-0.2 

U; 1 -0.2 0.04 -0.008 -.0.0016 -0.000 32 0.000 064 

S; 1 0.8 0.84 0.832 0.833 6 0,833 28 0.833 344 

Table 14.4 

(d) r=-3 

U; 1 -3 9 -27 81 -"-243 729 

S; 1 -2 7 -20 61 -182 547 

Table 14.5 
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The sum sequences for (b) and ( c) are quite different from the others. You would guess that 
in (b) the values of S; are getting close to 1.25, but never reach it. This can be proved, since 
theformulaforthesumofthefirst n values of u; gives,with a=l and r=0.2, 

l-0.2n =l-0.2n =l.25(1-0.2n). 
1-0.2 0.8 

Now you can make 0.2n as small as you like by taking n large enough, and then the 
expression in brackets comes very close to 1, though it never equals 1. You can say that 
the sum tends to the limit 1.25 as n tends to infinity. 

It seems that the sum in (c) tends to 0.833 33 ... (the recurring decimal for i) as n 
tends to infinity, but here the values are alternately above and below the limiting value. 
This is because the formula for the sum is 

1-(-o.2r 

1-(-0.2) 
1-(...,o.2r =%(1-c--02r). 

1.2 

In this formula the expression (-0.2f is alternately positive and negative, so 
1- ( -0 .2 r alternates above and below 1. 

The other two sequences, for which the sum formulae are (a) !(3n -1) and 
(d) ~ (1- (-3t), do nottend to a limit. The sum (a) cari be made as large as you like by 
taking n large enough; it is said to diverge to infinity as n tends to infinity. The sum ( d) 
can also be made as large as you like; the sum sequence is said to oscillate infinitely: 

a(l- rn) 
It is the expression rn in the sum formula which determines whether or not 

l-r 

the sum tends to a limit. If Jr J > 1, then [ rn [ increases indefinitely; but if Jr J < 1, then 

I I 
a(l-0) a 

rn tends to 0 and the sum tends to the value --- = -- . As long as J r J < 1 , even 
l-r l-r 

if r is very close to 1, rn becomes very small if n is large enough; for example, if 
r = 0.9999 and n = 1000 000, then rn ""3.70x10-44

. 

If J r J < 1 , the sum of the geometric series with first term a and common 

ratio r tends to the limit S~ = ~ as the number of terms tends to infinity. 
l-r 

The infinite geometric series is then said to be convergent. 

S~ is called the sum to infinity of the series. '( 

Example 143.1 
Express the recurring decimal 0.296 296 296 ... as a_fraction. 

The decimal can be written as 

0.296 + 0.000 296 + 0.000 000 296 + ... 

= 0.296 + 0.296 x 0.001+0.296 x (0.001)2 + ... ' 
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which is a geometric series with a= 0.296 and r = 0.001. Since Ir I< 1, the 

296 . . . h l" . . 0.296 senes is convergent wit mutmg sum ---
l - 0 .001 999 

Since 296 = 8 x 37 and 999 = 27 x 37, this fraction in its simplest form is -,J; . 

Example 14.3.2 
A beetle starts at a point 0 on the floor. It walks 1 m east, then :!- m west, then ~ m east, 
and so on, halving the distance at each change of direction. How far from 0 does it end up? 

The final distance from 0 is 1- :!- + ~ - k + ... , which is a geometric series with 

common ratio - i . Since J - i J < 1 , the series converges to a limit 

1 1 2 
--=-=3· 

1-(-Yi) Yz 

The beetle ends up ~ m from 0. 

Notice that a point of trisection was obtained as the limit of a process of repeated halving. 
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1 Find the sum to infinity of the following geometric series. Give your answers to parts (a) to 
(j) as whole numbers, fractions or exact decimals. 

(a) 1 I I +7+4+ ... (b) 1 1 I +5+1J+ ... 

(c) I I· I 3+23+rn+ ... (d) 0.1+0.01+0.001+ ... 

(e) 1-t+i--··· (f) 0.2 -0.04 + 0.008- ... 

(g) 3 3 3 2+4+is+ ... (h) ~-!+~- ... 

(i) 10-5+2.5- ... (j) 50+10+2+ ... 

(k) x + x 2 + x 3 + ... , where -1 < x < 1 (I) 1-.x2 +x4
- ..• , wherex2 <1 

. (m) 1 + £ 1 + x -z + ... , where Ix I> 1 (n) x 2 
- x + 1- ... , whe~e I x I > 1 

2 Express each of the following recurring decimals as exact fractions. 

(a) 0.363 636 ... (b) 0.123123123 ... 

(c) 0.555 ... (d) 0.471471471... 

(e) 0.142 857 142 857 142 857 ... (f) 0.285 714 285 714 285 714 ... 

(g) 0.714 285 714 285 714 285 ... (h) 0.857142 857142 857142 ... 

3 Find the comrrion ratio of a geometric series which has a first term of 5 and a sum to 
infinity of 6. 

4 Find the common ratio of a geometric series which has a first term of 11 and a sum to 
infinity of 6. 

S Find the first term of a geometric series which has a common ratio of i and a sum to 
infinity of 12. 
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6 Find the first term of a geometric series which has a common ratio of-~ and a sum to 
infinity of 12. 

7 In Example 14.3.2 a beetle starts at a point 0 on the floor. It walks 1 m east, then ! m 
west, then t m east and so on. It finished ~ m to the east of 0. How far did it actually 
walk? 

8 A beetle starts at a point 0 on the floor and walks 0.6 m east, then 0.36 m west, 0.216 m 
east and so on. Find its final position and how far it actually walks. 

9 A 'supa-ball' is thrown upwar~ from ground level. It hits the ground after 2 seconds and 
continues to bounce. The time it is in the air for a particular bounce is always 0.8 of the 
time for the previous bounce. How long does it take for the ball to stop bouncing? 

10 A 'supa-ball' is dropped from a height of 1 metre onto a level table. It always rises to a 
height equal to 0.9 of the height from which it was dropped. How far does it travel in total 
until it stops bouncing? 

11 A frog sits at one end of a table which is 2 m long. In its first jump the frog goes a distance 
of 1 m along the table, with its second jump ! m, with its _third jump t m and so on. 

(a) What is the frog's final position? 

(b) After how many jumps will the frog be within 1 cm of the far end of the table? 
~~~~~~~.HJO~~~-@¥'~™™"~~~~!.'o~loWJ\;Mt§ 

14.4 Exponential growth and decay 

Many everyday situations are described by geometric sequences. Of the next two 
examples, the first has a common ratio greater than 1, and the second has a common 
ratio between 0 and 1 . 

Example 14.4.1 
A person invests $1000 in a savings bank account which pays interest of 6% annually. 
Calculate the amount in the account over the next 8 years. 

The interest in any year is 0.06 times the amount in the account at the beginning 
of the year. This is added on to the sum of money already in the account. The 
amount at the end of each year, after interest has been added, is 1.06 times the 
amount at the beginning of the year. So 

Amount after 1 year = $1000 x 1.06 = $1060 

Amount after 2 years = $1060 x 1.06 = $1124 

Amount after 3 years= $1124x1.06 = $1191, and so on. 

Continuing in this way, you get the amounts shown in Table 14.6, to the nearest whole 
number of dollars. 

Number of years 

Amount($) 

0 1 2 3 4 5 6 7 8 
1000 1060 1124 1191 1262 1338 1419 1504 1594 

Table 14.6 
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These values are shown in Fig. 14.7. Amount ~$90 
($) • 

• • 
1000 ---$60 Notice that in the first year the interest is 

$60, but in the eighth year it is $90. This 
is because the amount on which the 6% is 
calculated has gone up from $1000 to 
$1504. This is characteristic of 
exponential growth, in which the increase 
is proportional to the current amount. As 
the amount goes up, the increase goes up. 

O+-~----.----..,~....-~~--.~,..-..,.+ 

0 

Example 14.4.2 

2 3 4 5 6 7 8 9 
Number of years 

Fig. 14.7 

A car cost $15 000 when new, and each year its value decreases by 20% . Find its value 
on the first five anniversaries of its purchase. 

The value at the end of each year is 0.8 times its value a year earlier. The results of 
this calculation are given in Table 14.8. 

Number of years 

Value($) 

0 1 2 

15000 12000 9600 

Table 14.8 

These values are shown in Fig. 14.9. 

The value goes down by $3000 in the first 
year, but by only $1229 in the fifth year, 
because by then the 20% is calculated on 
only $6144 rather than $15 000. This is 
characteristic of exponential decay, in 
which the decrease. is proportional to the 
current value. Notl.ce that, if the 20% rule 
continues, the value never becomes zero 
however long you keep the car. 

Notice that in both these examples it is more 
natural to think of the first terni of the 

3 

7680 

Value 
($) 

15000 

10000 ~ 

5000-1 

0 
0 

4 

6144 

5 

4915 

$3000 

---
• 

• 

1 2 3 

Fig.14.9 

~$1229 

4 5 
Number of years 

sequence as u0 rather than Ur, so that $ u; is the amount in the account, or the value of 
the car, after i years. The sequence in Example 14.4.1 has 

u0 = 1000 and u1+r = l.06u; for 0,,;;;; i,,;;;; 7. 

From this you can deduce that ur = 1000 x 1.06, u2 = 1000x1.062
, and more generally 

u; = 1000x1.06;. The sequence in Example 14.4.2 has 

u0 = 15 000 and u;_+r = 0.8u; for 0,,;;;; i,,;;;; 4. 

In this case ur = 15 000 x 0.8, u2 = 15 000 x 0.82 and u; = 15 000 x 0.8;. 



;.---------------

220 PURE MATHEMATICS 1 

These are both examples of exponential sequences. (The word 'exponential' comes from 
'exponent', which is another word for index. The reason for the name is that the variable 
i appears in the exponent of the formula for u; .) An exponential sequence is a special 
kind of geometric sequence, in which a and r are both positive. If the first term is 
denoted by u0 , the sequence can be defined inductively by 

u0 =a and U;+i = ru;, 

or by the formula 

u; =ar;. 

If r > 1 the sequence represents exponential growth; if 0 < r < 1 it represents 
exponential decay. 

It may or may not be useful to find the sum of the terms of an exponential sequence. In 
Example 14.4.2 there would be no point in adding up the year-end values of the car. But 
many investment calculations (such as for pensions and mortgages) require the terms of 
an exponential sequence to be added up. This is illustrated by the next example. 

Example 14.4.3 
Saria's grandparents put $1000 into a savings bank account for her on each birthday from 
her 10th to her 18th. The account pays interest at 6% for each complete year that the money 
is invested. How much money is in the account on the day after her 18th birthday? 

Start with the most recent deposit. The $1000 on her 18th birthday has not earned 
any interest. The $1000 on her 17th birthday has earned interest for one year, so is 
now worth $1000 x 1.06 = $1060. Similarly, the $1000 on her 16th birthday is 
worth $1000x1.062 = $1124, and so on. So the total amount is now $S, "';'here 

s = 1000+1000x1.06+1000 x 1.062 + ... + 1000 x 1.068 
. 

Method 1 The terms of this series are just the amounts calculated in 
Example 14.4.1. The sum of the nine entries in Table 14.6 is 11 492. 

Method 2 The sum is a geometric series with a = 1000 , r = 1.06 and n = 9 . 
Using the general formula in the alternative version for r > 1, 

a(rn -1) = 1000(1.069-1)=11491.32. 
S= r- 1 1.06-1 

There is a small discrepancy between the two answers because the amounts in 
Table 14.6 were rounded to the nearest dollar. The amount in the account just after 
Saria's 18th birthday is $11 491.32. 
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1 Trudy puts $500 into a savings bank account on the first day of January each year from 
2000 to 2010 inclusive. The account pays interest at 5% for each complete year of 
investment. How much money will there be in the account on 2 January 2010? 
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2 Jayesh invests $100 in a savings account on the first day of each month for one complete 
year. The account pays interest at ! % for each complete month. How much does Jayesh 
have invested at the end of the year (but before making a thirteenth payment)? 

3 Neeta takes out a 25-year mortgage of $40 000 to buy her house. Compound interest is 
charged on the loan at a rate of 8% per annum. She has to pay off the mortgage with 25 
equal payments, the first of which is to be one year after the loan is taken out. Continue the 
following argument to calculate the value of each annual payment. 

• After 1 year she owes $ ( 40 000 x 1.08) (loan plus interest) less the payment 
made, $P, that is, she· owes $ ( 40 OQO x 1.08 - P). 

• After 2 years she owes $ (( 40000x1.08 - P) x 1.08 - P). 
• After 3 years she owes $ (((40000x1.08- P) x 1.08-P) x 1.08 -P). 

At the end of the 25 years this (continued) expression must be zero. Form an equation in P 
and solve it. 

4 Fatima invests $100 per month for a complete year, with interest added every month at the 
rate of ~ % per month at the end of the month. How much would she have had to invest at 
the beginning of the year to have the same total amount after the complete year? 

5 Charles borrows $6000 for a new car. Compound interest is charged on the loan at a rate of 
2% per month. Charles has to pay off the loan with 24 equal monthly payments. Calculate 
the value of each monthly payment. 

6 The population of Pascalia is_ increasing at a rate of 6 % each year. On 1 January 1990 it 
was 35 200 . What was its population on 

(a) 1January2000, (b) 1 July 1990, (c) iJanuary 1980? 

7 The population of the United Kingdom in 1971 was 5.5615x 107 ; by 1992 it was estimated 
to be 5.7384x107 . Assuming a steady exponential growth estimate the population in 

(a) 2003, (b) 1981. 

8 The population of Pythagora is decreasing steadily at a rate of 4 % each year. The 
population in 1998 was 21 000. Estimate the population in 

(a) 2002, (b) 1990. 

9 A man of mass 90 kg plans to diet and to reduce his mass to 72 kg in four weeks by a 
constant percentage reduction each day. 

(a) What should his mass be 1 week after ~tarting his diet? 

(b) He forgets to stop after 4 weeks. Estimate his mass 1 week later. 
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10 A savings account is opened with a single payment of $2000. It attracts compound interest 
at a constant rate of 0.5% per month. 

(a) Find the amount in the account after two complete years. 

(b) Find, by trial, after how many months the value of the investment will have doubled. 

11 The Bank of Utopia offers an interest rate of 100% per annum with various options as to 
how the interest may be added. Gopal invests $1000 and considers the following options. 

Option A Interest added annually at the end of the year. 

Option B Interest of 50% credited at the end of each half-year. 

Option C, D, E, . . . The Bank is willing to add interest as often as required, subject to 
(interest rate) x (number of credits per year) = 100. 

Investigate to find the maximum possible amount in Gopal's account after one year. 

~~~f~~~'!3:~~1~Z~w';~W1~~~~ Miscellaneous exercise 14 ~&Jti£~ 

1 In a geometric progression, the fifth term is 100 and the seventh term is 400 . Find the first 
term. 

2 A geometric series has first term a and common ratio }i . Show that the sum to infinity of 
the series is a( 2 + -F2). (Hint: (-F2 -1 )(-F2 + 1) = 1.) 

2 

3 The nth term of a sequence is arn-l , where a and r are corista,nts. The first term is 3 and 

the second term is -i . Find the values of a and r . 

Hence find the sum of the first n terms of the sequence. 

4 Evaluate, correct to the nearest whole number, 

0.99 + 0.992 + 0.993 + ... + 0.9999 . 

5 F. -d- th f h . f" . . 1 1 1 - . m e sum o t e m mite senes - 3 :t__-6 + - 9 + . ; . , expressmg your answer as a 
f . . . l IO ,, 10 10 
ract10n m its owest terms. , , /;:;!::;~ '.' . 

Hence express the infinite recurring <li'I{~~· 0.108108108 ... as a fraction in its lowest 
terms. - .... , .- . .- -

6 A geometric series has first term 1 and common ratio r . Given that the sum to infinity of 
the series is 5 , find the value of r , 

Find the least value of n for which the suin of the first n terms of the series exceeds 4.9. 

7 In a geometric series, the first term is 12 and the fourth term is -i. Find the sum, Sn, of 
the first n terms of the series. 

Find the sum to infinity, -S~ , of the series and the least value of n for which the magnitude 
of the difference between Sn and S~ is less than 0.001. 

8 A geometric series has non-zero first term a and-common ratio r, where 0<r<1. Given 
that the sum of the first 8 terms of the series is equal to half the sum to infinity, find the 
value of r, correct to 3 decimal places. Given also that the 17th term of the series is 10, 
find a. 
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9 An athlete plans a training schedule which involves running 20 km in the first week of 
training; in each subsequent week the distance is to be increased by 10% over the previous 
week. Write down an expression for the distance to be covered in the nth week according 
to this schedule, and find in which week the athlete would first cover more than 100 km. 

10 At the beginning of 1990, an investor decided to invest $6000, believing that the value of 
the investment should increase, on average, by 6% each year. Show that, if this percentage 
rate of increase was in fact maintained for 10 years, the value of the investment will be 
about $10 745. 

The investor added a further $6000 at the beginning of each year between 1991 and 1995 
inclusive. Assuming that the 6% annual rate of increase continues to apply, show that the 
total value, in dollars, of the investment at the beginning of the year 2000 may be written as 
6000(1.065 +1.066 + ... +1.0610 ) and evaluate this, correct to the nearest dollar. 

11 · A post is being driven into the ground by a mechanical hammer. The distance it is driven 
by the first blow is 8 cm. Subsequently, the distance it is driven by each blow is fa of the 
distance it was driven by the previous blow. 

(a) The post is to be driven a total distance of at least 70 cm into the ground. Find the 
smallest number of blows needed. 

(b) Explain why the post can never be driven a total distance of more than 80 cm into the 
ground. 

12 When a table-tennis ball is dropped vertically on to a table, the time interval between any 
particular bounce and the next bounce is 90% of the time interval between that particular 
bounce and the preceding bounce. The interval between the first and second bounces is 
2 seconds. Given that the interval between the nth bounce and the (n + 1) th bounce is the 
first such interval less than 0 .02 seconds, find n . Also find the total time from the first 
bounce to the nth bounce, giving 3 significant figures in your answer. 

13 An investment of $100 in a savings scheme is worth $150 after 5 years. Calculate as a 
percentage the. annual rate of interest which would give this figure. 

14 A geometric series G has positive first term a , common ratio r and sum to infinity S. The 
sum to infinity of the even-numbered terms of G (the second, fourth, sixth, ... terms) is 
-ts. Find the value of r. 

(a) Given that the third term of G is 2, show that the sum to infinity of the odd-numbered 
terms of G (the first, third, fifth, ... terms) is ¥. 

(b) In another geometric series H, each term is the modulus of the corresponding term of 
G . Show that the sum to infinity of H is 2S. 

15 An infinite geometric series has fir,st term a and sum to infinity b , where b * 0 . Prove 
that a lies between 0 and 2b . 

16 The sum of the infinite geometric series 1 + r + r 2 + ... is k times the sum of the series 
1- r + r 2 

- ... , where k > 0. Express r in terms of k. 
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17 A person wants to borrow $100.000 to buy a house. He intends to pay back a fixed sum of 
$C at the end of each year, so that after 25 years he has completely paid off the debt. 
Assuming a steady interest rate of 4% per year, explain why 

( 
1 1 1 1 ) lOOOOO=C -+--2 +--3 + ... +--2-5 · 

1.04 1.04 1.04 1.04 

Calculate the value of C . 

18 A person wants to buy a pension which will provide her with an income of $10 000 at the 
end of each of the next n years. Show that, with a steady interest rate of 5% per year, the 

pension should cost her 

( 
l 1 1 1 ) $10000 -+--2 +--3 + ... +-- . 

1.05 1.05 1.05 1.05n 

Find a simple formula for calculating this sum, and find its value when 
n = 10, 20, 30, 40, 50. 

19 Find the sum of the geometric series 

(l - x) + ( x3 _ x4) + ( x6 _ x 7) + ... + ( x3n _ x3n+I). · 

Hence show that the sum of the infinite series 1- x + x3 - x 4 + x 6 
- x 7 + ... is equal to 

-
1
--0 , and state the values of x for which this is valid. 

l+x+x 

Use a similar method to find the sum of the infinite series 1- x + x 5 - x 6 + x 10 - x 11 + .... 

20 Find the sums of the infinite geometric series 

(a) sin2 x 0 + sin4 x 0 + sin6 x 0 +sing x 0 + .. , , 

(b) l -tan2 x 0 + tan4 x 0 -tan6 x 0 +tang x 0
- ... , 

giving your answers in as simple a form as possible. For what values of x are your results 
valid? 

21 Use the formula to sum the geometric series 1 + (1 + x) + (1 + x)2 + ... + (1 + x) 6 when 

x * 0. By considering the coefficients of x 2, deduce that 

G)+(;)+(~)+(;)+(~) =C)· 
Illustrate this result on a Pascal triangle. 

Write down and prove a general result about binomial coefficients, of which this is a 
special case. 

2 2 3 2 3 4 1 22 Make tables of values of 1 + x , 1 + x + x , 1 + x + x + x , 1 + x + x + x + x and --
1- x 

and use them to draw graphs of these functions of x for -1.5 ~ x ~ 1.5. 

What do your graphs suggest about the possibility of using the polynomial 

1 2 3 n .. hf. 1? +x + x + x + ... + x as an approx1mat10n tot e unction -- . 
1-x 

'/:•:.~~.::}~/ '·",;::• • -•o -•'•-•: '"'--;; ,_~,_:-·:.:,, • .::.:::,::.~~"S"i·::.'t,'(:2,~;£~;:,,~';l,':~,';~',~;:I,t•~.~i:o,;''1.~.~~~,}~~:'Jl{'.':';iJ,~"~;.1[!.;g;~~\ffi~d'"ltr.E'"~~~ 



15 Second derivatives 

This chapter extends1he idea of differentiation further. When you have completed it, 
you should 

• understand the significance of the second derivative for the shape of graphs and in 
real-world applications 

• be able to use second derivatives where appropriate to distinguish minimum and 
maximum points 

• understand that at a point of inflexion the second derivative is zero. 

15.1 In~erpreting and sketching graphs 

The results. in Chapter 7, linking features of the graph of a function with values of the 
derivative, were restricted to functions which are continuous within their domains. 
These results used the idea that the derivative doesn't just measure the gradient at a 
particular point of a graph, but could itselfbe regarded as a function. 

In this chapter a further restriction needs to be made, to functions which are 'smooth'; 
that is, functions whose graphs do not have sudden changes of direction. This means 

2 

that, with a function such as x 3 (1- x) (from Example 7 .2.3), you must exclude the 
'awkward' point (the origin in this example) from the domain. 

The 'smooth'. condition means that the derivative, considered as a function, is 
continuous and can itself be differentiated. The result is called the second derivative of 
the function, and it is denoted by f"(x). It is sometimes called the 'second order . 

d . . ' If . h dy . h d d · · · · d
2
y envative . you are usmg t e - notation, t e secon envat1ve is wntten as --
2 

. m m 
(The reason for this rather curious symbol is explained in Section 15.5.) 

Example lS.1.1 
In the graph of y = f(x) = x 3 

- 3x2
, identify the intervals in which f(x), f'(x) and 

f"(x) are positive, and interpret these graphically. 

dy =f'(x)=3x2 -6x, 
m and d

2

;' =f"(x)=6x-6. 
m 

Fig. 15.l shows the graphs of the function and its first and second derivatives. 

x x x 
(1,-3) 

Fig. 15.1 
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Notice first that f(x) = x2(x-3), so that f(x) > 0 when x > 3. These are the 
values of x for which the graph of f(x) lies above the x-axis. 

Since f'(x) = 3x(x - 2), f'(x) > 0 when x < 0 or x > 2. In the graph of f(x), the 
gradient is positive in these intervals, so that f(x) is increasing. 

Lastly, f"(x) = 6(x-1), so that f"(x) > 0 when x > 1. It appears that this is the 
interval in which the graph of f(x) can be described as bending upwards. 

To make this idea of 'bending upwards' more precise, it is helpful to use the letter g to 
denote the gradient of the graph on the left of Fig. 15 .1, so that g = f' (x) . Then 

f"(x) = dg, which is the rate of change of the gradient with respect to x. In an 
dx 

interval where f"(x) > 0, the gradient increases as x increases. 

This can be seen in the middle graph of Fig. 15 .1, which is a quadratic graph with its 
vertex at (1,-3). So the gradient of the graph on the left increases from a value of -3 
at the point (1,-2), through zero at the minimum 
point (2,-4) and then becomes positive and 
continues to increase when x > 2 . 

Fig. 15.2 shows three curves which would be 
described as bending upwards, for which 
f"(x) > 0, and three bending downwards for 
which f"(x) < 0. The important thing to notice is 
that this property does not depend on the sign of 
the gradient. A curve can bend upwards whether 
its gradient is positive, negative or zero. 

\ 
/ 

Bending upwards 

~ 

~ 
Bending downwards 

Fig.15.2 

Example 15;1.2 
Investigate the graph of y = f(x), where f(x) =_!__-;-with domain x > 0. 

x x 

/ 
\ 

You can write f(x) either as x ~ 1 
or, with negative indices, as x-1 -x-2. So 

x 

f'(x)=-x-2 +2x-3 =-__!__+~= -x+ 2 
x2 x3 x3 , 

and f"(x) = 2x-3 - 6x-4 = ~ _ _i_ = 2(x - 3). 
x3 x4 x4 

It follows that, in the given domain, 

f(x) < 0 for x < 1 

f'(x)>O for x<2 

f"(x)<O for x<3 

and f(x)>O for x>l; 

and f'(x)<O for x>2; 

and f"(x) > 0 for x > 3. 

So the graph lies below the x-axis when 0 < x < 1 and above it when x > 1, 
crossing the axis at (1,0). It has positive gradient when 0 < x < 2 and negative 

gradient for x > 2, with a maximum point at ( 2, t). And the graph bends 
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downwards for 0 < x < 3 and upwards for x > 3 . 

This is enough information to give a good idea of the shape of the graph for values 
of x in an interval covering the critical values x = 1, 2 and 3, but to complete the 
investigation it would be helpful to know more about the graph for very small and 
very large values of x. This suggests calculating, say, 

f(0.01) = 100 -10000 = -9900 and f(lOO) = O.Ql-0.0001=0.0099. 

So when x is small, y is a negative number with large modulus; and when x is 
large, y is a small positive number. 

Try to sketch the graph for yourself using the information found in the example. If you 

have access to a graphic calculator use it to check your sketch. 

The skill in sketching a graph is to work out the coordinates of only those points where 
something significant occurs. Example 15.1.2 draws attention to the point (1,0), where 
the graph crosses the x-axis, and to the maximum point (2,t). Another interesting 

point is (3,~), where the graph changes from bending downwards to bending upwards. 

Notice that f"(x) changes from - to+ at this point, and that f"(3) = 0. 

A point of a graph which separates a part of the curve which bends one way from 
a part which bends the other way is called a point of inflexion of the graph. If 
(p, f (p)) is a point of inflexion of the graph of a smooth function, f" (p) = 0 . 

~1:0ffi~~~il!Jilii'~~T.;W.~i~~i!ii.1iliii>~I~¥~~;,J;[''J~·'H~7~;~, 

15.2 Second derivatives in practice 

There are many real-world situations in which second derivatives are important, because 
they give advance warning of future trends. 

For example, the number of households possessing a computer has been increasing for a 
long time. Manufacturers will estimate the number of such households, H, in year t, 

and note that the graph of H against t has a positive gradient dH . But to plan ahead 
dt 

they need to know whether this rate of increase is itself increasing (so that they shouid 
increase production of models for first-time users) or decreasing (in which case they 

might target existing customers to upgrade their equipment). So it is the value of d
2 

~ 
which affects such decisions. dt 

Similarly, a weather forecaster observing the pressure p at time t may not be too 

concerned if dp is negative; but if she also notices that d
2 f is negative, it may be time 

ili ili 
to issue a warning of severe weather. 

227 
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--':<:: __ ,_~·~_:_, ·/,.:·:, ,~--·--~·~.:::. -:;.l~1t~t};:~~~~--- Exercise lSA t~~~~~~~~~~~:.~Ji;~::.;:;3 

In this exercise try to sketch the graphs using information about the first and second 
derivatives. When you have drawn your sketch, check it from a graphic calculator or 
computer display if you have one available. 

. 3 
1 Consider the graph of y = f(x) where f(x) = x -x. 

(a) Use the fact that f(x) = x( x2 -1) = x(x - l)(x + 1) to find where the graph cuts the 
x 0 axis and hence sketch the graph. 

(b) Find f'(x) and sketch the graph of y = f'(x). 

(c) Find f"(x) and sketch the graph of y = f"(x). 

(d) Check the consistency of your sketches: for example, check that the graph of y = f(x) 
is bending upwards where f"(x);,, 0. 

2 For the graph of y = x3 + x 

(a) use factors to show that the graph crosses the x-axis once only; 

d d 2 
(b) find _l'_ and ---1'.

2 
; 

dx dx 

(c) find the interval in which the graph is bending upwards; 

(d) use the information gained to sketch the graph of y = x 3 + x. 

3 Use information about f'(x) and f"(x) to sketch the graph of y = f(x), where 
f(x) = x3 -3x2 +3x-9. (Note that x 3 -3x2 +3x-9= (x-3)(x2 +3).) 

4 Sketch the graphs of the following, giving the coordinates of any points at which 

(") dy = 0 ("") d2y = 0 1 . , 11 2 . 
dx dx 

(a) y = x 4 
- 4x2 

1 
(d) y=x-:; 

(b) y=x3+~2 

4 
(e) y=x+z­

x 

5 (a) This graph shows prices ( P) plotted against time ( t ). 

(c) y= x+.!. 
x 

4 
(f) y = x- x2 

The rate of inflation, measured by dP, is P 
d2P dt . 

increasing. What does - 2- represent and what 
dt 

can be said about its value? 

(b) Sketch a graph showing that prices are increasing 
but that the rate of inflation is slowing down with 
an overall increase tending to 20% . 

0 
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6 Write down the signs of f'(x) and f"(x) for the following graphs of y = f(x). In parts (e) 
and (f) you will need to state the relevant intervals. 

(a) Yt 

/ 
01 x 

(c) Yt 

/ 
ol ) 

x 

(e) Yt 

0 3 x 

7 The graph shows the price S of shares in a 
certain company. 

{a) For each stage of the graph, comment on 

dS and d2S. 
dt dt2 

(b) Describe what happened in non-· 
technical language. 

(b) 

(d) 

(f) 

y 

( 
0 x 

y 

\ 
ol x 

y 

-1 0 x 

s 

0 

8 Colin sets off for school, which is 800 m from home. His speed is proportional to the 
distance he still has to go. Let x metres be the distance he has gone, and y metres be the 
distance that he stili has to go. 

(a) Sketch graphs of x against t and y against t. 

. dx d2 x dy d 2y 
(b) What are the signs of - , - 2 , - and - 2 ? 

dt dt dt dt 

9 The rate of decay of a radioactive substance is proportional to the number, N , of 
radioactive atoms present at time t. 

(a) Write an equation representing this information. 

(b) Sketch a graph of N against t. 

(c) What is the sign of d
2 
~? 

dt 
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10 Sketch segments of graphs of y = f(x) in each of the following cases. 

(For example, in (a), you can only sketch the graph near the y-axis because you have no 
information for other values of x .) 

(a) f(O) = 3, f'(O) = 2, f"(O) = 1 (b) f(5) = -2, f'(5) = -2, f"(5) = -2 

(c) f(O) = -3, f'(O) = 0, f"(O) = 3 

15.3 Minima and maxima revisited 

In the last exercise you will sometimes have found that different pieces of information 
reinforce each other. This is especially true at points where a graph has a minimum or 
maximum. If you have identified a minimum from changes in the sign of f' ( x), you will 
also have found from f"(x) that the graph is bending upwards. 

The curves in Fig. 15.2 suggest a general result: 

If f'(q) = 0 and f"(q) > 0, then f(x) has a minimum at x = q. 

If f'(q) = 0 and f"(q) < 0, then f(x) has a maximum at x = q . 

. .;:;-·.:.,~ ,::,.; 

It is often simpler to use this instead of considering the change in sign of f'(x) to decide 
whether a point on a graph is a minimum or a maximum. The procedure described in 
Section 7 .3 can then be amended as follows. 

To find the minimum and maximum points on the graph of y = f(x): 

Step 1 Decide the domain in which you are interested. 

Step 2 Find an expression for f'(x). 

Step 3 List the values of x in the domain for which f'(x) is 0. 
(If there are values where f'(x) is undefined, use the old 
procedure, in Section 7.3 .) 

Step 4 Find an expression for f"(x). 

Step 5 For each value of x in Step 3, find the sign of f"(x). If the 
sign is+, the graph has a minimum point; if-, a maximum. 
(If the value of f"(x) is 0, follow th~ old procedure.) 

~'.: Step 6 For each value of x which gives a minimum or maximum, 
calculate f(x). 

Notice that there are two ways in which this procedure can break down. 
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First, the method only works for the graphs of smooth functions, so that it does not 
apply at points where f'(x) is undefined. 

Secondly, if f'(q) = 0 and f"( q) = 0, it is possible for f(x) to have a minimum, or 
a maximum, or neither, at x = q. This can be shown by comparing f(x) = x 3 with 
g(x) = x 4 at x = 0. You can easily check that f'(O) = f"(O) = 0 and that 
g'(O) = g"(O) = 0. But g(x) has a minimum at x = 0, whereas f(x) has neither a 
minimum nor a maximum. (In fact the graph of y = f(x) has a point of inflexion at the 
origin, since f"(x) = 6x, which is negative when x < 0 and positive when x > 0 .) 

You will also find later on that for some functions it can be very laborious to find the 
second derivative. In that case, it is more efficient to use the old procedure. 

Example 15.3.1 
Find the minimum and maximum points on the graph of f(x) = x4 + x5

• 

Step 1 The function is defined for all real numbers. 

Step2 f'(x):=4x 3 +5x4 =x3(4+5x). 

Step 3 f'(x) = 0 when x = 0 or x = -0.8. 

Step 4 f"(x) = 12x2 + 20x3 = 4x2 (3 + 5x). 

Step 5 f"(-0.8) = 4x(-0.8)2 x(3-4) < 0, so x =-0.8 gives a maximum. 

f"(O) = 0, so follow the old procedure. For -0.8 < x < 0, x 3 < 0 and 
4 + 5x > 0, so f'(x) < 0; for. x > 0, f'(x) > 0. So x = 0 gives a minimum. 

I 

Step 6 The maximum point is (-0.8,0.08192); the minimum point is (0,0). 

Example 15.3.2 
1 

2 

Find the minimum and maximum points on the graph of y = ~ . 
x 

The function is defined. for all real numbers except 0. 

. . . (x+1)2 x 2 +2x+l _ 
To differentiate, wnte --- as = x + 2 + x 1

. 
x x 

Then dy = 1- x-2 = 1-~ = x
2

; 
1

, so dy = 0 gives x2 -1=0, or x = ±1. 
dx x x dx 

The second derivative is d
2

; = 2x-3 =-;..This has values -2 when x = -1, 
dx x 

and 2 when x = 1. So (-1,0) is a maximum point and (1,4) is a minimum point. 

The minimum value is greater than the maximum value. How can this happen? 

231 
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Exercise lSB tll!Wll!5?WUM &·., '"~ 
Use first and second derivatives to locate and describe the stationary points on the graphs of 

the following functions and equations. If this method fails, then use the change of sign of dy 
or f'(x) to distinguish maxima, minima and points of inflexion. dx 

1 (a) f(x)=3x-x 3 

(c) f(x) = 3x4 +1 

2 1 
(e) f(x)= 4 --

x x 

1 1 
(g) f(x)=-- 2 x x 

2 (a) y = 3x4 
- 4x3 -12x2 

- 3 

(c) y=16x-3x3 

(e) y=4+x2 
x 

(g) y=2x5 -7 

(b) f(x)=x 3 -3x2 

(d) f(x) = 2.X3 -3x2 -12x + 4 

1 
(f) f(x)=x2 +1 

x 

(h) f(x) = 2x 3 -12x2 + 24x + 6 

(b) y = x3 
- 3x2 + 3x + 5 

4 
(d) y=1-X 

x 
x-3 

(f) y=-·-2 
x 

(h) y = 3x4 
- 8x3 + 6x2 + 1 

ffit.~di'iiii •w·~w--@j\§£1M#f&i#¥M¥¥!!id fM!M*i&¥e &@ YliAJiill!!iiili "JTi""P'E7 ~ GhtM@8~~ 

15.4 Logical distinctions 

You have seen that, for the graphs of smooth functions, it is true that 

if (q,f(q)) is a minimum or maximum point, then f'(q) = 0; 

but the converse statement, that 

if f'( q) = 0 , then ( q ,f ( q)) is a minimum or maximum point, 

is false. 

You can show that it is false by finding a counterexample; that is, an example of a 
function for which the 'if ... ' part of the statement holds, but the 'then ... 'part does not. 

Such a function is f(x) = x3 with q = 0. Since f'(x) = 3x2, f'(O) = 0, but (0,0) is not a 
minimum or maximum point of the graph of y = x 3 

• 

A similar situation arises with points of inflexion. For the graphs of smooth functions it 
is true that 

if (p ,f (p)) is a point of inflexion, then f "(p) = 0 ; 

but the converse, that 

if. f"(p) = 0 , then (p,f(p)) is a point of inflexion, 

is false. 
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A suitable counterexample in this case is f(x) = x4 with x = 0. Since f"(x) = 12x2
, 

f"(O) = 0, but (0,0) is a minimum point on the graph of y = x 4
, not a point of inflexion. 
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Much of advanced mathematics involves applying general theorems to particular. functions. 
There are many theorems (such as Pythagoras' theorem) whose converses are also true. But 
if, as in ihe examples above, the converse of a theorem is false, it is very important to be sure 
that you are applying the (tnie) theorem rather than its (false) converse. 

15.5 Extending dy notation 
dx 

Although dy is a symbol which should not be split into smaller bits, it can usefully be 
dx . 

adapted by separating off the y, as ~ y, so that if y = f(x), you can write dx . 

f'(x) = ~f(x). 
dx 

. This can be used as a convenient shorthand. For example, instead of having to write 

if y = x4 , then dy = 4x3 

dx 

you can abbreviate this to 

~x4 =4x3
. 

dx 

You can think of ~ as an instruction to differentiate whatever comes after it. 
dx 

You may have seen calculators which do algebra as well as arithmetic. With these, you 
can input a function such as x 4

, key in 'differentiate', and the output 4x 3 appears in 

the display. The symbol ~ , sometimes called the differential operator, is the 
dx 

equivalent of pressing the 'differentiate' key. 

This explains the notation used for the second derivative, which is what you get by 

differentiating dy ; that is, ~ dy . If you collect the elements of this expression into a 
dx dx dx 

single symbol, the top line becomes d2y, and the bottom line (dx)2. Dropping the 
d2 

brackets, this takes the form -{. 
dx 

15.6* Higher derivatives . 2 

There is no reason to stop at the second derivative. Since d ; is also a function, 
dx 

provided it is smooth it can be differentiated to give a third derivative; and the process 
can continue indefinitely, giving a whole sequence of higher derivatives 

d3 ---1:'. 
dx3, 

d4 ---1:'. 
dx4' 

d5y 
dx5 ' 
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In function notation these are written as 

f"'(x), f(4)(x), f(S)(x)' 

Notice that, from the fourth derivative onwards, the dashes are replaced by a small 
numeral in brackets. 

These further derivatives do not often have useful interpretations in graph sketching or 
in real-world applications. But they are important in some applications, for example in 
finding approximations and for expressing functions in series form. 

Exercise 15C* 

. dy d2y d3y d4y . 
1 Fmd - , - 2 , - 3 and - 4 for the followmg. 

dx dx dx dx 

(a) y = x 2 + 3x - 7 

(d) y = -!X 

1 
(b) y = 2x3 + x +-

I x 
(e) y= -fX 

2 Find f'(x), f"(x), f"'(x) and f(4l(x) for the following. 

(a) f(x) = x 2 
- 5x + 2 (b) f(x) = 2x5 

- 3x2 

(d) f(x) = x 2(3- x 4
) 

3 

(e) f(x) = x 4 

3 Find dny for y = xn in the case where n is a positive integer. 
dxn 

(c) y=x4 -2 

I 

(f) y = x• 

1 
(c) f(x) = 4 x 

3 

(f) f(x) = x 8 

4 Find an expression for .dny for y = xn+2 where n is a positive integer. 
dxn 

5 Find dny where y = xm in the case where mis a positive integer and n > m. 
dxn 

Miscellaneous exercise 15 

1 Find the maximum and minimum values of x 3 - 6i2 + 9x + 6, showing carefully how you 
determine which is which. 

2 Find any maximum and minimum values of the function f(x) = I6x +~,indicating how 
x 

you decide whether they are maxima or minima. 

3 Find any maximum and minimum values of the function f(x) = .J-; +-ho -5x , and give 

the corresponding values of x . 

4 Find the coordinates of the maximum and minimum points on the graph of y = .!_ + -
1
- . 

x I-4x 
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5 The rate at which Nasreen's coffee cools is proportional to the difference between its 
temperature, 8°, and room temperature, a 0

• Sketch a graph of (} against t given that 
. d(} d 2(} 

a = 20 and that (} = 95 when t = 0 . State the signs of (}, - and - 2 for t > 0. 
dt dt 

6 Aeroplanes in flight experience a resistance 
known as drag. For a particular aeroplane at 
low speeds the drag is equal to kS2 

, where 
k is the (constant) drag coefficient and S is 
the speed of the aeroplane. 

k subsonic transonic : supersonic 
region region · region 

At high speeds, however, k increases with 
speed, and a typical graph of k against S is 
shown here. (The transonic region is 
commonly known as the 'sound barrier'.) 

0 speed of sound Speed 

(a) Give the signs of dk and d
2

~ foreachofthethreesectionsofthegraphand,in 
dS dS 

particular, say where each is zero. 

(b) Where is k ~hanging most rapidly? 

(c) What does the graph imply about k at even higher speeds? 

7 A window consists of a lower rectangular 
part ABCD of width 2x metres and height 
y metres and an upper part which is a 
semicircle of radius x metres on AB as 
diameter, as shown in the diagram. 

Al-----------------------------------------IB 

The perimeter of the window is 10 metres. 

Find an expression in terms of x and n for 
the total area of the window, and find the 
value of x for which the area is a 

y y 

maximum. Use the value of d
2

; to verify c vL---;;2x:;----
dx 

that the area is a maximum for this value of x . 

8 Investigate the maxima and minima of the following functions, where a > 0. 

(a) 'x 2(x -a) (b) x 3(x -a) (c) x 2(x -a) 2 (d) x 3(x - a) 2 

Make a conjecture about xn (x -a)m. 

9 Find an expressionfor f(n)(x) where 

1 
(a) f(x)=3, 

x 
(b) f(x) = '1X. 

10* Find the coordinates of any points of inflexion on the curves with equations 
1 

(a) y=x4 -8x3 +18x2 +4, (b) y=x2 --+2. 
x 

235 
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16 Integration 

Integration is the reverse process of differentiation. When you have completed this 
chapter, you should 

• understand the term 'indefinite integral' and the need to add an arbitrary constant 
• be able to integrate functions which can be expressed as sums of powers of x, and 

be aware of any exceptions 
• know how to find the equation of a graph given its derivative and a point on the graph 
• know how to evaluate a definite integral 
• be able to use definite integrals to find areas. 

16.1 Finding a function from its derivative 

It was shown in Chapter 7 that some features of the graph of a function can be interpreted in 
terms of the graph of its derived function. 

Suppose now that you know the graph of the 
derived function. What does this tell you 
about the graph of the original function? 

It is useful to begin by trying to answer this 
question geometrically. Fig. 16.1 shows the 
graph of the derived function f'(x) of some 
function. The problem is to sketch the graph 
of f(x). Scanning the domain from left to 
right, you can see that: 

For x < 1 the gradient is negative, so f(x) is 
decreasing. 

At x = 1 the gradient changes from - to +, so 
f(x) has a minimum. 

For 1<x<3 the gradient is positive, so f(x) 
is increasing. Notice that the gradient is 
greatest when x = 2 , so that is where the 
graph climbs most steeply. 

At x = 3 the gradient changes from+ to-, so 
f(x) has a maximum. 

For x > 3 the gradient is negative, so f(x) is 
again decreasing. 

-1 

-2 

-3 

Fig. 16.1 

Fig. 16.2 

Using this information you can make a sketch like Fig. 16.2, which gives an idea of the 
shape of the graph of f(x). But there is no way of deciding precisely where the graph is 
located. You could translate it in the y-direction by any amount, and it would still have 
the same gradient f'(x). So there is no unique answer to the problem; there are many 
functions f(x) with the given derived function. 
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This can be shown algebraically. The graph in Fig. 16.1 comes from the equation 

f'(x) = (x -1)(3- x) = 4x -x2 
- 3. 

What function has this expression as its derivative? The key is to note that in differentiating 
xn the index decreases by 1, from n to n - 1 . So to reverse the process the index must go up 
by 1. The three terms 4x, - x 2 and - 3 must therefore come from multiples of x 2

, x3 and 
x. These functions have derivatives 2x , 3x2 and 1, so to get the correct coefficients in 
f'(x) you have to multiply by 2, -~ and -3. One possible answer is therefore 

f(x) = 2x2 -t x 3 
- 3x. 

But, as argued above, this is only one of many possible answers. You can translate the graph 
of f(x) in the y-direction by any amount k without changing its gradient. This is because 
the derivative of any constant k is zero. So the complete solution to the problem is 

f(x) = 2x 2 -ix 3 -3x + k for any constant k . 

The process of getting from f'(x) to f(x) is called integration, and the general 
expression for f(x) is· called the indefinite integral of f'(x). Integration is the reverse 
process of differentiation. 

The indefinite integral always includes an added constant k, which is called an 
arbitrary constant. The word 'arbitrary' means that, in any application, you can choose 
its value to fit some extra condition; for example, you can make the graph of y = f(x) 
go through some given point. 

It is easy to find a rule for integrating functions which are powers of x. Because 
differentiation reduces the index by 1, integration must increase it by .1. So the function 
xn must be derived from some multiple of xn+I. But the derivative of xn+I is (n + l)xn; 

so to reduce the coefficient in the derivative to 1 you have to multiply xn+I by ~. 
1 n+l 

The rule is therefore that one integral of xn is -- xn+I. 
n+l 

But notice an important exception to this rule. The formula has no meaning if n + 1 is 0, 

so it does not give the integral of x-1 , or l_. You will find in P2 that the integral of l_ 
x x 

is not a power of x, but a quite different kind of function. 

The extension to functions which are sums of powers of x then follows from the 
equivalent rules for differentiation: 

~~~1~'l~!J~ill~~~~~!,~~~<Ji~§~!fil'NJ¥"~!t!W2~•:~~~~~ 

The indefinite integral of a function made up of the sum of multiples of xn, f}, 

where n t:.-1, is the corresponding sum of multiples of-
1
-xn+l, together ~ 

n+l ~ 

with an added arbitrary constant. I 
~~~~:J·Z~~1f.:,~7~~»»~~:~_~~~~'5,'.::~~S~~~2W&~~~~~ 
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Example 16.1.1 
The graph of y = f(x) passes through (2,3), and f'(x) = 6x2 

- 5x. Find its equation. 

The indefinite integral is 6( t x 3 
)- 5( ! x 2

) + k , so the graph has equation 

y = 2x
3 

-%x
2 +k 

for some constant k. The coordinates x = 2, y = 3 have to satisfy this equation, so 

3 = 2 x 8 -% x 4 + k, giving k = 3-16+10 = -3. 

The equation of the graph is therefore y = 2x3 
- % x 2 

- 3 . 

Example 16.1.2 

A gardener is digging a plot of land. As he gets tired he works more slowly; after 
2 

t minutes he is digging at a rate of .ft square metres per minute. How long will it take 

him to dig an area of 40 square metres? 

Let A square metres be the area he has dug after t minutes. Then his rate of 

digging is measured by the derivative dA. So you know that dA = 2t-~; in this 
dt dt 

case n = - ~" so n + 1 = i and the indefinite integral is 

A = 2( 1/ 2 t~) + k = 4.fi + k. 

To find k , you need to know a pair of values of A and t. Since A = 0 when he 
starts to dig, which is when t = 0, 0 = 4.JO + k and so k = 0. 

The equation connecting A with t is therefore A = 4.fi. 

To find how long it takes to dig 40 square metres, substitute A= 40: 

40 = 4.fi, so that .ft = 10, and hence t = 100. 

It will take him 100 minutes to dig an area of 40 square metres. 

Exercise 16A 

1 Find a general expression for the function f(x) in each of the following cases. 

(a) f'(x)=4x 3 (b) f'(x)=6x5 

(c) f'(x)=2x (d) f'(x)=3x 2 +5x4 

(e) f'(x)=l0x 9 -8x7 -l (f) f'(x)=-7x 6 +3x2 +1 
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2 Find a general expression for the function f( x) in each of the following cases. 

(a) f'(x) = 9x2 -4x - 5 (b) f'(x) = 12x2 + 6x + 4 

(c) f'(x) = 7 (d) f'(x) = 16x3 
- 6x2 + lOx - 3 

(e) f'(x)=2x 3+5x (f) f'(x)=x+2x2 

(g) f'(x) = 2x2 -3x-4 (h) f'(x) = 1-2x-3x2 

3 Find y in terms of x in each of the following cases. 

(a) dy = x4 +x2 +1 (b) dy = 7x - 3 
dx dx 

(c) dy = 2x2 +x-8 (d) dy =6x3 -5x2 +3x+2 
dx dx 

(e) dy =l.x3 +lx2 +lx+l 
dx 3 2 3 6 

(f) dy =lx3-lx2+x-l 
dx 2 3 3 

(g) dy = x - 3x2 + 1 
dx 

(h) dy = x3 + x2 + x + 1 
dx 

4 The graph of y = f(x) passes through the origin and f'(x) = 8x - 5. Find f(x). 

5 A curve passes through the point (2,-5) and satisfies dy = 6x2 -1. Find y in terms of x. 
dx 

6 A curve passes through (-4, 9) and is such that dy = ~ x3 + ~ x + 1. Find y in terms of x. 
dx 

7 Given that f'(x) = 15x2 -' 6x + 4 and f(l) = 0, find f(x). 

8 Each of the following diagrams shows the graph of a derived function f'(x). In each case, 
sketch the graph of a possible function f(x). 

(a) 

(d) 

f'(x) 

3 

f'(x) 

(b) 

' x 

(e) 

x 

f'(x) 

3 

-1 
-2 

f'(x) 

(c) f'(x) 

x 

(f) 

9 The graph of y = f(x) passes through (4,25) and f'(x) = 6.JX°. Find its equation. 

x 
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10 Find y in terms of x in each of the following cases. 

dy I (b) dy =4x-i (c) dy =~ (a) - = x 2 

dx dx dx 

dy -.Jx 2 dy 5 
(f) 

dy -2 
(d) -=2 x-- (e) dx = ~ dx = v;z dx ~ 

11 Find a general expression for the function f(x) in each of the following cases. 

(a) e(x) = x-2 (b) f'(x) = 3x-4 (c) f'(x) = 
6

3 x 

(d) f'(x)=4x-~ 
x 

1 1 
(e) f'(x)=3-4 

x x 
(f) f'(x) = 22 - 2x2 

x 

12 The graph of y = f(x) passes through (! ,5) and f'(x) = ~ . Find its equation. 
x 

13 A curve passes through the point (25,3) and is such that dy = \---.Find the equation of 
dx 2-vx 

the curve. 

14 A curve passes through the point (1,5) and is such that dy = ~ - 6
3 . Find the equation of 

dx . x 
the curve. 

15 In each of the following cases, find y in terms of x. 

(a) dy =3x(x+2) 
dx 

(b) dy =(2x-1)(6x+5) 
dx 

(c) dy = 4x
3
+l 

dx x 2 

(d) dy = x+4 (e) dy = (-.Jx + 5)2 (f) 
dy -.Jx + 5 

= -.Jx dx -.Jx dx dx 

16 A tree is growing so that, after t years, its height is increasing at a rate of ~ cm per year. 
Assume that, when t = 0, the height is 5 cm. · t 

(a) Find the height of the tree after 4 years. 

(b) After how many years will the height be 4.1 metres? 

17 A pond, with surface area 48 square metres, is being invaded by a weed. At a time 
t months after the weed first appeared, the area of the weed on the surface is increasing at 

a rate of ~t square metres per month. How long will it be before the weed covers the 
whole surface of the pond? 

18 The function f(x) is such that f'(x) = 9x2 + 4x + c, where c is a particular constant. Given 
that f(2)= 14 and f(3) = 74, find the value of f(4). 

[;~~~~~~~~~~!'i™Yl:...'?..M~~~:J.:.~~~.i.'Ri,n'F£~ifaw&J §&Wfu!if!W22i 

16.2 Calculating areas 

An important application of integration is to calculate areas and volumes. Many of the 
formulae you have learnt, such as those for the volume of a sphere or a cone, can be 
proved by using integration. This chapter deals only with areas. 
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The method can be illustrated by finding the area in Fig. 16.1 between the x-msis and the 
graph of y = (x -1)(3 - x) from x = 1 to x = 3. The key is to begin by asking a more 
general question: what is the area, A, between the x-axis and the graph from x =I ·as far 
as any value of x? This is illustrated by the region with dark shading in Fig. 16.3. 

y 

x 

~ 
. . 

+ oy 
y . 

. 

fu 

Fig. 16.3 Fig. 16.4 

The point of doing this is that x can now be varied. Suppose that x. is increased by ox. 
S.ince both y and A are functions of x, you can write the corresponding increases in y 
and A as oy and OA. This is represented in Fig. 16.3 by the region with light shading. 

This region is drawn by itself iri Fig. 16.4. Dotted lines have been added to show that the 
area oA of the region is between the areas of two rectangles, each with width ox and 
having heights of y and y + oy . So 

OA is between y ox and (y + oy )8x , 

from which it follows that 

~; is between y and y + oy . 

Now consider the effect of making ox tend to 0. From the definition, oA tends to 
M 8x 

the derivative - . Also oy tends to 0, so that y + oy tends to y. It follows that 
dx 

M 
dx =y. 

So A is a function whose derivative is y = (x-1)(3-x); that is, A is an integral of 
( x - 1 )(3 - x) . You found in Section 16 .1 that this has equation 

A = 2x2 
- i x 3 

- 3x + k , for some number k . 

To find k , you need to know A for some value of x. In this case it is obvious that 
A= 0 when x = 1; so that 0 = 2 -i- 3 + k, which gives k = j-. 

The original problem was to find the area when x = 3, which is 

2x32 1 x33 3x3+ 4 -18 9 9+ 4 - 4 -3 - 3- - - 3-3· 

The answer has been given without a unit, because it is not usual to attach a unit to the 

variables x and y when graphs are drawn. But if in a particular application x and y 
each denote numbers of units, then when stating the answer a corresponding unit 

(the x -unit x the y -unit) should be attached to the value of A . 

241 
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16.3 The area algorithm 

When you want to calculate an area you do not need to go through the argument in 
Section 16.2 each time. The procedure can be reduced to a set of rules, called an 
algorithm. 

For any function, the problem is to calculate the area bounded by the x-axis, the graph 
of y = f(x), and the lines x =a and x = b. This is illustrated in Fig. 16.5, and is 
described as 'the area under the graph from a to b '.For this section, you should 
assume that f(x) > 0 for a< x < b. 

.. . . 

a b a x 

Fig. 16.5 Fig.16.6 

As in Section 16.2, let A denote the area under the graph from a to any value of x 

(see Fig. 16.6). Then, by the same argument, dA = y, so that A is an integral of f(x). 
dx 

There are many such functions, but if the 'simplest' one is denoted by I( x) , then you: 

know that 

A=l(x)+k 

for some number k . And since A = 0 when x = a, 

0 = I(a) + k, giving k = -I(a). 

Therefore 

A= I(x)- I(a). 

You find the required area by putting x = b in this expressfon. That is, the area from 
x=a to x=b is I(b)-I(a). 

To find the area under the graph y = f(x) from x = a to x = b: 

Step 11 Find the 'simplest' integral of f(x); call it I(x). 

Step 2 Work out I(a) and I(b). 

Step 3 The area is I(b)- I(a). 
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Example 16.3.1 
Find the area under y = ~ from x = 2 to x = 5 . 

x 

Step 1 Let f(x)=y. You can write f(x) as x-2 ,so l(x) is !
1 
x-1,or _ _!_, 

x 

Step2 1(2)=-t=-0.5, 1(5)=-~=-0.2. 

Step 3 The area is 1(5)- 1(2) = (-0.2)- (-0.5) = -0.2 + 0.5 = 0.3. 

You can shorten the operation of this algorithm still further by using a special notation. 
The 'area under y = f(x) from x =a to x = b' is denoted by 

J: f(x)dx. 

This is called a definite integral. Notice that a definite integral has a specific value. 
Unlike an indefinite integral, it is not a function of x, and it involves no arbitrary 
constant. The numbers a and b are often called the limits, or the bounds, of integration. 
(But notice that they are not 'limits' in the sense in which the word has been used in 
relation to differentiation.) The function f(x) is called the integrand. 

The symbol J was originally a letter S, standing for 'sum'. Before the link with 

differentiation was discovered in the 17th century' attempts were made to calculate 
" areas as the sums of areas of rectangles of height f(x) and width denoted by Bx , or dx. 

(Look at the lower rectangle in Fig. 16.4, where the lower rectangle has area f(x)fu .. ) 
The notation is based on this idea. 

There is also an abbreviation for I( b) - I( a): it is written 

(l(x) J:. 
Using this notation, you would write the calculation of the area in Example 16.3.l as 

JS 1 [ 1 ]5 Area= 2dx= -- =(-0.2)-(-0.5)=-0.2+0.5=0.3. 
2 x x 2 

Example 16.3.2 
Find the area under y = ~ from x = 1 to x = 4 . 

Area= ~dx= x 2 dx= .fx2 =~x8-~x1= 14 . f,4 f,4 l [ 3 J 4 

1 .l 3 1 3 3 3 

The symbol J f(x) dx by itself, without limits a and b, is used to stand for the 

indefinite integral. For example, you can write 

f~dx=-_!+k. x x 

243 
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~Ji~~E~~·~€~~;Bf2lli1]~~~~~g,~~~'!f~WP.~ Exercise 16B ~~~"t~~~~$~~~~ 

1 Find the following indefinite integrals. 

(a) f 4xd.x (b) f 15x
2 

d.x (c) J 2x
5 

d.x 

(d) f 9d.x (e) f ~XS d.x (f) J 1x4 d.x 

2 Evaluate the following definite integrals. 

(a) f12 3x2 dx 
~ 

(b) J: 8xdx (c) J: x
3 

dx 

(d) f I 10x
4 

dx 

I 

f~ 2dx (e) J: ~xdx (f) 

3 Find the following indefinite integrals. 

(a) J (6x+7)dx (b) f ( 6x2 - 2x - s)d.x 

(c) J (2x
3

+7x)dx (d) f (3x 4 -8x3 +9x
2 

-x+4)dx 

(e) J (2x+5)(x-4)dx (f) J x(x+2)(x-2)d.x 

4 Evaluate the following definite integrals. 

(a) J: (8x+3)dx (b) J: (5x-4)dx 

(c) f
1 

( 6x
2 

+ l)dx (d) J~ (2x + l)(x + 3)d.x 

(e) f
3 

(6x
2

+2x+3)dx (f). f 
3 

( 6x
3 

+ 2x )d.x 

5 Find the area under the curve y = x 2 from x = 0 to x = 6 . 

6 Find the area under the curve y = 4x3 from x = 1 to x = 2. 

7 Find the area under the curve y = 12x3 from x = 2 to :X = 3. 

8 Find the area under the curve y = 3x2 + 2x from x = 0 to x = 4 . 

9 Find the area under the curve y = 3x2 - 2x from x = -4 to x = 0 . 

10 Find the area under the curve y = x4 + 5 from x = -1 to x = 1. 

11 The diagram shows the region under y = 4x + 1 
between x = 1 and x = 3. Find the area of the shaded 
region by 

(a) using the formula for the area of a trapezium, 

(b) using integration. 
x 
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12 The diagram shows the region bounded by y = ~ x - 3, by y 

· x = 14 and the x-axis. Find the area of the shaded region by 

·(a) using the formula for the area of a triangle, x 

(b) Jusing integration. 

13 Find the area of the region shaded in each of the following diagrams. 

(a) y (b) y 

x x 

(c) Y 
y=4x-x2 

(d) y 

y= 3x 2 +2x +4 

x 
-1 x 

(e) y (f) y 

5 x I x 

14 Find the following indefinite integrals. 

(a) f _!_dx x3 (b) f ( x2 
-:2 )ctx (c) f -JXctx 

(d) f 6x! dx (e) f 6x4 +5 dx 
x2 

(f) J-1 dx 
-JX 

15 Evaluate the following definite integrals. 

(a) J: 12Vtdx (b) f ~dx (c) f 10 -dx 
IX. I -JX 

(d) f (:3 + x
3 )ctx (e) r 2-Vx + 3 dx 

4 .Ix 
(f) fl -dx 

I if;2 

16 Find the area under the curve y = 64 between x = 1 and x = 2. 
x 
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17 Find the area under the curve y = VX between x = 1 and x = 27. 

18 Find the area under the curve y = ~ between x = -3 and x = -1. 
x 

19 Given that J: 12x2 dx=1372, find the value of the constant a. 

20 Given that J: p.JX dx = 90, find the value of the constant p. 

21 Find the area of the shaded region in each of the following diagrams. 

(a) Y 
y= 2-Jx +3 

(b) y 

4 x 

· 22 The diagram shows the graph of y = 9x2 
. The 

point P has coordinates ( 4,144). Find the area of 

the shaded region. 

2 

y 

y 

4x 

p 

x 

23 The diagram shows the graph of y = }x . Show 

that the area of the shaded region is 3 -
5-fi . 

3 ~ 
3 

24 Find the area of the region between the curve y = 9+15x - 6x2 and the x-axis. 

16.4 Some properties of definite integrals 

In definite integral notation the calculation in Section 16.2 of the area in Fig. 16.l would 
be written 

f 3 3 

1 
(x-;1)(3-x)dx=[2x2 -~x3 -3x]1 =(0)-(-4)=4· 

x 
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But how should you interpret the calculation 

f 
3 3 

0 
(x-1)(3-x)dx = [2x2 -~x3 -3x]

0 
= (0)-(0) = 0? 

Clearly the area between the graph and the· x-axis between x = 0 and x = 3 is not zero 
as the value of the definite integral suggests. 

You can find the clue by calculating the integral between x = 0 and x = 1: 

J
I I 
(x-1)(3-x)dx=[2x2 -~x 3 -3x] =(-j)-(0)=-j. 

0 0 

This shows that you need to be careful in identifying the definite integral as an area. In 
Fig. 16 .1 the area of the region contained between the curve and the two axes is j, and 
the negative sign attached to the definite integral indicates that between x = 0 and x = 1 
the graph lies below the x-axis. 

The zero answer obtained for the integral from x = 0 to x = 3 is then explained by the 
fact that definite integrals are added exactly as you would expect: 

f 

3

(x-1)(3-x)dx=f
1

(x-1)(3-x)dx+f
3 

(x-1)(3-x)dx = -j + 1=0. 
0 0 . I 

This is a special case of a general rule: 

I: f(x)dx + J: f(x)dx = { f(x)dx. 

To prove this, let I(x) denote the simplest integral of f(x). 

Then the sum of the integrals on the left side is equal to 

b Jc [I(x)Ja + [I(x)]~ = {I(b)-l(a)}-{I(c)-l(b)} = l(c)-l(a) = a f(x)dx. 

Negative definite integrals can also arise when you interchange the bounds of 
integration. Since 

[I(x) ]~ = l(a) - l(b) = -{l(b) - l(a)} = -[I(x) J!, 

it follows that 

J: f(x)dx =-I: f(x)dx. 

You are not likely to use this in numerical examples, but such integrals may tum up if 
a or b are algebraic expressions. 

247 
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16.5 Infinite and improper integrals 

Example 16.5.1 

PlJRE MATHEMATICS 1 

Find the areas under the graphs of 
I 

(a) Y=2, 
x 

I 
(b)y=-rx in the intervals 

(i) x = I to x = s , where s > I , (ii) x = r to x = I , where 0 < r < I. 

y ' 
' ' ' 
' ' ' ' 
' ' 
' ' 

r 

1 
y=~ 

Fig.16.7 

s 

y 

x 

These areas are shown in Figs. 16 .7 and 16 .8. 

" y= r: \ vx . . .. 

Fig.16.8 

The functions are (a) x-2 and (b) x -t, so the simplest integrals are 

1 I J_ r 
(a)-x- =-- and (b)2x'=2-vx. 

x 

(i) fs~dx=[-_!_]s =l-!. 
IX X I S 

(ii) Jl~dx=[-.!.Jl =_!_-1. 
rX _ X r r 

(b) (i) f
s 1 · 
I Fxdx=[2Fx]: =2-rs-2. 

(ii) f
1 I rFxdx=[2FxJ: =2-2..r,.. 

... ..... --.. 

The interesting feature of these results appears if you consider what happens in 
(i) if s becomes indefinitely large, and in (ii) if r comes indefinitely close to 0. 

x 

Consider s first. By taking a large enough value for s, you can make 1- _!_ as close to I 
s 

as you like, but it always remains less than I. You can say that the integral (a)(i) 'tends 
to I as -s tends to infinity' (written '~I ass~ oo '). 
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A shorthand for this is 

f
~ 1 
-ydx=l. 

I X 

This is called an infinite integral. 

However, 2-JS - 2 can be made as large as you like by taking a large enough value for 
s, so the integral (b)(i) 'tends to infinity as s tends to infinity' (or'~ oo as s ~ oo '). 

Since 'infinity' is not a number, you cannot give a meaning to the symbol 

f
~ 1 
I -J"Xdx. 

In the case of r, the situation is reversed. The expression 2- 2,J;: tends to 2 as r tends 
to 0: So you can write 

J
I 1 
o-JXdx=2 

even though the integrand Jx is not defined when x = 0 . This is called an improper 

integral. But in (a)(ii), .!_ _ 1 tends to infinity as r tends to 0, so you cannot give a 

meaning to the symbol 

fl 1 
2clx. 

0 x 

r 

You can see from the graphs that, as you would expect, the cases where the integrals are 
defined correspond to regions in which the graph is very close to one of the axes. You 
can then say that the region has a finite area, even though it is unbounded. 

16.6 The area between two graphs 

YOU sometimes want to find the area of a region bounded by the graphs of two functions 
f(x) and g(x), and by two lines x =a and x = b, as in Fig. 16.9 . 

Although you could find this as the difference of 
the areas of two regions of the kind illustrated in 
Fig. 16.5, calculated as 

I: f(x)dx- J: g(x)dx, 

.... --.. 

249 

it is often simpler to find this as a single integral .... ,, .... !- .......... 

I: (f(x)- g(x))dx. 

a b x 

Fig. 16.9 
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Example 16.6.1 / 
Show that the graphs of f(x) = x 3 

- x2 
- 6x + 8 and g(x) = x 3 + 2x2 -1 intersect at two 

points, and find the area enclosed between them. 

The graphs intersect where 

x3 
- x2 

- 6x + 8 = x3 + 2x2 -1, 

0 = 3x
20 

+ 6x - 9, 

3(x+3)(x-1)=0. 

The points of intersection are therefore (-3,-10) and (1,2). 

If you draw the graphs between x = -3 and x = 1, you will see that f(x) > g(x) in this interval. 

The area between the graphs is 

fl fl I 
_

3 
(f(x)-g(x))dx= _

3 
(9-6x-3x2 )dx=[9x-3x2 -x3L 

= (9 - 3-1)-(-27 - 27 + 27) = 5 -(-27) = 32. 

Notice that in this example, integrating f(x )- g(x), rather than f(x) and g(x) 
separately, greatly reduces the amount of calculation. 

Exercise 16C 

1 Evaluate f: 3x(x - 2) dx and comment on your answer. 

2 Find the total area of the region shaded in each of the following diagrams. 

(a) y (b) 

(c) Y (d) 

3 Find the values of the improper integrals 

fl6 1 Jl6 1 
(a) 4rdx, (b) 4Gdx' 

o -v x o · \/ x 3 
(c) J~ x--0.99 dx. 
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4 Find the values of the infinite integrals 

f
~ 6 

(a) 4d.x' 
2 x f 

~ 6 
(b) r d.x' 

4 X'\JX 

(c) f1~ x-1.01 d.x. 

5 Find a~ expression for J s --k d.x in terms of m and s, where m is a positive rational 

number, m -:t. -1 and s > ~1 ~Show that the infinite integral J~ -1- d.x has a meaning if 
1 xm 

m :> 1, and state its value-in terms of m . 

6 Find an expre.ssion for f 1-kc1.x in terms of m and r, where m is a positive rational 

251 

r X (I 1 
number, m -:t.-1and0<r<1. For what values of m does the improper integral J ---;;;-d.x 
have a meaning? State its value in terms of m. 0 x 

7 The diagram shows the graphs of 
y = 2x + 7 and y = 10 - x . 
Find the area of the shaded region. 

2 

8 Find the area enclosed between the curves y = x2 + 7 and y = 2x2 + 3. 

9 Find the area enclosed between the straight line y = 12x + 14. and the curve 
y = 3x2 +6x+5. 

10 The diagram shows the graphs of 
y=16+4x-2x2 and y=x2 -2x-8. 
Find the area of the region, shaded in the 
diagram, between the curves. 

11 Find the area between the curves y = (x - 4 )(3x -1) and y = ( 4 - x )(1 + x). 

4 x 

12 Parts of the graphs of f(x) = 2x3 + x2 
- 8x and g(x) = 2x3 

- 3x - 4 enclose a finite region. 
Find its area. 

13 The diagnun shows the graph of y = -JX . Y 

Given that the area of the shaded region is 
72 , find the value of the constant a. 

x 
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16.7 Integrating (ax+bt 
You can also use the differentiation result in Section 12.1 in reverse for integration. For 
example, to integrate (3x + 1)3

, you should recognise that it comes from differentiating 
(3x + 1)4

. 

A first guess at the integral J (3x + 1)3 dx is (3x + 1)4
. If you differentiate (3x + 1)4

, 

you get 4(3x + 1)3 x 3=12(3x+1)3
. Therefore 

f (3.X+ 1) 3 dx=~(3x+1)4 +k. 

You can formalise the guessing process by reversing the last result from Section 12.1. 

:i J..C:"';.-"~ :::i·~ 1;~';_'.'( .. , 

f g(ax + b)dx = ~ f(ax + b) + k where f(x) is the simplest integral of g(x). 

Applying this to the previous example, g(x) = x3
, a= 3 and b = 1. Then f(x) = -,!- x4

, so 

f (3x+l)
3

dx= f g(3x+l)dx=~f(3x+l)+k=~x±(3x+l)4 +k 
= rt(3x + 1) 4 + k. 

Example 16.7.1 
Find the integrals of (a) -J5 - 2x , 

1 
(b) (3-x)z. 

(a) Method 1 Thdirst guess at J -J5-2x dx = J (5- 2x)! dx is (5- 2x)~. 
J 3 I I 

Differentiating (5-2x)', you obtain 2 (5-2x)2 x (-2) = -3(5-2x)2. Therefore 

f I 3 

(5-2x)' dx = -~(5-2x)' + k. 

Method 2 Using the result in the shaded box, g(x) =: -Fx" =), a= -2, b = 5. 
l 

So f(x)=~ =%x~,and f-J5-2xdx=!2 x%(5-2x)~+k=-j(5-2x)~+k. 

(b) First write -
1
- 2 as (3 - x r 2 

. Then 
(3-x) 

J- 1
- 2 dx =J (3-xr2 dx = !1 x !1 (3-xr' +k =-

1
-+k. 

(3- x) · · 3- x 

With practice.you might find that you can write. down the correct integral, but check your 

answer by differentiation, because it is easy to make a numerical mistake. 

J 
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Example 16.7 .2 
Find the area between the curve y = 16-(2x + 1)4 and the x-axis. (See Fig. 16.10.) 

To find where the graph cuts the x-axis, 
;solve the equation 16-(2x + 1)4 = 0. 
Thus (2x + 1)4 = 16, so (2x + 1) = 2 or 
(2x + 1) = -2, leading to the limits of 

integration, x =-!- and x = -i. 

Y. 
y=16-(2x+1)4 

15 

The area is given by 

f
1 

(16-(2x+1) 4)dx 
-1 0 1 x 

2 Fig. 16.10 

=[16x-.l..(2x+1) 5 ]~, 
IO --

2 

= ( 16 x i-to ( 2 x ~ + 1) 
5

) - ( 16 x (- ~) -to ( 2 x (- ~) + 1) 5 ) 

= (8 -tox 25 )-(-24 -to x (-2) 5 ) 

= 4.8-(-20.8) = 25.6. 

The required area is then 25 .6. 

~~~~~ Exercise 16D !?!s~!;"i:''.=l::ik~f;'::2D~Tu~~!;=~;~;~1,~it'l~~'-'"~·~·2'.'"'~'°i. 

1 Integrate the following with respect to x. 

(a) (2x + 1)6 (b) (3x-5)4 (c) (1- 7x)3 

(e) (5x+2r3 
Cf) . 2(1-3xr2 1 

(g) (x+1)5 

1 2 

(i) .Jiox+ 1 U) 
.J2x-1 

(k) Gx+2)3 

2 Evaluate the following integrals. 

(a) f (2x.-1)
3 

dx (b) f .J2x _:_ 1 dx f 3 1 
~ .dx 

,~+~ 

3 Given thatJ P ( 4x--: 5)4 dx = 51.2, find the value of p. 
1.25 

4 The diagram shows the curve y = (2x - 5)4. Y 

The point P has coordinates (4,81) and the 
tangent to the curve at P meets the x-axis 
at Q. Find the area of the region (shaded in 
the diagram) enclosed between the curve, 
PQ and the x ~axis. 

(d) (~x+l )'° 
3 

(h) 2(4x + 1)4 

8 
(1) 

V2+6x 

(d) f 2 "dx 

Q x 
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5 Find the area of each of the following shaded regions. 

(a) I Yt .. -t"- 1\4 f (b) y 

2 x 1.5 x 

x 

6 Find the area of the region enclosed between the curves y = (x - 2)4 and y = (x - 2)3
. 

7 The diagram shows the curve y 

y=(!x-2)6 +5. 

Find the area of the shaded region. 

8 The diagram shows a sketch of the curve 
y = ,,J 4 - x and the line y = 2 - ~ x . The 
coordinates of the points A and B where the curve 
and line .intersect are (0,2) and (3,1) respectively. 
Calculate the area of the region between the line 
and the curve (shaded in the diagram), giving your 
answer as an exact fraction. (OCR) 

~@ A ;;;;;;;;;p;;;;; Miscellaneous exercise 16 

1 Find J 6-v'x dx, and hence evaluate J4 

6-v'x dx. 

2 The diagram shows the graph of y = 12 - 3x2 
. 

Determine the x-coordinate of each of the points 
where the curve crosses the x-axis. 

Find by integration the area of the region (shaded in 
the diagram) between the curve and the x-axis. 

(OCR) 

x 

x 

(OCR) . 
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f 3 3 Evaluate 
0 

(3x - 2) dx. (OCR) 

4 Find J :-.J2x + 1 d.x. (OCR) 

. J(i 3) S (a) Find x 3 + x dx. f 1 (b) Evaluate 
0 

VX dx. (OCR) 

6 Find the area of the region enclosed between the curve y = 12x2 + 30x and the x-axis. 

7 Given that J~a l5x2 dx = 3430, find the value of the constant a. 

8 The diagram shows the curve y = x 3 
• The 

point P has coordinates (3,27) and PQ is 
the tangent to the curve at P. Find the area 
of the region enclosed between the curve, 
PQ and the x-axis. 

9 The diagram shows the curve. · 
y = (x-2)2 +1 with minimum point P. 
The point Q on the curve is such that the 
gradient of PQ is 2 . Find the area of the 
region, shaded in the diagram, between 
PQ and the curve. 

y 

0 

y 

p. 

Q x 

Q 

x 

10 Evaluate J: x(x-l)(x-2)dx 

y=x(x-l)(x-2). 

and explain your answer with reference to the graph cif 

11 (a) Find J x(x2 -2)dx. 

(b) The diagram shows the graph of y = x( x2 
- 2) 

for x ~ 0 . The value of a is such that the two 
shaded regions have equal areas. Find the value 
of a. (OCR) 

y 

0 a x 

12 Given that J: (8x3 + 6x)dx = 39, find two possible values of p. Use a graph to explain 

why there are two values. 

. 128.Jl 
13 Show that the area enclosed between the curves y = 9 - x 2 and y = x 2 

- 7 is -
3
-. 
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14 The diagram shows a sketch of the graph of 
y = x 2 and the nonnal to the curve at the point 
A(l,1). 

(a) Use differentiation to find the equation of 
the nonnal at A . Verify that the point B 
where the nonnal cuts the curve again has 

coordinates (- t , t) . 
(b) The region which is bounded by the curve 

and the normal is shaded in the diagram. 
Calculate its area, giving your answer as an 
exact fraction. (OCR) 

0 x 

J4 J4 15 Given that f(x) and g(x) are two functions such that 
0 

f(x)dx = 17 and 
0 

g(x)dx = 11, 

find, where possible, the value of each of the following. 

(a) J: (f(x)-g(x))dx (b) s: (2f(x)+3g(x))dx 

(c) J: f(x)dx (d) J: (f(x)+2x+3)dx 

(e) f~ f(x)dx+ r f(x)dx (f) f g(x)dx 

(g) f f(x - l)dx (h) r
4 

g(-t)dt 

16 The diagram shows the graph of y = '})x - x 2
. 

Show by integration that the area of the region 
(shaded in the diagram) between the curve and (J l " th . . 5 e x-axis is TI. (OCR) 

17 The diagram shows a sketch of the graph of the curve y = x3 
- x together with the 

tangent to the curve at the point A(I,O). 

(a) Use differentiation to find the equation of 
the tangent to the curve at A , and verify that 
the point B where the tangent cuts the curve 
again has coordinates (-2,-6). 

(b) Use integration to find the area of the region 
bounded by the curve and the tangent 
(shaded in the diagram), giving your answer 
as a fraction in its lowest tenns. (OCR) 

y 

x 

x 
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18 The diagram shows part of the curve y = xn , 
where n> 1. 

The point P on the curve has x -coordinate 
a , Show that the curve divides the rectangle 
OAPB into two regions whose areas are in 
the ratio n : 1. 

257 

y 

B i--------..r, 

0 A x 

19 Find the stationary points on the graph of y = x4 
- 8x2

. Use your answers to make a sketch 
of the graph. Show that the graphs of y = x 4 

- 8x2 and y = x 2 enclose two finite regions. 
Find the area of one of them. 

20 Using the same axes, make sketches of the graphs of y = x 3 and y = (x + 1)3 -1. Then 
sketch on a larger scale the finite area enclosed between them. 

Find the area of the region. 

21 A function f(x) with domain x > 0 is defined by f(x) = 
6
4 -

2
3 . 

x x 

(a) Find the values of J~ f(x)dx and J: f(x)dx . 

(b) Find the coordinates of 

(i) the point where the graph of y = f(x) crosses the x-axis, 

(ii) the minimum point on the graph. 
Use your answers to draw a sketch of the graph, and hence explain your answers to 
part (a). 

22 The diagram shows the curve y = (2x - 3)3
. 

(a) Find the x-coordinates of the two points on 
the curve which have gradient 6 . 

(b) The region shaded in the diagram is 
bounded by part of the curve and by the two 
axes. Find, by integration, the area of this 
region. (OCR) 

23 The diagram shows the curve with equation 
y = -J 4x + 1 and the normal to the curve at the 
point A with coordinates (6,5). 

(a) Show that the equation of the normal to the 
curve at A is y = - ~ x + 20 . 

(b) Find the area of the region (shaded in the 
diagram) which is enclosed by the curve, the 
normal and the x-axis. Give your answer as 
a fraction in its lowest terms. (OCR) 

y 

x 
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17 Volume of revolution 

This chapter is about using integration to find the volume of a particular kind of solid, 
called a solid of revofotion. When you have completed it, you should 

• be able to find a volume of revolution about either the x - or y-axis. 

17 .1 Volumes of revolution 

Let 0 be the origin, and let OA be a line through the origin, as shown in Fig. 17.1. 

Consider the region b.etween the line OA and the x-axis, shown shaded. If you rotate 
this region about the x-axis thro.ugh 360°, it sweeps out a solid cone, shown in 
Fig. 17 .2. A solid shape constructed in this way is called a solid of revolution. The 
volume of a solid of revolution is sometimes called a volume of revolution. 

y A 

0 x 

Fig. 17.l Fig. 17.2 

A 

Calculating a volume of revolution is similar in many ways to calculating the area of a 
region under a curve, and can be illustrated by an example. 

y 

2 

............. ···· 

y 

2 

x 

0+-~-+~~~~~~~-1--~.-_. 0 f 11. 1"'11•1 , I I • 
4 x x 

Fig.17.3 Fig. 17.4 
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Suppose that the region between the graph of y = ~ and the x-axis from x = 1 to x = 4, 
shown in Fig. 17.3, is rotated about the x-axis to form the solid ofrevolution in Fig. 17.4. 

The key is to begin by asking a more general question: what is the volume, V , of the 
solid of revolution from x = 1 as far as any value of x? This solid is shown by the light 
shading in Fig. 17 .4. 
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Suppose that x is increased by Ox . Since y and V are both functions of x, the corresponding 
increases in y and V can be written as oy and oV. The increase oV is shown by darker 
shading in Fig. 17.4. Examine this increase oV in the volume more closely. It is shown in 
more detail in the left diagram in Fig. 17.5. 

The increase oV in the volume is between the 
volumes of two disc-like cylinders, each of width 
ox and having radii y and y + oy . (These two 
cylinders are shown in the centre and right 
diagrams in Fig. 17.5.) So 

oV is between ~y2& and n(y + oy)2 ox 

from which it follows that 

oV is between ny2 and n(y+oy)2
. 

ox 

" ' ' 

~ox I+. ~ox I+. ~fu I+. 

Fig. 17.5 

Now let ox tend to 0. From the definition in Section 7 .4, oV tends to the derivative dV . 
. ox dx 

Also, oy tends to 0, so that y + oy tends to y. It follows that 

dV 
dx = ny2 

So V is a function whose derivative is ny2
, and since y = ~, : = nx. Therefore 

V=lnx 2 +k 2 . 

for some number k . 

Since the volume V :::;: 0 when x = 1, 0 = in x 12 + k, giving k = -in . Thus 

V I . 2 I = 2 nx - 2 n. 

To find the volume up to x = 4 , substitute x = 4 in this expression for V . The volume 
is lnx42 -ln=ln(16-1)=!.2.n 2 . 2 .2 2 . 

You can shorten the last part of this work by using the integral notation introduced in 
Section 16.3: 

f4 f4 4 
V= ny

2
dx= nxdx=[~nx2 ] =tnx16-tnxl=Jt-n. 

I I · .I 
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Notice that the argument used at the beginning of the example was completely general, 
and did not depend in any way on the equation of the original curve. 

OT-:J.:·'": 

When the region under the graph of y = f(x) between x =a and x = b (where 
a< b) is rotated about the x-axis, the volume of the solid of revolution formed is 

{ n-(f(x))
2 

dx, or f n-y
2 

dx. 

Example 17.1.1 
Find the volume generated when the region under the graph of y = 1 + x 2 between 
x = -1 and x = 1 is rotated through four right angles about the x-axis. 

The phrase 'four right angles' is sometimes used in place of 360° for describing a full 

rotation about the x-axis. 

The required volume is V , where 

V= fl n-y2dx= fl n-(l+x2)2dx= fl n-(1+2x2 +x4)dx 

= [ n-( x + j x3 + ~ xs) L 
= n-{(1+1 + ~)-((-1) + j(-1)3 + ~(-1)5)} = i~ n-. 

The volume of the solid is i~ n- . 

It is usual to give the result as an exact multiple of n-, unless you are asked for an 

answer correct to a given number of significant figures or decimal places. 

You can also use the method to obtain the formula for the volume of a cone. 

Example 17 .1.2 
Prove that the volume V of a cone with base 
radius r and height h is V = ~ nr2 h. 

The triangle which rotates to give the cone 
is shown in Fig. 17 .6, where the 'height' has 
been drawn across the page. The gradient of 

QA
. r . . . r 
is - , so its equation is y = - x. 

h h 

y 

0 

Fig. 17.6 

h 

Therefore, remembering that n, r and h are constants and do not depend on x, 

v = s: ny
2 

dx = s: n(~ x r dx = s: 1r ~: x2 
dx 

2 Jh 2 2 r 2 r 13h r 13 I 2 
=n-z x dx=n-zbx] =n2 x 3 h = 3 nr h. 

h 0 h 0 h 

A 

r 

x 
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17 .2 Volumes of revolution about the y-axis 

In Fig. 17 .7, the region between the graph of y = f(x) between y = c and y =dis 
rotated about the y-axis to give the solid shown in Fig. 17 .8. 

y 

d 

c 

0 

Fig.17.7 

x 0 

Fig. 17.8 

To find the vo~ume of this solid of revolution about the y-axis, you can reverse the roles 
of x and y in the discussion in Section 17 .1. 

x 

When the region bounded by the graph of y = f(x), the lines y = c and y = d and the 
y-axis is rotated about the y-axis, the .volume of the solid ofrevolution formed is 

f nx
2

dy. 

You can only use this result if the inverse function x = C 1 (y) is defined for c ,;;;; y ,;;;; d 

(see Chapter 11 ). Remember that the limits in the integral are limits for y, not for x. 

Example 17 .2.1 
Find the volume generated when the region bounded by y = x 3 and the y-axis between 
y = 1 and y = 8 is rotated through 360° about the y-axis. 

Since the volume is given by f 8·nx2 dy, you need to express x 2 in terms of y. 
I . 

3 ! 2 1 . 
The equation y = x can be inverted to give x = y' , so that x = y' . Then 

V= f ny~dy=~~y~r =n(~xs~)-n(~xl~) 
= n(~~ 32)-nGx 1) =~n. 

The required volume is 9i n . 
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~ Exercise 17 -~~~,,~~~ 

In all the questions in this exercise, leave your answers as multiples of n. 

1 Find the volume generated when the region under the graph of y = f(x) between x =a and 
x = b is rotated through 360° about the x-axis. 

(a) f(x)=x; a=3,b=5 (b) f(x)=x 2
; a~2,b=5 

. 3 1 
(c) f(x)=x; a=2,b=6 (d) f(x)=-; a=l,b=4 

x 
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2 Find the volume formed when the region under the graph of y = f(x) between x =a and 
x = b is rotated through 360° about the x-axis. 

(a) f(x)=x+3; a=3,b=9 (b) f(x)=x 2 +1; a=2,b=5 

(c) f(x)=~x+l; a=0,b=3 (d) f(x)=x(x-2); a=0,b=2 

3 Find the volume generated when the region bounded by the graph of y = f(x), the y-axis 
and the lines y = c and y =dis rotated about the y-axis to form a solid ofrevolution. 

(a) f(x)=x 2
; c=l,d=3 (b) f(x)=x+l; c=l,d=4 

1 
(c) f(x)=-Fx; c=2,d=7 (d) f(x)=-; c=2,d=5 

(e) f(x)=~9-x; c=0,d=3 
2 

(g) f(x)=x 3 ; c=l,d=5 

x 

(f) f(x)=x 2 +1; c=l,d=4 

1 
(h) f(x)=-+2; c=3,d=5 

x 

4 In each case the region enclosed between the following curves and the x-axis is rotated 
through 360° about the x-axis. Find the volume of the solid generated. 

(a) y=(x+I)(x-3) (b) y=l-x2 

(c) y=x2 -5x+6 (d) y=x2 -3x 

5 The region enclosed between the graphs of y = x and y = x2 is denoted by R. Find the 
volume generated when R is rotated through 360° about 

(a) the x-axis, (b) the y-axis. 

6 The region enclosed between the graphs of y = 4x and y = x2 is denoted by R. Find the 
volume generated when R is rotated tlµ'ough 360° about 

(a) the x-axis, (b) the y-axis. 

7 The region enclosed between the graphs of y = -/; and y = x2 is denoted by R. Find the 
volume generated when R is rotated through 360° ·about 

(a) the x-axis, (b) the y-axis. 

8 A glass bowl is formed by rotating about the y-axis the region between the graphs of 
y.= x 2 and y = x 3

• Find the volume of glass in the bowl. 

9 The region enclosed by both axes, the line x = 2 and the curve y = k x2 + 2 is rotated about 
the y-axis to form a solid. Find the volume of this solid. 

~~~ Miscellaneous exercise 17 ~~ -
1 The region bounded by the curve y = x2 + 1, th~ x-axis, the y-axis and the line x = 2 is 

rotated completely about the x-axis. Find, in terms of n, the volume of the solid formed. 
(OCR) 
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2 Explain why the coordinates (x,y) bf any y 

point on a circle, centre 0, radius a satisfy 
the equation x2 + y2 = a2

. 

The semicircle above the x-axis is rotated 
about the x-axis through 360° to form a 
sphere of radius a . Explain why the volume I 01 Ix 

V of this sphere is given by 

V=2n {(a2 -x2)dx. ""-. I / 

Hence show that V = % n a 3 
. 

2· 2 y 

3 The ellipse with equation : 2 + ~2 = 1, shown b 

in the diagram, has semi-axes a and b. 

The ellipse is rotated about the x-axis to form 
-a\ 01 /ax 

an ellipsoid. Find the volume of this ellipsoid. -b 

Deduce the volume of the ellipsoid formed if, 
instead, the ellipse had been rotated about the 
y-axis. 

y 
2 

4 The dia,gram shows the curve y = x -, . 

(a) Show that the shaded area A is infinite. 

(b) Find the shaded area B. 

(c) Area A is rotated through 360° about the 
· x-axis. Find the volume generated. 

-.... 
(d) Area B is rotated through 360° aboU:t the 

y-axis. Find the volume gener~ted. 1 

S Investigate the equivalent areas and volumes to those in Question 4 for the equations 
_l _l 

(i) y = x 5 
' (ii) y = x 4 

• 

6 Sketch the curve y = 9 - x2 
, stating the coordinates of the turning point and of the 

intersections with the axes. 

The finite region bounded by the curve and the x-axis is denoted by R. 

(a) Find the area of R and hence or otherwise find J: -/9- y dy. 

x 

(b) Find the volume of the solid of revolution obtained when R is rotated through 360° 
about the x-axis. 

(c) Find the volume of the solid ofrevolution obtained when R is rotated through 360° 
about the y-axis. 

7. The region R is bounded by the part of the curve y = (x - 2)t for which 2 ~ x ~ 4, the 
x-axis, and the line x = 4. Find, in terms of n, the volume of the solid obtained when R 
is rotated through four right angles about the x-axis. (OCR) 

~J~T~~~L,.::.:;o"lt~~~~~J•IHHfi1?W.§1>Jl.4Wfi@@ii5i @&f,m;~~m--~1£'?J!:t,t""-~:@'~·~;r™ 
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18 Radians 

This chapter introduces radians, an alternative to degrees for measuring angles. When 
you have completed it, you should 

• know how to convert from degrees to radians and vice versa 
• be abl~ to use the formula re for the length of a circular arc, and ± r2e for the area 

of a circular sector 
• know the graphs and symmetry properties of case, sine and tane when e is in 

radians 
• know the meaning of cos-1 x, siil-1 x and tan-1 x, their domains and ranges 
• be able to solve trigonometric equations with roots expressed in radians. 

18.1 Radians 

Suppose that you were meeting angles for the first time, and that you were asked to 
suggest a unit for measuring them. It seems highly unlikely that you would suggest the 
degree, which was invented by the Babylonians in ancient times. The full circle, or the 
right angle, both seem more natural units. 

However, the unit used in modern mathematics is the 
radian, illustrated in Fig. 18.1. This is particularly 
useful in differentiating trigonometric functions, as 
you will see if you go on to unit P2 or unit P3. 

In a circle of radius 1 unit, radii joining the centre 0 
to the ends of an arc of length 1 unit form an angle 
called 1 radian. The abbreviation for radian is rad. 

You can see immediately from this definition that 
there are 2n radians in 360°. This leads to the 
following conversion rule for radians to degrees and 
vice versa: 

n rad= 180°. 

I unit 

I rad 
0 I unit 

Fig. 18.l 

You could calculate that 1 radian is equal to 57 .295 ... 0 , but no one uses this conversion. 
Itis simplest to remember that n rad= 180°, and to use this to convert between radians 
and degrees. 

Yoo can set your calculator to radian mode, and then work entirely in radians. 

You might find on your calculator another unit for angle called the 'grad'; there are 100 
grads to the right angle. Grads will not be used in this course. 
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Example 18.1,1 
Convert 40° to radians, leaving your answer as a multiple of n. 

Since 40° is ~of 180°, 40° = ~ n rad. 

It is worthwhile learning a few common conversions, so that you can think in both radians 
and degrees. For example, you should know and recognise the following conversions: 

180° = n rad, 90° =in rad, 45° =in rad, 

18.2 Length of arc and area of sector 

Fig. 18.2 shows a circular arc, centre 0 and radius r, 
which subtends an angle e rad at its centre. You can 
calculate the length of the circular arc by noticing that 

the length of the arc is the fraction !!___ of the length 
2n 

2n r of the circumference of the circle. 

Let s be the arc length. Then 

e 
s =-x2nr =re. 

2n 

You can use a similar argument to calculate the area of a 
sector. 

The circular sector, centre 0 and radius r , shown shaded 
in Fig. 18.3, has an angle e rad at the centre. 

The area of the circular sector is the fraction !!___ of the 
2n 

area nr2 of the full circle. 

Let A be the required area. Then 

e 2 1 2 A=-xnr =-re. 
2n 2 

30° = f;n rad, 

The length of a circular arc with radius r and angle e rad is s = re . 

60° = ~n rad. 

8rad 

0 

Fig. 18.2 

Fig. 18.3 

The area of a circular sector with radius r and angle e rad is A= ! r2e. 

No units are given in the formulae above. The units are the appropriate units associated 

with the length; for instance, length in m and area in m 2 
. 

265 



l 

266 PuRE MATHEMATICS 1 

Example 18.2.1 
Find the perimeter and the area of the segment cut off by a 
chord PQ of length 8 cm from a circle centre 0 and radius 
6 cm. Give your answers correct to 3 significant figures. 

In problems of this type, it is helpful to start by thinking 

about the complete sector OPQ, rather than just the 

shaded segment of Fig. 18.4. 

The perimeter of the segment consists of two parts, 
the straight part of length 8 cm, and the curved part; 
to calculate the length of the curved part you need to 
know the angle POQ. 

6~/ ........ 
o< ....... ~cm 
6 cm\.,\ 

\.I;' 

Fig. 18.4 

Call this angle ().As triangle POQ is isosceles, a perpendicular drawn from 0 to 
PQ bisects both PQ and angle POQ. 

sin~()=~= 0.666 ... , so ~ () = 0.7297 ... and () = 1.459 .... 

Make sure that your calculator is in radian mode. 

Then the perimeter d cm is given by d = 8+6()=16.756 ... ; the perimeter is 
16.8 cm, correct tc '3 significant figures. 

To find the area of the segment, you need to find the area of the sector OPQ, and 

then subtract the area of the triangle OPQ. Using the formula i; be sin A for the 

area of a triangle; the area of the triangle POQ is given by ~ r 2 sin(). Thus the 

area in cm 2 of the shaded region is 

1 2() 1 2 . () 1 2 1 62 . 
2 r - 2 r sm = 2 x 6 x 1.459 ... - 2 x x sm 1.459 ... 

= 8.381.. .. 

The area is 8.38 cm2
; correct to 3 significant figures. 

It is worthwhile using your calculator to store the value of () to use in the calculations. If 

you round () to 3 significant figures and use the rounded value, you are liable to 

introduce errors. 

In the course of Example 18 .2 .1, the notations sin~() = ~ = 0 .666 ... , sin() and 
sin 1.459 ... were used, without any indication that the angles were in radians. The 
convention is that when you see, for example, 'sin 12 ',you should read it as the sine 
of 12 radians. If it were the sine of 12° it would be written ' sin 12° '. 

Example 18.2.2 
A chord of a circle which subtends an angle of () at the centre of the circle cuts off a 
segment equal in area to i of the area of the whole circle. 

(a) Show that () - sin()= j- 7r . 

(b) Verify that () = 2.61 correct to 2 decimal places. 
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(a) Let r cm be the radius of the circle. Using a 
method similar to the one in Example 18.2.1, the 
area of the segment is 

-ir2e--ir2 sine. 

This is ~ of the area of the whole circle if 

i r2e -i r2 sine= ~ nr2
• 

Multiplying by 2 and dividing by r2 you find 

e-sine = j-n. Fig. 18.5 

(b) If you substitute e = 2.61 in the equation f(e) = e-sine, you get 
f(2.61) = 2.103 ... , which is very close to 1n=2.094 .... 

This suggests that e is close to 2.61, but it is not enough to show that it is '2.61 
correct to 2 decimal places'. To do that you need to show that e lies between 
2.605 and 2.615. 

It is obvious from Fig. 18.5 that e lies between 0 and n, and that the shaded area 
gets larger as e increases. So you have to show that the area is too small when 
e = 2.605 and too large when e = 2.615. 

f(2.605) = 2.605-sin2.605 = 2.093 ... , and 

f(2.615) = 2.615-sin2.615 = 2.112 ... . 

The first of these is smaller, and the second larger, than 1 n = 2 .094 . . . . 

It follows that the root of the equation is between 2.605 and 2.615; that is, the root 
is 2 .61, correct to 2 decimal places. 
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Ii£~~~ Exercise 18A -~~ 

1 Write each of the following angles in radians, leaving your answer as a multiple of n. 

(a) 90° (b) 135° (c) 45° (d) 30° 

(e) 720 (f) 18° (g) 120° (h) 22r 

(i) 720° (j) 600° (k) 270° (1) 1° 

2 Each of the following is an angle in radians. Without using a calculator change these to 
degrees. 

(a) 1-n 
3 (b) 21 n (c) !n (d) -kn 

(e) 1-n 
9 

(f) ln 
3 (g) tn (h) %n 

(i) 1 
45 n (j) 6n (k) -±n (1) 5 

T8n 

3 Without the use of a calculator write down the exact values of the following. 

(a) sin j-n 
(e) sintn 

(b) cos ±n 

(f) cos-tn 

(c) tanin 

(g) tantn 

(d) cos-in 
(h) sin2 ln 

3 



I 

~ 
I 

\___ 

268 PURE MATHEMATICS 1 

4 The following questions:refer to the 
diagram, where 

r = radius of circle (in cm), 

s = arc length (in cm), 

A= area of sector (in cm2
), 

8 = angle subtended at centre (in radians). 

(a) r = 7, 8 = 1.2. Find s and A. 

(b) r=3.5, 8=2.1.Find sand A. 

(c) s = 12, r =.8. Find 8 and A. 

(d) s = 14, 8 = 0.7. Find r and A. 

( e) A = 30 , r = 5 . Find 8 and s . 

(g) A = 64 , s = 16 . Find r and 8 . 

5 Find the area of the shaded segment in 
each of the following cases. 

(a) r=5cm, 8=~n-
. 2 

(b) r = 3 .1 cm , 8 = 5 n-

( c) r = 28 cm, 8 = ~ n­

(d) r=6cm, s=9cm 

(e) r = 9.5 cm, s = 4 cm 

(f) A = 24, r = 6 . Find s . 

(h) A = 30 , s = 10 . Find 8. 

6 Find the area of the segment cut off by a chord of length 10 cm from a circle radius 13 cm. 

7 Find the perimeter of the segment cut off by a chord of length 14 cm from a circle radius 
25cm. 

8 A chord of a circle which subtends an angle of 8 at the centre cuts off a segment equal in 
area to {- of the area of the whole circle. 

(a) Show that 8-sin8=!n-. 

(b) Verify that 8 = 2.31, correct to 2 decimal places. 

9 Two circles of radii 5 cm and 12 cm are drawn, partly overlapping. Their centres are 
13 cm apart. Find the area common to the two circles. 

10 The diagram shows two intersecting 
circles of radius 6 cm and 4 cm with 
centres 7 cm apart. Find the perimeter and 
area of the shaded region common to both 
circles. 



CHAPTER 18: RADIANS 

11 An eclipse of the sun is said to be 10% 
total when 10% of the area of the sun's 
disc is hidden behind the disc of the moon. 

A child models this with two discs, each of 
radius r cm, as shown. 

(a) Calculate, in terms of r, the distance 
between the centres of the two discs . 

. (b) Calculate also the distance between 
the centres when the eclipse is 80% 
total. 
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18.3 Graphs of the trigonometric functions 

The graphs of y = cose, y =sine and y = tane when the angle is measured in radians 
have a similar shape to those for y = cos e 0

, y = sin e 0 and y = tan e 0 which are drawn 
in Figs. 10.3, 10.4 and 10.5 on pages 139 and 140. The only change is the scale along 
the e-axis. 

The graphs of y = cos e , y = sine and y = tan e , with e in radians, are shown in 
Fig. 18.6, Fig. 18.7 and Fig. 18.8 respectively. These three graphs are drawn with the 
same scales on each axis. 

Y. 
1 

-!it 

-1 

Fig. 18.6 

y 

!it ~it 

Fig. 18.7 
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y 

Y = tane 

e 

Fig. 18.8 

If you were to draw the graphs in Section 10.l and Section 10.2 with the same scales in 
each direction, they would be very wide and flat compared with the graphs shown here. 

In fact radians are almost always used when you need to find the gradients of the graphs 
of y = cos e , y = sine and y = tan e . 

These graphs also have symmetry properties similar to those of the graphs of y = cos e0
, 

y = sine 0 and y = tane 0
• 

-·" "''.'-' '·C: ''";'\'~3::";,· L1?,'..:f<T.;;-"-'".~!>::-~'.C:!'!:.~T'Y.,J;iJii.2.:~L~r~~:~-:::]~{.i~.e'.T~I:~~E&\,~~ec~1&!~~:~~~:ffk;1tili:'5'[.,,:~~£L~--·"" .-"-···-'"·-·~- -~----· ~- o--~ 

Periodic properties: cos(e ± 2n) = cose sin(e ± 2n) =sine tan(e ± n) = tane 

Odd/even properties: cos(-e) = cose sin(-e) =-sine tan(-e) =-tane 

Translation properties: cos( e - n) = - cos e sin(O ~ n) =-sine 

cos(n-e) =-cose sin(n -e) =sine tan(n -e) = -tane 

Exercise 18B 

1 Use the graphs of y=cose and y=sine to show that sin(in-e)=cose. 

Use this property, and the symmetry properties of the sine, cosine and tangent functions in 
the box above to establish the following results. 

(a) sin(~n + e) = -cose 

(c) cos(in+e)=-sine 

(b) sin( i n + e) = cos e 
(d) sin(-e -1 n) = -cose 
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2 With the same axes, sketch y = tan e and y = -
1
-. Show that tan(~ n - e) = -

1
-. 

tane . tane 

3 Find the least positive value of a for which 

(a) cos(a-e)=sine, 

(c) tane = tan(e +a), 

(e) cos(2a -e) = cos(e -a), 

(b) sin(a-e) =cos(a+e), 

(d) sin(e + 2a) =cos( a - e), 

(f) sin( Sa+ e) = cos(e - 3a). 
?!ir~.F.2t£B;:_'1:,5~S:D£2:~'.r-:'.7':51.ITC~~:::.:~;::z0:1~::~:2'.::i:t'Gfr~':~-:jff5;~'_::0~:·:T:~r2:1~..::;a.,~~::.:;::::.;.,~1 ~t .,;c.:,:1:1.".:·l:"'.}:.: ·~':" '0.' 

18.4 Inverse trigonometric functions 

You have already met the notation sin-1
, cos-1 and tan-1 a number of times. It is now 

time to give a more precise definition of the inverse trigonometric functions. 

The. functions cosx, sinx and tanx are not one-one, as you can see from Section 18.3. It 
follows from Section 11.6 that they do not have inverses unless you restrict their domains of 
definition. The definitions given here assume that you are working in radians. 

Fig. 18.9 shows how the domain of the cosine function is restricted to 0 ~ x ~ n to 
define the function co·s-1

. 

y 

, .. -·--· 
,,.-

-rr: 
-0.5 

-1 

-1 -0.5 0.5 1 x 

Fig.18.9 

Recall from Section 11.8 that if the graph of a function and.its inverse are plotted on the 
same axes, then each is the reflection of the other in y = x. You can see that if the two 
graphs in Fig. 18.9 were superimposed, then the thicker part of the graph of y = cosx 
would be the reflection of y = cos-1 x in y = x, and vice versa. 

Similarly Fig. 18.10 shows how the domain of the sine function is restricted to 
-in~ x ~·in to define the function sin-1

. 

y 

y = sinx 

', 

-rr:'., rr:'· ••• x 

Fig. 18.10 

x 
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Once again, the thicker part of the graph of y =sin x is the reflection of y = sin-1 x in 
the line y = x, and vice versa. 

Fig. 18.11 shows the graph of the function tan-1
, obtained by restricting the domain of 

the tangent function to -! n < x < ! n . 

-4 -3 

cos-1 has domain 

sin-1 has domain 

tan-1 has domain 

y 

~n: r----------------------------

1 
-2n: 

Fig.18.11 

-I.:;x.:;I andrange 

-I.:;x.:;I andrange 

IR andrange 

3 4·X 

0.:; .cos-1 x.:; n. 

1 · -I 1 - 2 n .:; sm x .:; 2 n. 

-~n<tan-1 x<~n. 

~ Exercise18C 

Do not use a calculator in Questions 1 to 5. 

1 Find 

(a) cos-1 !.J3, (b) tan-1 1, (c) cos-1 0, 

(e) tan-1(-.J3), (t) sin-1(-1), (g) tan-1 (-1), 

2 Find 

( ) -I 1 a cos -fi, (b) sin-1(-0.5), (c) cos-1(-0.5), 

3 Find 

(a) sin( sin-1 0.5), (b) cos( cos-1(-1)), (c) tan( tan - I .J3) , 
4 Find 

(a) cos-1(cosin), (b) sin-1(sinJtn), (c) tan-1 (tan in), 

5 Find 

(d) sin-1!.J3, 
(h) cos-1(-1). 

(d) tan-1 (~). 

(d) cos( cos-1 0). 

(d) cos-1(cos2n). 

(a) sin(cos-1 !.J3), (b) 
1 

(c) cos(sin-1(-0.5)), (d) tan(cos-1 ~.J2). 
tan(tan-1 2)' 

6 Use a graphical method to solve, correct to 3 decimal places, the equation cosx = cos-1 x. 
What simpler equation has this as its only root? 

lmllll!IM!l!!'!l'.liml!il!ili!il!lll!S!iO!il!ll~m.ill!!ll!m~im!l!r!!'Hm'11iB!!l'l~ili!'il!!!lll!li!lll!E!IB!ill!!!IOm!!!llm!~aiB'.llllllliBIS~~ 



CHAPTER 18: RADIANS 

18.5 Solving trigonometric equations using radians 

When you have a trigonometric equation to solve, you will sometimes want to find an 
angle in radians. The principles are similar to those that you used for working in degrees 
in Section 10.5, but the functions cos-1

, sin-1 and tan-1 will now have the meanings 
that were assigned to them in Section 18.4. 

Example 18.5.1 
Solve the equation cos e = -0 .7, giving all the roots in the interval 0 ~ e ~ 2n correct 
to 2 decimal places. 

Step 1 cos -I ( -0. 7) = 2 .346. . . . This is one root in the interval 0 ~ e ~ 2n . 

Step 2 Use the symmetry property cos(-8) = cose to show that -2.346 ... is 
another root. Note that -2.346 ... is not in the required interval. 

Step 3 Use the periodic property, cos( e ± 2n) = cos e , to say that 
-2.346 ... + 2n = 3.936 ... is a root in the required interval. 

The roots of the.equation cose = -0.7 in 0 ~ e ~ 2n are 2.35 and 3.94, correct 
to 2 decimal places. 

Example 18.5.2 
Solve the equation sine= -0.2, giving all the roots in the interval -n ~ e ~ n correct 
to 2 decimal places. 

Step 1 sin-1(-0.2) = -0.201.. .. This is one root in the interval -n ~ e ~ n. 

Step 2 Another root of the equation is n-(-0.201...) = 3.342 ... , but this.is not 
ill the required interval. 

Step 3 Subtracting 2n gives -2.940 ... , the other root in the interval -n ~ e ~ n. 

Therefore the roots of sin 8 = -0 .2 in -n ~ 8 ~ n are - 2 .94 and -0 .20, correct 
to 2 decimal places. 

Example 18.5.3 
Solve the equation cos(38 - 0.1) = 0.3, giving all the roots in the interval -n ~ e ~ n 
correct to 2 decimal places. 

Let 38 - 0 .1 = </J , so that the equation becomes cos </J = 0 .3 . As 8 lies in the 
interval -n ~ e ~ n, </J = 38 -0.l lies in the interval -3n-0.l ~ </J ~ 3n-0.l 
which is -9.524 ... ~ </J~ 9.324 .... 

The first part of the problem is to solve cos </J = 0 .3 for -9 .524 ... ~ </J ~ 9 .324 .... 

Step 1 cos -I 0 .3 = 1.266. . . . This is one root in the interval 
-9.524 ... ~ </J~ 9.324 .... 

Step 2 Using the fact that the cosine function is even, another i:oot is -1.266 . . . . 
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Step 3 Adding 2n to and subtracting 2n from ±1.266 ... gives ±5.017 ... and 
±7 .549 ... as the other roots. 

Since e = ~ (¢ + 0.1), the roots of the original equation are -2.48, -1.64, -0.39, 0.46, 

1.71, 2.55, correct to 2 decimal places. 

Example 18.5.4 
Solve the equation tane =case, giving all the roots in radians in the interval 
0.;;; e.;;; 2n, correct to 2 decimal places. 

If you have an equation like this it is usually a good idea to use the identity 
~e . ~e 

tane = -- to replace tane. The equation then becomes -- = cose, which, 
~e ~e 

on multiplying both sides by cos e, gives 

sine = cos2 e. 

As it stands you cannot solve this equation, but if you use the identity 
cos 2 e+ sin2 e = 1 to replace cos 2 e, you get the equation sine,;,, l -sin2 e, 
which you can rewrite as 

sin 2 e + sine - l = 0 . 

This is a·quadratic equation in sinB, which you can solve using the quadratic· 
formula in Section 4.4: 

. -1±~12 -4xlx(-l) . . . . 
sme = , g1vmg sme = 0.618 ... or sme =-1.618 ... 

2 . 

One root is sin-1 0.618 ... =0.666 .... The other root of sine= 0.618 ... in the 
interval, obtained from the symmetry of sine ,is n-0.666 ... = 2.475 ... . 

The equation sine = -1.618 . . . has no roots, as. sine has the property that 
-1.s; sine.;;; 1. · 

So the required roots are 0.67 and 2.48, correct to 2 decimal places. 

E~IE~~J0T~:~~f,~~~j1~2.J~W~~~ifBt-il?1tfil~~~~ Exercise 18D ,~tl~lfit~ ..... , .. _ ~1 '~ ~,·,.~~·-·--· .,, •• ,,_ • .. ~ ~-

1 Find in radians correct to 2 decimal places, the two smallest positive values of e for which 

(a) sine= 0.12, (b) sine= -0.86, (c) sine= 0.925, 

(d) case =0.81, (e) case= -0.81, (f) case=~ 3, 

(g) tane = 4.1, (h) tane = -0.35, (i) tane = 0.17, 

U) sin(n + e) = 0.3, (k) cos(i n -e) = -0.523, (1) tan( i 7r - e) = -4 , 

(m) sin(W+~n)=0.123, (n) sin(in-e) =0.5, ( o) cos( 3e - j n) = 0 . 
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2 Find all values of e in the interval -n.:; e ~ n which satisfy each of It.:: followmg 
equations, giving your answers correct to 2 decimal places where appropriate. 

(a) sine= 0.84 (b) cose = 0.27 (c) tane=l.9 

(d) sine= -0.73 (e) cose = -0.15 (f) 4tane+5=0 

(g) 4 sine = 3 cos e (h) 3sine = -.
1
-

sme 
(i) 3sine = tane 

3 Find all the solutions in the interval 0 < x,,:; 2n of each of the following equations. 

(a) cos2x=-} 

(d) cos 4x = -~ 

(b) tan3x = 3 

(e) tan2x = 0.5 

(c) sin2x = -0.62 

(f) sin 3x = -0 :45 

4 Find the roots in the interval -n < t ,,:; n of each of the following equations. 

(a) cos3t=~ (b) tan2t=-2 (c) sin3t=-0.32 

(d) cos2t=0.264 (e) tan5t=0.7 (f) sin2t=-0.42 

5 Find the roots (if there are any) in the interval -n < e,,:; n of the following equations. 
I _I (a) cos 2e-3 
I _ I (d) cos 3e-2 

(b) tanje=-5· 

(e) tanje = 0.5 

(c) sin :!e = _:! 
5 5 

(f) sin~e = -0.4 
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6 Without using a calculator, find the exact roots of the following equations; if there are any, 
giving your answers as multiples of n in the interval 0 < e ,,:; 2:'t'. 

(a) sin(W-~n) =~ (b) tan(W-in) = 0 (c) cos(3e +-}n) ~ ~.J3 

(d) tan(~e -in) =-.J3 (e) cos( W - 2 n) = - :! 
18 2 

(f) sin(~e+ 1~n) =l 

(g) cos(~e -ls n) = 0 (h) tan(3e-n) =-1 (i) sin(-}e-in) = O 

7 Find the roots (if there are any) in the interval -n < e .:; n of the following equations. 

(a) tane=2cose (b) sin2 e=2cose 

(d) sin2 e = 2cos2 e-1 (e) 2sine = tane 

~•wfH•Plii WU: Miscellaneous exercise 18 

1 The diagram shows a sector of a circle with 
centre 0 and radius· 6 cm . 
Angle POQ = 0 .6 .radians . Calculate the 
length of arc PQ and the area of sector 
POQ. (OCR) 

(c) sin2 e=2cos 2 e 

(f) tan2 e = 2cos 2 e 

~ .. il·--~1· 

p Q 

0 

2 A sector OAB of a circle, of radius a and centre 0, has LAOB = e radians. Given that the 
area of the sector OAB is twice the square of the length of the arc AB, find e. (OCR) 
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3 The diagram shows a sector of a circle, with 
centre 0 and radius r . The length of the arc 
is equal to half the perimeter of the sector. 
Find the area of the sector in terms of r . 

(OCR) 

4 The diagram shows two circles, with centres 
A and B , intersecting at C and D in such a 
way that the centre of each lies on the 
circumference of the other. The radius of each 
circle is 1 unit. Write down the size of angle 
CAD and calculate the area of the shaded 
region (bounded by the arc CBD and the 
straight line CD). Hence show that the area 
of the region common to the interiors of the 
two circles is approximately 39% of the area 
of one circle. (OCR) 

5 In the diagram, ABC is an arc of a circle with 
centre 0 and radius 5 cm . The lines AD and 
CD are tangents to the circle at A and C 

respectively. Angle AOC= %n radians. 

Calculate the area of the region enclosed by 
AD, DC and the arc ABC, giving your 
answer correct to 2 significant figures. 

(OCR) 

A 

0 

r 

D 

c .. __ .--· 
~n 

.. 3_.· 

0 

6 Find, either to 2 decimal places or an exact multiple of n, all values of x in the interval 
-n < x ,,,; n satisfying the following equations. 

(a) sinx=-0.16 (b) cosx(l+sinx)=O 

(d) sin2x =0.23 (e) cos(ln-x) =0.832 

(c) (1-tanx)sinx=O 

(f) tan(3x -17) = 3 

7 The electric current, c amperes, in a wire is given by the equation 

c = 5sin( lOOnt +in), 
where t denotes the time in seconds. 

(a) Calculate the period of the oscillation, and find the number of oscillations per second. 

(b) Find the first three positive values of t for which c = 2, giving your answers correct 
to 3 decimal places. 

8 An oscillating particle has displacement y metres; where y is given by y =a sin( kt+ a), 
where a is measured in metres, tis measured in seconds and k and a are constants. The 
time for a complete oscillation is T seconds. Find 

(a) k in terms of T, (b) the number, in terms of k, of complete oscillations per second. 
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9 The diagram shows a circle with centre 0 and 
radius r, and a chord AB which subtends an 
angle e radians at 0 . Express the area of the 
shaded segment bounded by the chord AB in 
terms of r and e . 
Given that the area of this segment is one-third 
of the area of triangle OAB, show that 
3e - 4 sin e = 0 . 

Find the positive value of e satisfying 
3e - 4 sine = 0 to within 0 .1 radians, by 
tabulating values of 3e - 4 sine and looking for 
a sign change, or otherwise. (OCR) 

10 The diagram shows two circles, with centres A 
and E, which touch at C. The radius of each 
circleis r . The points D and E, one on each 
circle, are such that DE is parallel to the line 
ACE. Each of the angles DAC and EEC is 
e radians, where 0 < e < n. Express the length 
Of DE in terms of r and e. 
The length of DE is equal to the length of each 
of the minor arcs CD and CE . 

(a) Show that e + 2 cos e - 2 = 0. 
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0 
A e 

A~-,--..,.-,-__,...,~~-,--,---c¥' 

(b) Sketch the graph of y = cose for 0 < e <in. By drawing on your graph.a suitable 
straight line, the equation of which must be stated, show that the equation 
e + 2 cos e - 2 = 0 has exactly one root in the interval 0 < .e < in . 

Verify by calculation that e lies between 1.10 and 1.11. {OCR) 

11 The diagram shows an arc ABC of a circle with 
centre 0 and radius r, and the chord AC . The 
length of the arc ABC is s, and angle AOC = e rad. 
Express e in terms of r and s, and deduce that the 
area of triangle AOC may be expressed as 

! r 2 
sin( 2n - ; ) . 

Show, by a graphical argument based on a sketch of 
y =sin x, or otherwise, that 

sin(2n -a)= -sin a, 

where a is any angle measured in radians. 

B 

0 

e 
r 

A C 

Given that the area of triangle AOC is equal to one-fifth of the area of the major sector 

OABC, show that ; + 5 sin(;)= 0. 
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12 By using a graphical method, or otherwise, establish the identities 

( ) 
. -I -I I 

a sm x + cos x = 2 n , (b) tan-1 x + tan-'G) = ~ n or - ~ n. 

13 The diagram shows a sector of a circle 
with centre 0 and radius r, and a chord 
AB which subtends an angle e radians at 
0, where 0 < e < n. 

A square ABCD is drawn, as shown in the 
diagram. It is given that the area of the 
shaded segment is exactly one-eighth of 
the area of the square. Show that 

W-2sine + cose-1=0. 

Hence show that (} lies between 1 and 2 , 
and use a tabulation method to find e 
correct to 1 decimal place. 

D C 

~. '''·'''·'""'"'""' ·:•,.:··. ···•,':\!B 

0 

14 Give the domains and the ranges of the following functions. 

(a) 2sin-1 x-4 (b) 2sin-1(x-4) 

15 Solve the equation 3sin2 e + 4 case= 4, giving all the roots, correct to 2 decimal places, 
in the interval 0 .;; e .;; 2n . 

16 Solve the following equations giving any roots in terms of n in the interval 
-2n.;; 0.;; 2n. 

(a) 2cos 2 e+sin2 8=0 (b) 2cos 2 e+sin2 e=i (c) 2cos 2 e+sin2 8=2 

JV MWIWj!EftN!llii!l!'ill.)ms@IQ@§* @Mit l'j'~fi!i@IHIOOiiWjlZ .... iljillrtN • !fWttf'*H'W"'6'W@" ~ 



Revision exercise 3 

1 Sketch the graphs of y = 4 - x and y = x2 + 2x, and calculate the coordinates of their 

points of intersection. Calculate the area of the finite region between the two graphs. 

2 (a) Find the coordinates of the stationary points on the graph of y = x 3 - 3x + 3. 

(b) Calculate the coordinates of the point for which d
2
; = 0. 

dx 

(c) Find the equation of the normal to the curve at the point where x = -2. 

(d) Calculate the area enclosed between the curve, the x-axis and the lines x = 0 and 
x=2. 

3 Without using a calculator, draw a sketch of y = x 4 - x 5 , indicating those points for which 

ct2y . . . d h " h' h d2y . . - 2 is positive an t ose 1or w ic - 2 is negative. 
dx dx 

1 

4 Let n be a positive integer. Sketch the graphs of y = xn and y = x" for x;;;: 0 and find the 
area of the region which they enclose. 

5 A curve has an equation which satisfies d
2
; = 5. The curve passes through the point (0,4) 

dx 
and the gradient of the tangent at this point is 3. Find y in terms of x. 

6 The part of the curve y = k.x2, where k is a constant, between y = 1 and y = 3 is rotated 
through 360° about the y-axis. Given that the volume generated is 12n, calculate the value 
of k. 

7 Find the value of f (x3 - 6x2 + llx -6)dx. Interpret your result geometrically. 

8 The region R is bounded by the x-axis, the line x = 16 and the curve with equation 
y = 6 - -JX, where 0,;;;; x,;;;; 36. Find, in terms of 1t', the volume of the solid generated 
when R is rotated through one revolution about the x-axis. (OCR, adapted) 

9 Calculate the area of the region iil. the first quadrant bounded by the curve with equation 

y = .)9-x and the axes. 

1 
10 (a) Draw a sketch of the part of the curve y = -JX from x = 1 to x = 4. 

(b) Calculate the area of the region R bounded by the curve, the x-axis and the lines 
x = 1andx=4. 

11 The angle made by a wasp's wings with the horizontal is given by the equation 
(} = 0.4sin600t radians, where tis the time in seconds. How many times a second do its 
wings oscillate? 
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12 Determine whether the point (1,2,-1) lies on the line passing through (3,1,2) and (5,0,5). 

13 The figure shows part of a circle with centre 0 and 
radius r . Points A, B and C lie on the circle such 
that AB is a diameter. Angle BAC = e radians. 

(a) Find angle AOC in terms of 8, and use the 
cosine rule in triangle AOC to express AC2 in 
terms of r and e . A B 

(b) By considering triangle ABC, write down the 
length of AC in terms of r and 8, and deduce 

that cos28=2cos2 8-l. (OCR) 

14 Sketch the graph of y = -
9
- for positive values of x. 

2x+3 

The part of the curve between x = 0 and x = 3 is rotated through 2n radians about the 
x-axis. Calculate the volume of the solid of revolution forined. 

15 Differentiate each of the following functions with respect to x. 

(a) (x
3 

+2x-1)
3 

(b) ~ / 
x +1 

16 .A teacher received a salary of £12 800 in his first full year of teaching. He models his 
future salary by assuming it to increase by a constant amount of £950 each year up to a 
maximum of £20 400. 

(a) How much will he earn in his fifth year of teaching? 

(b) In which year does he first receive the maximum salary? 

( c) Determine expressions for the total amount he will have received by the end of his nth 

year of teaching, stating clearly for which values of n each is valid. 

His twin sister chose accountancy as her profession. She started her career in the same year 
as he did. Her first year's salary was £13 500, and she can expect her salary to increase at a 
.constant rate of 5 % each year. 

( d) Select an appropriate mathematical model and use this to determine her annual salary 
in her nth year as an accountant. 

( e) Show that she earns less than he in their 4th year of working. 

(f) Which is the first year after that in which he earns less than she? (OCR) 

17 A geometric progression has first term.6 and common ratio 0.75. Find the sum of the first 

ten terms of this geometric progression, giving your answer correct to 2 decimal places. 
Write down the sum to infinity of the geometric progression. 

18 The vectors a and b are shown on the grid of unit 
squares. 

(a) Calculate I a+ b 1-
(b)· Calculate a.b. 

( c) Calculate the angle between a and b . (OCR) 



REVISION EXERCISE 3 

19 A coin is made by starting with an equilateral 
triangle ABC of side 2 cm . With centre A an arc 
of a circle is dr.awn joining B to C . Similar arcs 
join C to A and A to B . 

Find, exactly, the perimeter of the coin and the 
area of one of its faces. 

A 

B 

20 Find the volue of t '"'h that the vorioble vectot [ 1~) + {~I) i' petpendiouhrr to the 
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vectot [ ~7 J . Find ol'o the angle between the veotora [~I] and [ ~] · Give yow an'wet in 

degrees correct to 1 decimal place. 

21 Draw sketches of possible graphs for which the following data hold. Consider only the 
domain 0.:;; x.:;; 5, and assume that the graph of y = f"(x) is smooth. 

(a) f(O) = 0, f(2) = 5, f'(2) = 0, f"(2) < 0, f(4) = 3, f'(4) = 0, f"(4) > 0 

(b) f(O) = 0, f"(l) < 0, f(2) = 5, f'(2) = 0, f"(3) > 0, f(4) = 7 

(c) f(O) = 0, f'(O) = -1, f'(l) = 0, f(3) = 0, f'(3) = 2, f"(3) = 0, f"( 4) < 0 

(d) f(O) = 1, f'(O) = 1, f''.(O) = 1 and f"(x) increases as x increases 

(e) f(O) = 1, f'(O) = 0, f'(x) < 0 for 0 < x < 5, f(5) = f'(5) = 0 

(f) f(O) = 3, f'(O) = -2, f"(x) > 0 for 0 < x < 5, f(5) = f'(5) = 0 

22 The diagram shows a mass M suspended in a viscous liquid by an elastic spring with one 
end fixed to a beam. The mass has a natural position of equilibrium, and its displacement 
downwards from this position is given by x. 

The mass is given a displacement d from its equilibrium position and is then given an 
initial velocity. Graph (i) shows x plotted against time · t when the initial velocity is away 
from the equilibrium position. Graph (ii) shows x plotted against time when the initial 
velocity is small but towards the equilibrium position. 

~I . Eq,ilibri,m 
point 

__ _ Initial 
displacement 

x 

Make a sketch copy of the graph and add to it a sketch of x against t 

(a) when the initial velocity is large and towards the equilibrium position, and 

(b) when Mis simply released at displacement d. 

dx d2x 
Describe the four graphs, (i), (ii) and your answers to (a) and (b), in terms of - and - 2 . 

dt dt 
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23 The diagram shows the curve 
y = (l-4x)5 + 20x. The curve has a 
maximum point at Pas shown. 

Show that the curve has a minimum point 
which lies on the y-axis and calculate the 
area of the region shaded in the diagram. 

p 

x 

24 (a) Sketch the graphs of y = x 2 and y = (x -4) 2
, and find the coordinates of the point P 

where they intersect. 
(b) The region bounded by the x-axis between x = 0 and x = 4, the graph of y = x 2 

between the origin and P, and the graph of y = (x -4) 2 between P and the x-axis is 
rotated through 2n radians about the x-axis. Calculate in terms of n the volume of 
the solid ofrevolution formed. 

25 A pyramid has a square base ABCD of side 8 cm. The diagonals AC and BD of the base 
meet at 0. The point Eis midway between 0 and A. The vertex Vis at a height of 6 cm 
vertically above E. 

Calculate to the nearest tenth of a degree the angle between DV and BV. 

26 The diagram shows the curve 
1 

y = :V4x+3 · 

Find the area of the shaded region. 

-0.5 

I 
y= ~4x+3 

6 x 

27 Use the methods of Exercise 6A to calculate an approximation to the gradient of the graph 

y =sin x for x = 0 and x =in. Use the symmetry properties of y =sin x to predict the 

gradients at other values of x in the interval 0 .;;; x .;;; 2n , and use your results to sketch a 

graph of ~ against x. Make a conjecture about the equation of this graph. 

28 The diagram shows the region R, which is bounded by the 
axes and the part of the curve y2 = 4a( a - x) lying in the 
first quadrant. Find, in terms of a, 

(a) the area of R, 

(b) the volume, Vx, of the solid formed when R is rotated 
completely about the x-axis. 

The volume of the solid formed when R is rotated. 
completely about the y-axis is VY . Show that Vy = /s Vx . 

The region S, lying in the first quadrant, is bounded by the 
curve y2 = 4a(a-x) and the lines y =a and y = 2a. Find, 
in terms of a , the volume of the solid formed when S is 
rotated completely about the y-axis. (OCR, adapted) 

y 

2a 

0 

R 

a x 



Practice examination 1 

Time 1 hour 45 minutes 

Answer all the questions. 
The use of an electronic calculator is expected, where appropriate. 

1 The 3rd and 4th terms of a geometric progression are 12 and 8 respectively. Find the sum 
to infinity of the progression. [5] 

2 (i) Find f (:2 - *)dx. [4] 

(ii) A curve passes through the point (1,0) and is such that dy = ~ - ~.Find the 
dx x -vx 

equation of the curve. [2] 

3 Points A and B have coordinates (3,2) and (-1,4) respectively. 

(i) Find the equation of the straight line which is perpendicular to AB and which passes 
through its mid-point. [4] 

(ii) Verify that the point C with coordinates (0,1) lies on this line, and calculate the area 
of the triangle ABC. [3] 

4 (i) Show that the equation 3 tan() = 2 cos() may be written in the form 

2sin2 
() + 3sin() - 2 = 0. [3] 

(ii) Hence solve the equation 3 tan() = 2 cos() , for 0 ~ () ~ 2n . [ 4] 

5 (i) Express the quadratic polynomial x 2 + 6x + 3 in completed square form. [2] 

(ii) Hence, or otherwise, 

(a) find the coordinates of the vertex of the graph of y = x 2 + 6x + 3, [2] 

(b) solve the inequality x 2 + 6x + 3 < 0, leaving your answer in an exact form. [3] 

6 The functions f and g are defined by 

1 
f:xH-, 

x 
g:xH2x-1, 

0 <x~ 3, 

x E IR. 

(i) Using a graphical method, or otherwise, find the range off. 

(ii) Calculate gf(2). 

[1] 

[1] 

(iii) Find an expression in terms of x for g-1(x). [2] 

(iv) Sketch, in a single diagram, the graphs of y = g(x) and y = g-1(x), and state a 
geometrical relationship between these graphs. [3] 
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7 (i) Solve the simultaneous equations 

8 

2x2 + .xy = 10, 

x+ y = 3. 

(ii) Show that the simultaneous equations 

2x 2 +.xy=10, 

x+ y =a. 

[5] 

always have two distinct solutions, for all possible values of the constant a. [3] 

OLA 
a 

The diagram shows the origin 0, and points A and B whose position vectors are 
denoted by a and b respectively. 

~ 
(i) Copy the diagram, and show the positions of the points P and Q such that OP= 3a 

~ 
andOQ=a+b. m 

(ii) Given that a=(~) and b = C), evaluate the scalar product oQ .BP. [3] 

(iii) Calculate the acute angle between the lines OQ and BP, giving your answer correct to 
the nearest degree. [3] 

9 A circle with centre 0 has radius r cm. A sector of the circle, which has an angle of 
e radians at 0, has perimeter 6 cm. 

10 

(i) Show that e = ~ - 2, and express the area A cm2 of the sector in terms of r. [ 4] 
r 

(ii) Show that A is a maximum, and not a minimum, when r = ~ , and calculate the 
corresponding value of e. [5] 

y 

x 

The diagram shows the curve y = 4x3 -4x2 -lOx+12 and the tangent at the point A 
where x = 1. 

(i) Find the equation of this tangent. [4] 

(ii) Verify that this tangent meets the curve again at the point B with x-coordinate -1. [2] 

(iii) Calculate the area of the region y.rhich lies between the curve and the tangent AB. [5] 



Practice examination 2 

Time 1 hour 45 minutes 

Answer all the questions. 
The use of an electronic calculator is expected, where appropriate. 

1 Use the binomial theorem to expand (3x + 2) 4 in powers of x. [3] 

2 A solid is made by rotating the part of the curve with equation y = (3x -1)1 from x = j to 
x = ~ through four right angles about the x-axis. Find the volume of the solid, giving your 
answer in terms of n. [5] 

3 The point A has coordinates ( 7, 7) and the line l has equation · x + 3 y = 8 . 

(i) Find the equation of the line that passes through A and is perpendicular to l. [3] 

(ii) Hence find the coordinates of the foot of the perpendicular from A to l. [3] 

4 (i) Sketch the graph of y = cos 2x0 for 0 ~ x ~ 360. [2] 

5 

(ii) Solve the equation cos 2x0 = -0 .7, for x in the interval 0 ~ x ~ 360. [ 4] 

y 

x 

Notto 
scale 

The diagram shows the curve y = i 2 and the line y,,; 3 + 2x. 

(i) Prove algebraically that A is the point (3,9) and calculate the coordinates of the other 
point of intersection, B, of the line with the curve. [5] 

(ii) Calculate the area of the region enclosed between the curve and the line segment AB. 
[3] 

6 An arithmetic progression has first term a and common differenced. 

(i) Write down expressions, in terms of a and d, for the secoi:id and sixth terms of the 
progression. [1] 

(ii) The first, second and sixth terms of this arithmetic progression are also the first three 
terms of a geometric progression. Prove that d = 3a . [3] 

(iii) Given that a = 2, find the sum of the first 15 terms of each progression. [ 4] 
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The diagram shows the graphs of two functions f and g defined by 

3x-l 1 
f:xH--, xEIR,x;t:-3 , 

3x+l 

g:x H 3x2 -1, xER 

(i) Find the range of each of these functions. [2] 

(ii) One of these functions does not have an inverse. Identify this function, and give a 
clear reason why it does not have an inverse. [3] 

(iii) Find the inverse of the other function, expressing your answer in a form similar to 
that given in the definition of the function. [4] 

A 

3cm 

B 
6cm 

c 

The diagram shows triangle ABC, in which angle Bis a right angle, AB= 3 cm and 
BC = 6 cm. The circular arc BP has centre A and radius 3 cm, and the circular arc BQ has 
centre C and radius 6 cm. Calculate 

(i) the size of angle A, giving your answer in radians correct to 4 significant figures; [2] 

(ii) the area of the region BPC, bounded by the arc BP and the lines PC and CB; [2] 

(iii) the area of the region BPQ, bounded by the line PQ and the arcs BP and BQ; [3] 

(iv) the perimeter of the region BPQ, bounded by the line PQ and the arcs BP and BQ. 
[3] 
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9 (a) Differentiate .Jx +-
1
- with respect to x. 

2x+l 
[4] 

10 

(b) A curve has equation y = x 3 
- 3x2 +12x. 

. . dy 
(1) Fmd -. 

dx 

(ii) Hence, by completing the square or otherwise, prove that the gradient of the 
curve is never less than 9. 

k 

0 

A 

[2] 

[4] 

The diagram shows a triangular pyramid OABV, whose base is the right-angled triangle 
OAB and whose v6.rtical height is OV. The perpendicular unit vectors i, j and k are directed 

along OA, OB and OV as shown, and the position vectors of A, B and V are given by 

~ ~ ~ 
OA = lOi, OB= 8j, OV = 6k. 

(i) The point Mis the mid-point of VB. Find the position vector of Mand the length of 
OM. [3] 

(ii) The point Plies on OA, and has position vector pi. Show that the value of the scalar 
+ ~ 

product VB ;MP is -14. [3] 

(iii) Explain briefly how you can deduce from part (ii) that MP is never perpendicular to 
VB for any value of p. [1] 

(iv) For the case· where Pis at the mid-point of OA, find angle PMB, giving your answer 
correct to the nearest degree. [3] 
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Answers 
--

1 Coordinates, points and (g) 4y=-3x-l9 (h) 2y=x+3 

lines (i) 8y=3x+l U) 2y=-x+ll 
(k) y=-2x+3 (1) y=3x+l 

Exercise IA (page 6) (m) y=7x-4 (n) y=-x+2 

1 (a) 13 (b) 5 (o) 8y=-5x-l (p) 5y=-3x+9 

(c) -J50 (d) m (q) y=7x-7d (r) y=mx+4 

(e) 17a (f) -J20 . (s) y= 3x+c (t) y=mx-mc 

(g) 23 (h) 9a 3 (a) y=3x+l (b) y=2x-3 

(i) ~2(p-q)2 (j) ~50q2 (c) 2x+3y-12 = 0 (d) x-3=0 

S (a) ( 4,13) (b) (1,8) 
(e) 3x-5y-45=0 (f) 3x+ y-8 =0 

(c) (-4,-4 4) (d) (-54,44) 
(g) y = -3 (h) x + 3y - 2 = 0 
(i) 5x+3y+l4=0 (j) 2x+7y+Il=O 

(e) (2p+3,2p-3) (f) (p+4,-2) (k) x+3=0 (1) x+y+l=O 
(g) (3p,3q) (h) (a+3,b+l) (m) y=3x+l (n) 5x+3y+l3=0 

6 (2,3) (o) 3x+5y=O (p) qx-py=O 

7 (7,10) 
(q) x+3y-p-:3q=O (r) x-p=O 
(s) x-y-p+q=O (t) qx+ py- pq=O 

9 A 4 (a) -2 (b) i (c) -2i 
10 (a) 2 (b) -3 (d) 0 (e) 14 (f) Undefined 

(c) t (d) -~ (g) -1 (h) 3 (i) I 

(e) -2 (f) -1 2 
(j) 21. (k) m (1) -p/q 

(g) (p-3)/(q-l) (h) 0 3 

11 f , f ;,points are collinear 
S y=fx+2 

12 _Y_ 6-y 
6 y+2x=5 

x-3'5-x 7 3x+8y=l9 

13 5 8 x+y= 12 

14 (a) Mis (f ,-1f ), N is (1f ,4) 9 y=7 

15 (a) MN=5,BC=IO 10 y=mx-md 

16 (a) Gradients PQ and SR both - 1, 11 (a) (7,3) (b) (2,7) 
QR and PS both ~ (c) (-{-,c-i) (d) (-3,-1) 

(b) Parallelogram (e) (2,4) (f) ( 6,5) 
17 (d) Rhombus (g) No intersection (h) (2,-1) 

18 ( d) Rectangle (i) Same.lines 

19 (a) Gradients PQ and SR both -% , (j) (c/ a(l + 2b ), 2c/(1+2b )) 
(k) ((d-c)/2m,(c+d)/2) 

QR 4,PS i 
(1) (l/(a - b ), lj(a- b )) 

(b) Trapezium 

21 (a) DE= DG= M,EF= FG= .J40 Exercise IC (page I4) 
(b) Kite 1 (a) I (b) ~ (c) -1~ -2 

22 (a) Mis(6,l) (c) Nis(8,5t) (d) 1~ (e) 1 (f) -i 
7 . 

Exercise 1B (page 11) 
(g) m (h) -1/m (i) -q/p 
(j) Undefined (k) 1/m (1) (c-b)/a 

1 (a) Yes (b) No (c) Yes 2 (a) x+4y= 14 (b) y=2x+7 
(d) No (e) Yes (f) No (c) x-5y = 27 (d) x = 7 
(g) Yes (h) Yes (e) 3x-2y=-Il (f) 5x+3y=29 

2 (a) y=5x-1 (b) y=-3x+l (g) y+3=0 (h) x+2y=6 
'1 (c) 2y=x+8 (d) 8y=-3x+2 (i)_. x+my=O (j) x+my=a+mb 

(e) y=-3x (f) y = 8 (k). nx+y=d+nc (1) bx - ay = 2a - b 

\ 
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3 x+3y=13,(1,4) (e) 0 (f) 6~ 
4 3x+2y=5,(3,-2) (g) 6m (h) 12.fi 

(i) nJS (j) m 
.5 x+2y=8 (k) 30-JS (I) 6-./6-~ 

6 (a) (i) x = 8 (ii) x - 2y = 2 (b) (8,3) 4 (a) 2 (b) 3 

Miscellaneous exercise 1 (page 15) (c) 2 (d) 5 

2 (2,-1) (e) 5 (f) 3 
(g) l (h) l 

3 (b) (3.6,0) 4 2 

4 (a) 3x-y=9 (b) (3,0) and (5,6) 5 (a) ~~ (b) ~-JS 

6 (a) 4x-3y=13 (b) (4,1) (c) 5 (c) 2.fi. (d) ,./6 

7 78 (e) m (f) ~.fi 

8 (0,0), (12,12) and (14,4) (g) 4~ (h) 2.fi 

9 2x+7y=23 (i) J3 (j) l~ 
' 3 

10 3x-.4y= 1 (k) fil (I) %.J30 
11 (3!,4),(4,3) 

(m) ~,./6 (n) ~,./6 12 (a) x+3y=9 (b) (0.9,2.7) 
(c). J09 (o) ~,./6 (p) i-./6 

14 3x+5y-4=0, (1~,o) · 6 (a) 7~ (b) 4~ 
15 (31. -12)-7·x-7y-14=0 (c) ~ (d) ~ 2' 2 ' ' 
16 (a) (-3,0),(0,1.5) (b) x-2y+3=0 (e) 12~ (f) -5~ 

(c) (1.8,2.4) 7 (a) 20.fi cm 2 (b) 3.JlQ cm 

17 x-2y-8=0; (2,-3), .J80 8 (a) x = 5.fi (b) y = -4.fi 

19 25 (c) z = 3.fi 

9 (a) 2V3 (b) 4Jfj 
20 (a) x+y=l (b) (2,-1),(0,1) 

(c) 3Jfj (d) 5Jfj 
21 y=2,3x+4y=18,y=3x-8 

10 (a) 4.JJJ cm (b) 5,.[LJ_ cm 
· 22 Draw gradient triangles for both lines. Because (c) 2.JlS cm (d) 3-JS cm 

1/ ( -m2 ) = mi /1 , one triangle is similar to the 
11 (a) 10.198 039 027 2 

other, but rotated through 90°. 
(b) 25.495 097 568 0 

2 Surds and indices (c) 2.549 509 756 8 

12 (a) x = 3-JS, y = 4 

Exercise 2A (page 20) 13 (a) 1 (b) 1 

1 (a) 3 (b) 10 (c) 4 (d) 7 

(c) 16 (d) 4 (e) 46 (f) 5 

(e) 8 (f) 6 ~g) 107 (h) -3 

(b) -JS-1 (g) 15 (h) 30 '14 (a) ~+1 
(i) 72 (j) 60 (c) ,./6 +.fi (d) 2.fi-~ 
(k) 28 (1) 27 (e) m-.JW (f) 3-JS + 2-./6 
(m) 5 (n) 48 

16 (a) 2+~ (b) to( 3-JS + 5) (o) 256 (p) 5 

2 (a) 3.fi (b) 2-JS (c) 4.fi- 2-./6 
(c) 2-./6 (d) 4.fi 
(e) 2.JIO (f) 3-JS Exercise 2B (page 25) 
(g) 4~ (h) 5.fi 1 (a) a12 (b) b8 (c) c4 

(i) 3,./6 (j) 6.fi (d) d 9 (e) ezo (f) x6y4 
(k) 3fil (I) 15~ (g) 15g8 ·(h) 3h8 (i) 72a8 

3 (a) 5.fi (b) 3~ (j) p7ql5 (k) 128x 7y11 (1) 4c 
(c) ,f5 (d) 2.fi (m) 108m14n10 (n) 7r3s (o) 2xy2z3 
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2 (a) 226 (b) 212 (c) 26 (d) 26 Miscellaneous exercise 2 (page 29) 
"" (e) 22 (f) 21 (g) 20 (h) 2° 1 (a) 11+.J2 (b) 29 

3 (a) 1 (b) ft (c) _!_ (c) 10-4-JS (d) 128.J2 8 5 
(d) _!_ I (f) 1 2 (a) 4.fj (h) F?. 9 (e) 10 ooo 

(i) 2 111.JiO (d) 3lfi. (g) 2 (h) 27 
5 (c) 

(j) 1 
(k) 2:6 (1) 27 ~.fj (b) -f:s-JS 128 64 3 (a) 

4 (a) -} (b) s:2 (c) 3~ 
2 

(c) l.J2 (d) -fs../30 
(d) 8 (e) _!_ (f) 8 3 

8 

4 (a) .J2 (b) 4-[5 5 (a) rtJ (b) ~ (c) ~ 
(d) rtJ (e) 10 (f) ~ (c) -2+i.J2 (d) 4.fj 

6 (a) a (b) b (c) c-6 
5 i{? 

(d) 2 (e) e-9 (f) rs 7 

(g) 3g-l (h) _!_h-4 (') 1 -4 8 (a) 14 cm2 
9 I 91 

(j) 8j6 (k) 8x9y-3 (1) p-sq-16r-12 
9 18 

(m) 2m (n) 9n-9 (o) 8x 
10 3f7cm (p) 2,} a7c-4 1 6 (r) l44x-2y4 (q) 64 q 
11 x = 3.J2 + 4 ' y = 5.J2 - 7 7 (a) x=-2 (b) y = 0 (c) z = 4 

(d) x =-2 (e) y = 120 (f) t = 0 12 (a) 0.0014421 (b) 1.2991 

8 (a) 2.7x10-5 m 3 (b) 5.4x10-3 m 2 13 2.JlO' (3,0) 

9 26.7 km h-1 (to 1 d.p.) 14 (a) x+2y=8 (c) -JS or -.JS 

10 (a) l.Ox10-3 m 3 (to 2 s.f.) (d) t = -t' !-JS 
(b) 101.9 m (to 1 d.p.) 15 a= 2..JlO, b = 6.JlO 
(c) 5.6x10-3 m (to2s.f.) 

16 Either 3.J2 and ~.J2 or 3.JS and ~-JS; 27 
11 (a) 4.375x10-4 (b) 4.5x10-7 

17 (a) 6 (b) ft (c) ! (d) 2~ 
12 x = -3 

Exercise 2C (page 28) 
18 -

3a2 

1 (a) 5 (b) 2 . (c) 6 (d) 2 19 -land 8 
(e) 3 (f) _!_ (g) t (h) _!_ 20 x=~ 

I 
3 7 7 

(i) TO (j) -3 (k) 16 (1) ~ 21 a-2/3 

2 (a) 2 (b) ft (c) 16 (d) i 22 (a) 2plfBq-3/2 (b) J ... F 3 

(f) _!_ (h) _!_ 
10 

(e) 2 
2 

(g) 16 
2 (c) 2xy2 (d) m-2/3nl/3 

3 (it) 4 (b) 8 (c) 2~ (d) 81 23 (a) 2.5x10179 (b) lx10292 

(e) 4 (f) 8 (g) 3
1
2 (h) 32 (c) 2x 1056 (d) 3x10-449 

(i) I (j) 625 (k) 2t (I) ~ 24 (b) 1.5x1011 m (to 2 s.f.) 
1000 

4 (a) a2 (b) 12b-1 (c) 12c314 25 (a) 11..fi, (b) ¥+~.J3 
(e) 4x4y5 

4 
(d) 1 (f) 2 26 (a) 2 71 (b) i-399 (c) 2 7/3 
(g) 5pq2 (h) 4m5/4n 7/4 (i) 2s/4 x-ly514 (d) 299 (e) 233 

~·,. 5 (a) 64 (b) 27 (c) 8 (d) 9 27 x=-~ 
(e) i (f) b (g) 2 (h) 2 6 

28 (a) s = 22;332;31C113v213 
6 (a) 1.9 (to 1 d.p.) (b) v = 2-13-11C-v2s312 

(b) 2.2 m (to 1 d.p.) 
29 8x103 joules, or 8000 joules 

7 6.5 cm (to 1 d.p.) 

8 (a) x=~ (b) y=-~ (c) z=l 
2 2 4 

(d) x=l 
2 3 Functions and graphs .--_,,: 

(e) y = .± 3 (f) z=-2 (g) t=§_ 3 . 5 (h) y=-1 
Exercise 3A (page 35) 

1 (a) 11 (b) 5 (c) -3 (d) 0 



2 (a) 50 

3 (a) 15 

4 (a) 17 

5 4 
6 a=S,b=-3 

(b) 5 

(b) St 

(b) 9 

(c) 29 

(c) 0 

(d) 33 

7 00 x~O ~) x~O 

(c) x ~ 4 (d) x ~ 4 

(d) 29 

(d) 0 

(e) x ~ 0 and x ~ 4 (f) x ~ 0 and x ~ 4 
(g) x ~ 3 and x ~ 4 (h) x ~ 2 
(i) All real numbers except 2 
U) x > 2 (k) x ~ 0 
(1) All real numbers except 1 and 2 

8 (a) f(x) > 7 (b) f(x) < 0 
(c) f(x)>-1 (d) f(x)>-1 
(e) f(x) > 3 (f) f(x) ~ 2 

9 (a) f(x) ~ 4 (b) f(x);;;;, 10 
(c) f(x) ~ 6 (d) f(x) ~ 7 
(e) f(x)~2 (f) f(x);;;o-1 

10 (a) O~f(x)~16 .(b) -l~f(x)~7 
(c) 0 ~ f(x) ~ 16 (d) 4 ~ f(x) ~ 25 

11 (a) f(x) ~ 0 (b) All real numbers 
(c) All real numbers except 0 
(d) f(x)>O (e) f(x);;;oS 
(f) All real numbers (g) 0 ~ f(x) ~ 2 
(h) f(x) ~ 0 

12 0<w<l2,0<A~36 

13 0 <x<4 

Exercise 3B (page 40) 

2 (a) RQP ~) PQR (c) QPR (d) QRP 

3 (a) x>lO 
(b) x<-50 orx>50 (i.e., lxl>SO) 

(c) --Ji0/10~x~-Ji0/10, x;tO 

CLe., o <Ix I< tt-.JlO) 
(d) x < -20 or x > 20 (i.e., Ix I> 20) 

7 (a) and (c) are odd; (b) is even. 

8 (a) 7 (b) 26o (c) 5 

(d) 5 (e) n-3 (f) 4-n 

9 (a) 2 (b) l 
4 

(c) 0 

(d) 2 (e) 1 

10 (a) 0 < y < 0.0001 (b) y>lOOOO 

11 (a) IY I> 10-9 (b) lxl<0.1 

12 IN - 37 000 I < 500 

13 lm-nl~S 

14 The length is 5.23 cm correct to 2 d.p. 

Exercise 3C (page 41) 

11 (c) 

ANSWERS 

12 (a) 

Exercise 3D (page 44) 

1 (a) (3,14) 

(c) (-4,8), (2,8) 

2 (a) (1,2), (3,4), 

(c) (-1-!,6-!),(2,17) 

(e) (-~,2),(2-!,-6-!) 

(b) (1,3), ( 4,3) 

(d) (-3,-3),(+,-3) 

(b) (-4,-5),(3,9) 

(d) (-2,-7),(2,9) 

291 

3 (a) (2,6) (b) (-3,-1) 

4 (a) 

5 (a) 

6 (a) 

7 (a) 

8 (a) 

(0,0), (2,2) (b) (1,0) 

(-4,14) (b) (-6,24),(-2,12) 

(-1,4),(3,8) (b) (1,6) 

(5,51) (b) (-2,3) (c) (0,1) 

(-q),(1.-!) (b) (1,9),(2,18) 
(c) (-3,1), (-2,3) (d) (-1,-5), (2,19) 
(e) (-3,65),(2.4, 7 .76) 
(f) (0,0), (8,80) 

9 (a) 

(b) 

(1,8) 
(3,{-) 

(c) ( .J2, .J2), (-.J2,-.J2) 
(d) (t,32),(-+,32) 

(e) (t,243),(-t,-243) 
(f) (2,4),(-2,4) 

Exercise 3E (page 47) 

4 (a) y=x2 -7x+10 (b) y=x2 +17x+70 
(c) y=x2 +2x-l5 (d) y=x2 -2x-15 

6 (a) y=3x2 -18x+15 
(b) y=4x2 -20x-56 
(c) y=-!x 2 -4x-6 
(d) y=-4x 2 -4x+24 
(e) y = 5x 2 +15x - 350 

8 (a) A,B,G,H (b) B,D,F (c) F,G,H 
(d) D (e) G (f) I 
(g) B,E (h) A,C,E 

Miscellaneous exercise 3 (page 48) 
1 · (a) 45,--!,-39 (b) 2 

(c) ~ (d) 37 

2 -1,4 

3 ~ 

4 (tJt), (4,-7) 

5 (-2+,-2),(2,7) 

6 (1,-1) 

7 (2,0) 

9 a=2,b=-7,c=6 

10 (-t,6) 
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12 6 

13 (0,108) 

14 p=35,q=-i-or4 

15 (3,33) 

16 c=2,k=14,(3,2) 

17 2 

18 p= q = 13 

19 (1,1), (9,81) 

21 (-J3, - 5-J3) , (--J3, 5-J3) 
22 (2+-J2, 13+6-J2) 

23 (a) 2 (b) 0 (c) 1 

24 (a) f(x)=l (b) f(x)=-1 

4 Quadratics 

Exercise 4A (page 54) 
1 (a) (i)(2,3) (ii) x = 2 

(b) (i)(5,-4) (ii) x = 5 
(c) (i) -3,-7) (ii) x = -3 
(d) (i) t·l) (ii) x = 1 

2 

(e) (i) -1 2) (ii) x = -1 
5' 5 

(f) (i) -2 -4) (ii) x = _ _z 3, 3 

(g) (i)(3,c) (ii) x= 3 
(h) (i)(p,q) (ii) x = p 
(i) (i) (-b/a,c) (ii)x=-b/a 

2 (a) (i)-1 (ii)- 2 (b) (i) 2 (ii) 1 
(c) (i) 5 (ii) - 3 (d) (i)-7 (ii)-i 
(e) (i) 3 (ii) 4 (f) (i) q (ii)- p 
(g) (i) - q (ii) p · (h) (i) r (ii) t 
(i) (i) c (ii)-b/a 

3 (a) 3±-J3 (b) 0,-4 

(c) -Hi.JiO (d) 1( 7± 2.J2) 

(e) -p±-{<i (f) -b±-FJQ 

4 (a) (x+1)2 +1 (b) (x-4)2 -19 

(c) (x+Ii)
2 
-9~ (d) (x-3)2-4 

(e) (x+ 7)2 (f) 2(x + 3)2 
- 23 

(g) 3(x-2)2 -9 
(i) 2(x+1~)

2 

-6~ 
(h) 11-4(x + 1)2 

5 (a) (x-7)(x+5) (b) (x-22)(x+8) 
(c) (x + 24)(x-18) (d) (3x+2)(2x-3) 
(e) (2+7x)(7-2x) (f) (4x+3)(3x-2) 

6 (a) 3 when x = 2 (b) 2i when x =Ii 

(c) 13 when x =3 (d) -I!whenx=I! 
8 4 

(e) -,-4~ when x = -~ (f) 7tzwhenx=-Ii 

7 (a) f(x) ~ 1 (b) f(x)~-4; 
(c) f(x) ~ t 

8 (a) (i)(2,2) 
(b) (i) (-3,-11) 
(c) (i) (-5,32) 

(d) (i)(-1~,-1t) 
(e) (i) ( It,-4t) 

(f) (i) ( 2,-7) 

(ii) x= 2 
(ii) x = -3 
(ii) x =-5 

(Ii) x = :--1~ 

(ii) x =It 

(ii) x = 2 

9 (a) f(x)~-t 

(c) f(x) ~ -~ 

(b) f(x)~-i 

Exercise 4B (page 58) 

1 ca> H-Hm) (b) 2±-Jil 

(c) -3 (repeated) 

(e) No solution 

(g) -3and -i 

Cd) H-5±-JU) 
Cf) i(5±-J97) 
(h) H-3±Ki) 

(i) i( 2± -J34) 
2 (a) 2 (b) 1 

(f) 2 (g) 1 
(c) 0 (d) 0 (e) 2 
(h) 2 (i) 2 (j) 2 

3 (a) -t (b) -# 
(d) ±2-/6 (e) ±4-/6 

(c) 81 

(f) p2 /4q 

4 (a) k<t (b) k=~ 
(c) k>io (d) k>-fi 

(e) k=i (f) k>'!J_ 
3 . 28 

(g) k>4 or k< -4 (h) -6<k<6 

5 (a) 2 (b) 0 (c) 1 (d) 0 (e) 2 
(f) 2 (g) 0 (h) 0 (i) 1 

6 Intersects x - axis twice, faces up. 

7 Intersects x - axis twice, faces down. 

Exercise 4C (pag~) 
1 (a) x = 3, y = 4 or x = -4, y = -3 

(b) x=3,y=4orx=4,y=3 
(c) x=5,y'=2orx=-l,y=-4 
(d) x=3,y=-l 
(e) · x=0,y=5orx=4,y=-3 

(f) x=l,y=Oorx=i,y=i 
(g) x=0,y=7 
(h) x=3,y=-2orx=t,y=-IO~ 

2 (a) (2,5) and (1,3) 
(b) (1,5) and (-2.2,-4.6) 
(c) (3,4) and (-1,-4) 

(d) (1,1) and (-4,3!) 

(e) (4,3) 
Cf) (2,-1) and (-~Ai) 
(g) (5,-2) and (27,42) 

(h) (i,-I)and(-1~,-1£) 
3 (a) 2 (b) 0 (c) 2 

(d) 1 (e) 0 (f) 
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4 (a) ±1,±2 (b) ±1,±3 (c) ±2 5 (a) x~-9 (b) x ~ 4 (c) ·x>6 

(d) . ±-16 (e) -1,2 (f) V3,-V4 (d) x>2_1_ 6 (f) x~-l 
4 

(e) x ~ 7 
5 (a) -2,5 (b) -6, 1 

. 1 (g) x<-l (h) x >-3 (i) x ~ -{-(c) -3, 2 4 
(d) -4,3 (e) 36 (f) 9 6 (a) x>5_1_ (b) x < -3 (c) x ~ -12-
(g) 1,-~ (h) -7,2 (i) 5 _!.! 2 7 8 , 3 (d) x<-2 (e) x ~ 5 (f) x ~ 19 
(j) 1 4 (k) ±2 (1) ±1 2·-rr (g) x<-1~ (h) x ~ 4..!. 

6 (a) 16 (b) 25, 9 (c) 49 13 

(d) 25 (e) -8, 27 (f) -1,64 Exercise SB (page 71) 

Miscellaneous exercise 4 (page 62) 
1 (a) 2<x<3 

(b) x<4orx>7 
1 x = 3, y = -1 or x = - ~, y = ~ (c) l<x<3 

2 a=5,b=-8.Leastvalueis -8whenx=5. (d) x~-lorx~4 

3 x=2 y=-lorx=-~ y=!.! 
(e) x < -3orx>1-

' 4' 2 (f) -2_1_~x~l 
4 8 and-8 2 3 

(g) x~-2orx~-1_1_ 

f(x)~2(x-i)2- 1~ 1 , f(x)~-15i 
4 

5 (h) x <-3 or x> 1 

2.J3,4.J3 (b) ±1.86,±2.63 
(i) x<lt·orx>5 

6 (a) (j) -5 < x < 5 
8 (3x-6)2 +16.Takesvalues ~16. (k) -l_l_<x<i 

9 (-1.64,6.63),(0.24,-1.67) (1) 
3 2 4 2 

x~-.,, orx~.,, 

10 (a) (3x+2)2 +3 (b) 0 <f(x) ~ ~ 2 (a) 3<x<6 

11 ±0.991 and ±0.131 
(b) x < 2 or x > 8 

-3b- 5 - 13.(5 13) 
(c) -5~x~2 

12 a- ' --6,c--12, 6·-12 · (d) x~-lorx~3 

13 (1,6),(2,3) (e) x<-liorx>2 

14 (a) (b/a,c-b 2/a) (b) c= b(b+l)/a (f) -5~x~l 
3 4 

.15 (b) (i) Line is tangent to curve. (g) x~-3orx~- 3 
(ii) Line and curve do not intersect. 

(h) x<-5orx>2 

17 (a) 2.JS/5 (b) 4.J5/5 (c) 1 
(i) x<2iorx>3 

(j) x~-_l_orx~_I_ 
19 (a) 2.J5 ID (b) 8.J5 ID 

3 3 
x<-l_l_orx>l 

( c) They collide! (k) . 3 . 7 

20 (a) 6-(2+x)
2

, 8+(4+x)
2 (1) 2 1 x~-13 orx~ 3 

(c) For example, y = 2-(x-3)2 and y = x2 
3 (a) x<H-3-.J29) or x>H-3+.J29) 

21 $4800, 100 
(b) True for nox 

5 Inequalities (c) H 5 - .JU) < x < H 5 + m) 

(d) True for all x 
Exercise SA (page 68) (e) -3 < x < 3 

1 (a) x>14 (b) x < 4 (c) x ~ 2+ (f) x=-lonly 

(d) x~7 (e) x>-4 (f) x~-3_1_ (g) {-(3-m)<x<{-(3+m) 

(g) x<-3_1_ (h) x ~ -4 
5 

2 (h) H-3-Ki) < x < H-3+ KI) 
2 (a) x>7 (b) x~22 (c) x<-11± 

x ~ {-(-7 - .J4i) or x ~ {-(-7 + .J4i) 
(d) x~6 (e) x~-2i (f) x>-2 

(i) 
4 

(g) x<3! (h) x.~ -4 4 (a) x<-3orx>-2 
3 

3 (a) x~-4 (b) x ~ 4 (c) x > 9 
(b) 3<x<4 . ,. 

(d) x~-2 (e) x ~ ~ (f) x < 1 
(c) -3~x~5 

(g) x< 1.?. (h) x > 2 (d) x~-3orx~3 
5 (e) x~lorx~li 

4 (a) x>-7 (b) x ~ 2 (c) x<-6 
(f) -.?.<x<l..!. 

(d) x>3 (e) x ~ 2i cf) x<19 3 2 

(g) x<8_1_ 
4 

x<H-5-m) or x>H-5+m) 
2 

(h) x ~ 9 (g) 



r·· 
/ 

I 

I 
~-

294 PuRE MATHEMATICS 1 

(h) x < -~.J21 or x > ~.J21 
(i) True for no x 
(j) True for all x 

(k) x <-tor x > j 
(1) i(1--J37),,;;x,,;;i(7+-J37) 

Miscellaneous exercise S (page 72) 
1 -6,,;;x,,;;7 

2 -4<x<2 

3 -4<x<3 

4 -l<x<Oorx>l 

5 -3,,;;x,,;;Oorx;:;.2 

6 (a) k<Oork>8 
(b) -lt<k<lt provided k;eO (if k=O the 

equation is linear, and has just one root) 
(c) k <-2 or k > 2 

7 (a) 0,,;; k<5 (b) k = 0 
(c) -~5 <k<O 

8 k,,;;Oork;:;.~ 

9 x<-2 or x>l 
3 

10 -± < x < 0 or x > 2 

11 (a) x<2 orx>2t (b) l-.J6<x<l+.J6 

Revision exercise 1 
(page 73) · 

1 (-4,-16) 

3 (x+5)2+13; 
(a)_l3,-5 (b) x,,;;-8orx;:;.-2 

4 8x2 

5 (a) l,,;;x,,;;2 (b) -l.<x<2 
2 2 2 (c) x > 6.3 

6 6 

7 ±.J65 
8 (0,0),(-1,-1),(1,1) 

9 $(12(x+y)+l5xy); 571+8z-4=0, 0.4 

10 x+y=5; 7 l' 
11 (a) ~>t (b) x;>f (c) x,,;;Oorx;:;.5 

12 o,5 / I 
13 x={, y=l~x=4, y=-1 

14 25 \ 

15 (2,1)~ line is a tangent to the curve. 

16 2x+3y=7,3x-2y=4; (4,4) 

17 (a) (3,-1) (b) 5 (c) 2.J6-1 

18 (a) x<-lorx>2 (b) -l<x<2 or x>3 

19 2-!19 cm 

20 x=7, 3y+x=l0; (7,l);all 5.J2;30; 2.f5 

21 5, y=l; 2.J2, y=x+l 

22 3,-18,35; 3(x-3)
2

+8;8 

23 -2, 0 

24 1.52, -8.52 
5 

(b) ~~ 25 (a) (~)2 

a2 a 

6 Differentiation 

Exercise 6A (page 77) 

1 y=3x-2 

2 (a) 2.001 (b) 1.9999 
(c) 4.002 (d) 3.999 
(e) 6.000 001 (f) 5.999 99 

Exercise 6B (page 79) 

1 (a) 2 (b) 8 (c) 0 (d) -4 
(e) -0.4 (f) ..,.7 (g) 2p (h) 4p 

2 (a) 2 (b) 8 (c) 0 (d) -4 
(e) -0.4 (f) -7 (g) 2p (h) 4p 

3 4 and -4 

4 (a) y=4x-4 (b) y=-2x+l 
(c) y=2x-3 and y=-2x-3 
(d) y =-2 

5 (a) 2y=-x+3 (b) 4y=x+22 
(c) x = 0 
(d) 2y.JC=-x+.JC(4c+l) 

6 12y=-4x+33 

7 4y=4x+3 

s (-2{-,5~) 
Exercise 6C (page 82) 

1 (a) ix (b) 2x-l (c) 8x 
(d) 6x-2 (e) -3 (f) l-4x 
(g) 4-6x (h) Ji - 2-f3x 

2 (a) 3 (b) -6x (c) 0 
(d) 2+6x (e) -2x (f) 6-6x 
(g) 2-4x (h) 4x+ 1 

3 (a) 6 (b) 3 (c) -3 (d) 8 
(e) -8 (f) -6 (g) 4 (h) -17 

4 (a) 3 (b) l. (c) -l 4 2 2 
(d) -1 (e) l 

2 
(f) l. 

2 
5 (a) y=-2x-l (b) y=-X 

(c) y=2x-l (d) y=6x+l0 
(e) y='l (f) y = 0 

6 (a) 2y=x-3 (b) 4y=-x+l 
(c) 8y=-x-58 (d) x =0 
(e) 2y= x+9 (f) x=±· 

7 4y=4x-l 
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8 y=O 

9 y=-2x 

10 12y=12x-17 

11 x=l 

12 7y=-x+64 

14 (a) 0.499 875 ... (b) 0.500 012 ... 
(c) 0.249 968 ... (d) 0.250 015 ... 
(e) 0.999 999 ... (f) 1.000 001... 

Exercise 6D (page 86) 

1 (a) 3x2 +4x (b) -6x2 +6x 
(c) 3x2 -12x+ll (d) · 6x2 -6x+l 
(e) 4x - 24x3 (f) -3x2 

2 (a) -10 (b) 6 (c) 58 
(d) -1 (e) 8 (f) 12 

3 (a) -2,2 (b) -i-,2 (c) -5, 7 
(d) 1 (e) -1,-t (f) No values 

1 1 1 
4 (a) -rx (b) -rx :-1 (c) 1--

4-rx 
. 1 1 1 

(d) 1-- (e) 1+ 2 (f) 2x+l- x 2 -rx x 
2 1 

(g) 1-- (h) 1 + -rx x2 

5 y=4x+2 

6 y=x+2 

7 4y=x+4 

8 4y=-x+4 

9 x=l 

11 y=-2x,-6 

12 y = -a2 x, y = 2a2 x + 2a3, y = 2a2 x - 2a3 

13 (-i.-2) 

1 6 
(c) 0 14 (a) -- (b) --

4x2 x3 
3 2 2 

(d) 4$ (e) V (f) --
R 

3 1 R (g) ---- (h) 10 x 
x2 x4 (i) ~-rx 

(j) 
1 (k) 4-x (I) 3x-1 

-6V x3 4V 

15 3y- x = 4, y + 3x = 28 

16 (o,i2). (i ,o) 

Exercise 6E (page 93) 

1 f'(p)=3p2 

2 f'(p)=8p 7 

3 f'(p) =- ~3 
p 

Miscellaneous exercise 6 (page 94) 

1 y = 13x-16 

2 (a) -9 (b) -~.3 
3 80y =32x-51 

4 (-3,-t) 

5 2. 

6 (-t ,-4 g) ' (2,13) 

7 x+19y-153=0 

8 13 

9 (2,12) 

10 2 

11 Both curves have gradient 12. 

12 -183 

13 mn=-1 

14 (.!.l .!) 
20 '5 

15 ( 67 l) 
32 '8 

7 Applications of 
differentiation 

Exercise 7 A (page 96) 

... ·········> . 
3 (a) th (b) ~ 

x ..... ····> 
x 

.... ········> (c) W (d) T 
........ ····~ - '\ x 

4 (a) ··~ (b) :t" 
tl·········~ f·'t'···~ 

Exercise 7B (page 103) 

1 (a) 2x-5,x~i- (b) 2x+6,x~-3 
(c) -3-2x,x ,,,;-f (d) 6x-5,x ~i 
(e) 10x+3,x ~ - 1~ (f) -4-6x,x,,,;--% 

2 (a) 2x+4,x ~ -2 (b) 2x-3,x ~ f 
(c) -3+2x,x,,,;f (d) 4x-8,x~2 
(e) 7 - 4x x ~ 2 (f) -5-14x x ~ - 2. 

' 4 ' 14 

3 (a) 3x 2 -12,x~-2andx~2 
(b) 6x2 -18,x,,,;-.J3andx;a..J3 
(c) 6x 2 -18x-24,x ~ -landx ~ 4 
(d) 3x2 -6x+3,allx 
(e) 4x3 -4x,-1,,,;x~Oandx~l 
(f) 4x3 + 12x2 ,.x ~ - 3 
(g) 3- 3x2

, -1~x~1 
(h) 10x4 - 20x3, x ~ 0 and x;;;. 2 
(i) 3(1+x2),all x 
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4 (a) 
(b) 
(c) 

(d) 
(e) 

(f) 
(g) 
(h) 
(i) 

5 (a) 

(b) 

(c) 

(d) 

(e) 

(f) 

6 (a) 
(b) 
(c) 
(d) 
(e) 
(f) 

7 (a) 
(b) 
(c) 
(d) 

(e) 

(f) 
(g) 
(h) 
(i) 
U) 

(k) 
(1) 
(m) 
(n) 

(o) 

8 (a) 

(b) 
(c) 

PURE MATHEMATICS 1 

3x2 -27,-3,,;; x,,;; 3 
4x3 +8x,x,,;;O 
3x2 -6x + 3, none 
12-6x2 ,x,,;;--Jl and x ~ -J2 
6x2 +6x-36,-3,,;; x,,;; 2 
12x3 -60x2 ,x,,;; 5 
nx - 8x3

, - 3 ,,;; x ,,;; 0 and x ~ 3 
5x 4 -5,-1,,;;x,,;;1 
nx"-1 

- n; x ,,;; 1 if n is even, 
-1 ,,;; x ,,;; 1 if n is odd 

l.x112(5x-3)·0<x<l· x~l 2 , 5' 5 

l.x-lf4 (3-14x)· x ~ ]_. 0,,;; x,,;; ]_ 
4 , 14' 14 

l.x-lf3 (5x+4)· -±,,;; x,,;; O· 3 , 5 , 

x,,;;-± andx ~ 0 
5 

!lx-2f5 (x 2 -3)· -.f3,,;; x,,;; .f3· 5 , , 

x ,,;; - .f3 and x ~ .f3 

1-~;-.f3,,;; x <0 and 0< x,,;; .f3; 
x 

x ,,;; -.f3 and x ~ .f3 
x-1 
--· 0 < x,,;; 1· x ~ 1 
2x£' ' 

(i) (4,-12) (ii) minimum (iv) f(x)~-12 
(i) (-2,-7) (ii) minimum (iv) f(x) ~ -7 

(i) (-~,~) (ii) minimum (iv) f(x)~~ 
(i) (-3,13) (ii) maximum (iv) f(x),,;; 13 
(i) (-3,0) (ii) minimum (iv) f(x) ~ 0 
(i) (-~,2) (ii) maximum (iv) f(x),,;; 2 

(-4,213), maximum; (3,-130), minimum 
(-3,88), maximum; (5,-168), minimum 
(0,0), minimum; (1,1),. neither 
(-2,65), maximum; (0,1), neither; 
(2,-63), minimum 

( 1 II) · · ·(! 3) · - 3 ,- 27 ,mm1mum, 2 ,4 ,maximum 

(-1,0), neither 
(-1,-2), maximum; (1,2), minimum 
(3,27), minimum 
none 

( 1 1) . . 
4 ,- 4 ,mm1mum 

( 6, 1~ ), maximum 
(-2,17), minimum 
(1,3), maximum 
(-1,-5),minimum 

(0 0) . . . ( 4 256 ) . , ,mm1mum, 5 ,3125 ,maximum 

f(x) ~ % 
f{x) ~ -16 
f(x),,;; -2,f(x) ~ 2 

Exercise 7C (page 109) 

1 (a) Gradient of road 
(b) Rate of increase of crowd 
(c) Rate of increase (or decrease if negative) of 

magnetic force with respect to distance 
(d) Acceleration of particle 
(e) Rate of increase of petrol consumption with 

respect to speed 

2 (a) dp, p in millibars, h in metres 
dh 

(b) de , e in degrees c, t in hours 
dt 

dh h. . h (c) - , m metres, t m ours 
dt 
dW . k"l. . k (d) - , W m 1 ograms, t m wee s 
dt 

1 
3 (a) 6t+7 (b) 1- .,[; 

2 x 

(c) 
6 1 

1-- (d) 2t--
y3 2t-lt 

(e) 2t+6 (f) 12s5 -6s 

(g) 5 
2 

(h) -?-1 

4 (a) Velocity 
(b) (i) Increasing (ii) Decreasing 
(c) 9, occurs when velocity is zero and direction 

of motion changes 

dx 
5 (a) -=c 

dt 
~ f . . (b) - = kA; A stands or the amount deposited 
dt 

(c) dx = f(8); x stands for diameter, e for air 
dt 

temperature 

6 80kmh-1 

7 20m 

8 36 

9 4-JS 
10 Greatest V = 32n when r = 4, 

least V = 0 when r = 0 or h = 0 

11 25 

12 (b) 1800 m2 

13 0 < x < 20 , . 7 .36 cm 

14 20cm 

15 (b) 38 400 cm 3 (to 3 s.f.) 

16 2420 cm 3 (to 3 s.f.) 



Miscellaneous exercise 7 (page 110) 

1 Maximum at (-2,-4);minimumat (2,4); 

y increases with x for x ~ -2 and x;;,, 2 

dn 
2 (a) -=kn (b) 

dt 
d8 

(c) - = -k(8-f3) 
dt 

d8 =-k8 
dt 

4 (20-4t)ms-1 , -4ms-2;for O~t~S 

5 (a) 20 m (b) 6 s (c) 40 m s-1 

6 so 
7 (a) 9.fi cm (b) 40-i- cm2 

8 (a) (-1,-7),(2,20) 
(b) Graph crosses the x -axis three times. 
(c) y = -S has three intersections with graph. 
(d). (i) -20<k<7 (ii) k<-20andk>7 

9 (-2,4), (2,-28); -28~k~4 

10 (-j,-1-r). (0,0); O<k<-1-r 

11 (-1,S),(2,-22), (0,10); 
(a)· S < k < 10 (b) -22 < k <Sand k > 10 

(I 4) . 2 2 12 3 ,27 , (1,0), k < -
3
-fj and k> 

3
-fj 

13 (a) P=2x+2r+4nr,A=inr2+rx 
(b) x = ir(4-n) 

14 Maximum at (2,.1-) 

(a) (2,si-) 
(b) (3,-!-); that is, when x-1=2 

16 (a) llOO- 20x (b) £x(l100- 20x) 
(c) £(24 000 - 400x); 
£37.SO 

17 (a) The gradient at P' is the negative of the 
gradientat P.So f'(-p)=-f'(p).The 
derivative of an .even function is odd. 

8 Sequences 

Exercise SA (page 115) 

1 (a) 7, 14, 21, 28, 3S (b) 13, 8, 3, -2, - 7 

ANSWERS 

(c) 4,12,36,108,324 (d) 6,3,l.S,0.7S,0.37S 
(e) 2, 7, 22, 67, 202 (f) 1,4,19,364,132499 

2 (a) u1 =2,u,+1 =u,+2 

(b) u1 =11,u,+1 =u,-2 

"(c) u1 =2,u,+1 =u+4 

(d) u1 = 2, u,+1 = 3u, 

(e) u1 =~.u,+1 =~u, 
(f) u1 =-i-a,u,+1 =-i-u, 

(g) u1 =b-2c,u,+1 =u,+c 

(h) U1 = 1, Ur+! = -u, 

(i) u1 = ~ , u,+1 = qu, 
q 

U) a3 b1J, 
U1 = b2 ,ur+l =-;; 

(k) 3 Su, 
U1 =x ,Ur+l =­

X 

(1) u1 = 1, u,+1 = (1 + x)u, 

3 (a) S,7,9,ll,13;u1 =S,u,+1 =u,+2 
(b) l,4,9,16,2S;u1 =l,u,+1 =u, +2r+l 
(c) l,3,6,10,1S;u1 =l,un+l =u, +r+l 
(d) 1, S, 14, 30, SS; u1 = 1, Un+! = u, + (r + 1)2 

(e) 6, 18, S4, 162, 486; u1 = 6, u,+l = 3u, 
(f) 3, lS, 7S, 37S, 187S; u1 = 3, u,+l =Su, 

4 (a) u,=10-r (b) u,=2x3' 
(c) u,=r2 +3 (d) u,=2r(r+l) 

2 
(e) u = 2r -1 (f) u = r + 1 

' r + 3 n 2' 

Exercise SB (page 119) 

2 (a) r (c) 13 =t/-t0
2
,23 =t/-t/, 

33=t/-t22····' n3=tn2-tn_/ 

3 (a) S040 

4 (a) 
8

' 
4! 

(d) (n+l)! 
(n-2)! 

(g) 8! 

5 (a) 12 
(c) n + 1 

(b) 6720 

(b) 12! 
8!. 

(e) (n+3)! 
(n-1)! 

(h) n! 

(b) 22x22! 
(d) nxn! 

7 (a) 1, S, 10, 10, S, 1, 0, 0, ... 
(b) 1, 6, lS, 20, 15, 6, 1, 0, 0, ... 

(c) 3S 

(c) ~ 
(n-3)! 

(f) (n + 6)! 
(n + 3)! 

(c) 1, 8, 28, S6, 70, S6, 28, 8, I, 0, 0, ... 

8 (a) 
11! 

4!x7! 
12! 

(d) 3!x9! 

11! 
(b) 7!x4! 

12! 
(e) 9!x3! 

10 (n)+( n )=(n+l) r r+l r+l 

10! 
(c) S!xS! 

11 The sum of the terms in the sequence is 211 
• 

Exercise SC (page 124) 
1 (a), (d), (f), (h); 3, -2, q, x respectively 

2 (a) 12, 2r (b) 32, 14 + 3r 
(c) -10,8-3r (d) 3.3,0.9+0.4r 

(e) 34,4+4r (f) 43, 79-6r 

297 

(g) x+10,x-2+2r (h) 1+4x,l-2x+xr 

3 (a) 14 
(d) 11 
(g) 16 

(b) 88 
(e) 11 
(h) 28 

(c) 36 
(f) 11 
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4 (a) 610 
(c) -102 
(e) -1025 
(g) 3160a 

5 (a) 54, 3132 
(c) 46, 6532 
(e) 28,1120 
(g) 1000, 5 005 000 

6 (a) a= 3, d = 4 
(c) a=l.4,d=0.3 
(e) a=25,d=-3 
(g) a=3x,d=-x 

7 (a) 20 (b) 12 
(d) 40 (e) 96 

8 (a) 62 (b) 25 

9 (a) $76 (b) $1272 

10 (a) 5050 (b) 15 050 

11 $1626000 

(b) 795 
(d) 855t 
(f) 998 001 
(h) -15150p 

(b) 20, 920 
(d) 28,-910 
(f) 125, 42 875 
(h) 61,-988.2 

(b) a=2,d=5 
(d) a= 12, d = -2.5 
(f) a=-7,d=2 
(h) a=p+l,d=ip+3 

(c) 16 
(f) 28 

(c) tn(3n + 1) 

Miscellaneous exercise 8 (page 125) 
1 (a) (i) 1,2,5,14,41 (ii) 2,5,14,41,122 

(iii) 0, -1, -4, -13, -40 

( . ) 1 1 1 1 1 
IV Z'Z'Z'Z'Z 

(b) (i) h=i (ii) h=i (iii) b=-i 

(iv) b = 0 
2 1444 

3 (a) 3, 1, 3; alternately 1 and 3 
(b) All terms after the first are 2 ( c) 2 

4 (a) Alternately 0 and -1; 1, then alternately 0 
and -1 ; gets increasingly large 

(b) t(1±-J5) 
5 n(2n+3) 

6 168 

7 -750 

8 2n-l 
2 

9 167 167 ; 111 445 

10 40 

11 (a) 991 (b) 50 045.5 

12 (a) 18 (b) 2(2n+l) 
(c) a=6,d=4,sum=2004000 

13 71 240 

14 (a) 47, 12 years left over (b) £ 345 450 

15 a= 10 OOO - 5(n -1); 73 
n 

16 (a) 0,1,4,9,16;r2 

(c) 1, 2, 4, 8, 16; 2' 

(b) 0,1,2,3,4;r 

9 The binomial theorem 

Exercise 9A (page 130) 

1 (a) 4x2+4xy+y2 

(b) 25x2 +30xy+9y2 

(c) 16 + 56p + 49p2 

(d) 1-16t + 64t2 

(e) 1-10x2 + 25x4 

(f) 4+4x3 +x6 

(g) x6 +3x4y3 + 3x2y6 + y9 
(h) 27x6 + 54x4y3 + 36x2y6 + 8y9 

2 (a) x3 +6x2 +12x+8 
(b) 8p3+36p2q+54pq2+27q3 

(c) 1-12x+48x2 -64x3 

(d) 1- 3x3 + 3x6 - x 9 

3 (a) 42 (b) 150 

4 (a) 240 (b) 54 

5 (a) 1+lOx+40x2 + 80x3 + 80x4 + 32x5 

(b) p6 +l2p5q+60p4q2 +l60p3q3 

+240p2q4 +l92pq5 +64q6 

(c) l6m4 -96m3n+2l6m2n2-2l6mn3 +8ln4 

(d) l+2x+ix2 +ix3 +ftx4 

6 (a) 270 (b) -1000 

7 l+2x+5x2+4x3+4x4 

8 x 3+12x2 + 48x + 64; 

x 4+13x3 + 60x2 + ll2x + 64 

9 72x5 + 420x4 + 950x3 + 1035x2 + 540x + 108 

10 7 

11 x 11 +llx10y+55x9y2 + l65x8y3 + 330x7y4 

+ 462x6y5 + 462x5y6 + 330x4y 7 

+ l65x3y8 +55x2y9+1 lxy10 + y11 

12 59136 

Exercise 9B (page 134) 

1 (a) 35 (b) 28 (c) 126 (d) 715 
(e) 15 (f) 45 (g) 11 (h) 1225 

2 (a) 10 (b) -56 (c) 165 (d) -560 

3 (a) 84 (b) -1512 (c) 4032 (d) - 9i 
4 (a) 3003 (b) 192192 

(c) 560431872 (d) 48048 

5 (a) 1+l3x+78x2 + 286x3 

(b) l-l5x+l05x2-455x3 

( c) 1+30x + 405x2 + 3240x3 

(d) 128-2240x+16800x2 -70000x3 

6 (a) 1+22x+231x2 

(b) 1-30x + 435x2 

(c) 1-72x + 2448x2 

(d) 1+114x + 6156x2 
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7 1+16x+112x2 ; 1.17 31 (a) 568; 567and568 (b) 969and970 

8 4096+122880x+1689600x 2
; 4220.57 32 2n(n+l) 

9 1+32x + 480x2 + 4480x3 ; 5920 

10 1-30x + 405x2 ; 234 

11 7 

12 2+56x2 +140x4 + 56x6 + 2x8
; 

2.005 601400 056 000 2 

13 a=4,n = 9 

Miscellaneous exercise 9 (page 135) 

1 27+108x+144x2 +64x3 

2 (a) 1+40x + 720x 2 (b) 1- 32x + 480x2 

3 (a) -48 384 (b) 8~5 

4 2187+25515x+127575x2 ; 2455 

5 256+256x+112x2 +28x3; 258.571 

6 256-3072x+16128x2
; 253 

1 
7 x6 + 3x3 + 3 + 3 x 

8 16x4 -%x+216_216+81 
x2 XS xB 

9 2 6 15x2 15 1 
x +--+-+--

2 8x2 32x6 

10 48 

11 20 000 

12 495; (a) 40 095 (b) 7920 

13 30 

14 1+40x+760x2 ; 

(a) 1.0408 (b) 0.9230 

15 1024- 2560 + 2880; 999 
x2 x4 

16 B,D 

17 ft 
18 5376 
19 6435 

128 

20 -2024 

21 1+12x + 70x2 ; 1.127 

22 270x2 + 250; ±~ 

23 ±i 

(c) 495 
16 

24 (a) 1+5at+l0a2t2 (b) 1-8/Jt+28/32t2
; 

10a2 -40af3 + 28/32 

25 (b) (i) 4 or 7 (ii) 3or13 
(iii) 7 or 13 (iv) 17 or 28 

27 (b) (i) a=3,b=6,c=8 
(ii) a=6,b=4,c=9 

29. 1.005 413 792 056 807 

30 (a) 217+88-J6 (b) 698-!2+569-13 

33 a=-i,h=i,c=-!,d=i 

10 Trigonometry 

Exercise lOA (page 141) 

1 (a) (i) 0.9063 (ii) 0.4226 
(b) (i) -0.5736 (ii) 0.8192 
(c) (i) -0.7071 (ii) -0.7071 
(d) (i) 0.8192 (ii) -0.5736 
(e) (i) -0.3420 (ii) 0.9397 
(f) (i) 0.3843 (ii) 0.9232 
(g) (i) -0.5721 (ii) 0.8202 
(h) (i) -0.9703 (ii) -0.2419 

(iii) 0.4663 
(iii) -1.4281 
(iii) 1 
(iii) -0.7002 
(iii) -2.7475 
(iii) 2 .4023 
(iii) -1.4335 
(iii) 0.2493 

2 (a) max 3 at x = 90, min 1atx=270 
(b) max 11atx=180, min 3 at x = 360 
(c) max 13atx=180,min-3 at x = 90 
(d) max 4 at x = 90, min 2 at x = 270 
(e) maxlO atx=27!,min8atx=72! 
(f) max 5 at x = 90, min 1.875 at x = 450 

3 (a) 160 (b) 320 (c) 240 
(d) 50 (e) 220 (f) 340 
(g) 40, 140 (h) 30, 330 (i) 70, 250 
(j) 80, 100 (k) 160, 200 (1) 100, 280 

4 (a) 160 
(d) 50 

(b) -40 
(e) -140 
(h) 30 
(k) ±160 

(c) -120 
(f) -20 

(g) 40,140 
(j) 80, 100 

(i) -110, 70 
(I) -80, 100 

5 (a) .!.-Ji 
2 

(b) -l 
2 

(e) -i-fi (f) i-13 
(i) -i-fi (j) 0 

(m) -l 
2 

6 (a) 60 
(e) 30 

7 (a) 120 
(e) 60 

(n) -1 

(b) 240 
(f) 135 

(b) 60 
(f) -30 

8 A=5,B=2.8; 7.42m 

Exercise lOB (page 144) 

(c) -l 
2 

(g) -1 

(k) 

(o) -l 
2 

(c) 120 
(g) 210 

(c) -90 
(g) -45 

(d) -J3 
(h) -i-13 
(I) i-fi 
(p) 0 

(d) 30 
(h) 90 

(d) 180 
(h) 0 

3 (a) 90 (b) 45 (c) 180 (d) 30 
(e) 360 (f) 11-! 

Exercise lOC (page 148) 

1 (a) 5.7,174.3 (b) 237.1,302.9 
(c) 72.0, 108.0 (d) 36.9, 323.1 
(e) 147.1, 212.9 (f) 35.3, 324.7 
(g) 76.0, 256.0 (h) 162.3, 342.3 
(i) 6.3, 186.3 (j) 203.6, 336.4 
(k) 214.8, 325.2 (1) 161.6, 341.6 
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(m) 49.5, 160.5 
(o) 10, 70 

2 (a) 
(c) 
(e) 

(g) 
(i) 

53.1, 126.9 
-116.6,63.4 
±96.9 
-128.7,51.3 
0,±60,±180 

(n) 240,360 

(b) ±75.5 
(d) -137.9,-42.1 
(f) -36.9, 143.l 
(h) ±45,±135 

3 (a) 35.3,144.7,215.3,324.7 
(b) 21.1, 81.1, 141.1, 201.1, 261.1, 321.l 
(c) 108.4, 161.6, 288.4, 341.6 
(d) 26.1, 63.9,116.1, 153 .9, 206.1, 243.9, 

296.1, 333.9 
(e) 10.9, 100.9, 190.9, 280.9 
(f) 68.3, 111.7, 188.3, 231.7, 308.3, 351.7 

4 (a) ±16.1, ±103.9, ±136.1 
(b) -125.8,-35.8,54.2,144.2 
(c) -176.2, -123.8,-56.2, -3.8, 63.8, 116.2, 
(d) ±37.9,±142.1 
(e) -172.3, -136.3, -100.3, -64.3,-28.3, 7 .7 

43.7, 79.7,115.7,151.7 
(f) -78.5, -11.5, 101.5, 168.5 

5 (a) ±96.4 (b) -107.3,162.7 
(c) -56.0 (d) No roots in the interval 
(e) 35.4 (f) -43.6 

6 (a) 30, 90, 210, 270 
(b) 22.5, 112.5, 202.5, 292.5 
(c) 65,85,185,205,305,325 
(d) 110, 230, 350 
(e) 85, 145, 265, 325 
(f) 80 
(g) No roots in the interval 
(h) 45,105,165,225,285,345 
(i) 80 

7 (a) -170.8,-9.2 
(b) -90, 90 
(c) -180,-135, 0, 45, 180 
(d) -173.4,-96.6,6.6,83.4 
(e) 11.3, 78.7 
(f) -150.5, - 90.5, -30.5, 29.5, 89.5, 149.5 

8 (a) 27,63,207,243 
(b) 4,68,76,140,148,212,220,284,292,356 
(c) 20,80,140,200,260,320 

9 0,60,120,180 

10 For example, 
(a) (i) sin 4£1° 
(b) (i) sin 18£1° 
(c) (i)sin~ll 0 

2 

( d) (i) sin 3£1° 

(e) (i)sin-te0 

(f) (i) sin~ e0 

(ii) cos4£1° 
(ii) cos 18£1° 
(ii) cos~ll0 

2 

(ii) cos3£1° 

(ii) cos-te0 

(ii) cos~ll 0 

(iii) tanW 0 

(iii) tan 9£1° 
(iii) tan~ll0 

4 

(iii) tan t£1° 

(iii) tan-,i-£1° 

(iii) tan tiJe 0 

11 (a) 120 
(d) 540 
(g) 120 

12 (a) 0.986 

(b) 180 
(e) 720 
(h) 90 

(c) 90 
(f) 720 
(i) 360 

(b) A= 12, B = 6, 6 hours 7 minutes 
(c) Days 202, 345 

Exercise lOD (page 152) 

1 (a) (i) 11 

(b) (i)37.5 

cc) Ci)m 

( d) (i) 11 

(e) (i)17.f5 

( "") 4 3 4 
II S'S'J 

( '') 15 8 15 
II U'U'S 

(ii)~m.~fil.i 
(ii) 2 .J3 _!_I_ l_-fj 

14 '14 'II 

( . ") 22 r:5 31 r:5 22 
II 85\1),85\1),31 

(f) (i) 12{2, (ii)~ ,j.J2,-,i-.J2 

2 (a) _ _!.!_ (b) 20 (c) +l-fj 
14 29 - 2 

(d) 0,±78.5(told.p.) 

4 (a) 30,150,210,330 (b) 0,180,360 
(c) 36.9, 143.1, 199.5, 340.5 
(d) 0,51.0,180,309.0,360 

5 -116.6,-26.6,63.4,153.4 

Miscellaneous exercise 10 (page 152) 

1 (a) 360 (b) 90 

2 (a) COSX
0 (b) -COS.X

0 

3 (0,1), (±180,0) 

4 (a) 21.8, 201.8 (b) 11.8, 78.2, 191.8, 258.2 

5 24.1, 155.9 

6 (a) Examples are tanx0
, sirt2x0

, cos2x0 

(b) 10,50,130,170 . 

7 30,270 

8 (a) 2sin 2x0 (b) 105, 165, 285, 345 

9 (a) 168.5 (b) 333.4 (c) 225 (d) 553.1 

11 (a) 2,0;180,90 (b) 9,1;240,60 
(c) 49,9;105,45 (d) 8,5;90,180 
(e) 6,3;180,360 (f) 60,30;7t,52t 

12 (a) 0,180,360 (b) 0,30,150,180,360 
(c) 67+,157t,247+,337t 
(d) 30, 120, 210, 300 

13 (a) 60 (b) 8.9,68.9,128.9 
(c) (i) 51.l (ii) 21.1 

14 (a) 4.8±1.2sin15t0 or 4.8±1.2cos15t0 

(b) 21500± 6500sin 36t0 or 
21 500 ± 6500 COS 36t0 

(c) 12±10sint0 or 12±10cost0 
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15 (a) 0.1 cm, 0.0009 seconds · 14 (a) xHsinx0 -3 (b) xHsin(x-3)0 

(b) 0.0036 seconds (c) xHsin(x3 -3)° (d) x H sin(x3 )° 
(c) 278 (d) 0.002 13 seconds (e) xHx-9 (f) x H (sinx0

)
3 

16 (a) 110. cm and 90 cm (b) 0 .36 seconds 15 (a) fh (b) fg 
(c) 0.72 seconds (d) 0.468 (c) hh (d) hg or ggh 

360 k (e) gf or fffg (f) gffh 
17 (a) . k = - (b) 360 (g) fgfg or ffffgg (h) hf T 

18 (a) 7.2 
(i) hffg 

(b) (i) N -C (ii) N + C, after 37.5 weeks 16 (a) x;;.O,gf(x);;.-5 

19 (a) 30 (b) 3.25 m (c) 27 
(b) x;;. -3, gf(x);;. 0 
(c) x;e2,gf(x);eO 

20 A= 0.5,B = 4.5,a = 1,/3 = 12 (d) ~,O,,;;gf(x),,;;1 

(e) ~,gf(x);;.eO 

11 Combining and (f) -4,,;; x,,;; 4,0,,;; gf(x),,;; 2 

inverth~g functions (g) x,,;; -2 or x;;. 3, gf(x);;. 0 
(h) x<-2,gf(x)>O 

Exercise HA (page 162) 17 (a) -2% or 4 (b) 7 (c) 1 

1 (a) 121 (b) 4 (c) 676 18 a =3, b= -7 or a= -3,b = 14 
2 (a) 17 (b) 8 (~) 152 19 a=4, b =llora =4-i,b =10 
3 (a) · 1 (b) 4 (c) i 21 (a) t : r H ~ r( r + 1) (b) f:rHa+(r-l)d 
4 (a) 1 (b) 4 (c) 6~ 22 For p,: (a) N 
5 (a) 0 (b) 21 (b) 2,3,5,7,11,13,17, 19,23,29,31 

· (c) -3i (d) x2 -;--4 (c) The set of prime numbers 

6 (a) 27 (b) 8 For 7t: (a) N 

(c) 3i (d) (cosx0 +2)3 (b) O,l,2,2,3,3,4,4,4,4 

7 (a) 16 (b) 4 
(c) Nu{O} 

(c) 81 (d). (2-Jx-10)
2 Exercise UB (page 169) 

8 (a) x,4,+,9 (b) +,9,=,x,4 1 (a) xHx-4 (b) xHx+5 

(c) square, X;2,-, 5 (d) - 5,=,square,x,2 (c) xH!x (d) xH4x 

(e) .[,-,3,=,cube (e) XHv; (f) XH x5 

(f) ±, 2, =,square,+, 10, =, -{ 2 (a) 10 (b) 7 (c) 3 

9 (a) ~,f(x);;.O (b) ~,-1,,;;f(x),,;;1 (d) 5 (e) -4 

(c) x;;. 3, f(x)"" 0 (d) ~. f(x);;. 5 3 (a) 4 (b) 20 (c) ~ 
(e) x>O,f(x)>O (f) ~, f(x),,;; 4 (d) 15 (e) -6 
(g) o,,;;:x,,;;4,0,,;;f(x),,;;2 4 (a) 8 (b) i (c) 512 
(h) ~. f(x);;. 6 (i) x;;.3,f(x);;.o (d) -27 (e) 5 

10. (a) 4 (b) -14 (c) -9 (d) 33 5 a, d, f, g, k 
(e) 23 (f) -17 (g) 16 (h) 0 6 a, c, e, f, g, h, j 

11 (a) 49 (b) 59 (c) 35 7 (a) 0 (b) -1 (c) % 
(d) ft (e) 9 (f) ·.· 899 

(d) 4 (e) -5 (f) -1 
12 (a) 7 (b) -19 (c) 1 (d) i (g) Ii (h) 1 (i) 4 

(e) i (f) -1 (g) 3% (h) 2 8 (a) X H t(x+l) (b) xH2(x-4) 
13 (a) x H 2x2 + 5 (b) xH(2x+5)2 

.(c) XH '}jx-5 (d) xH(x+3)2 ,x>-3 
2 1 (e) xHt(2x+3) (f) xHl+-Jx-6,x;;.6 (c) XH-+5 (d) XH--
x 2x+5 

9 (a) yHi(y-5) (b) yH5y-4 (e) xH4x+l5 (f) XH X 

(g) xH(;+5r 
1 (c) YHt(4-y)_ (d) JHt(3y-7) 

(h) XH (2x+5)2 
yH~i(y-5) 1 

(e) (f) yH--,y;e4 
y-4 
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5 
(g) yH-+l,y;CO 

. y 

(h) yH-Jy-7-2,y~7 
(i) yHt(3+-Jy+5),y~-5 
(j) y H 3+-)y+9,y ~ -9 

10 (a) xHtx (b) XHX-3 

(c) XHX2 ,x~O (d) xHtfx-1) 

(e) xH-JX+2,x~O (f) xHt(l-x) 
3 

(g) XH-,x;CO 
x 

(h) xH7-x 

12 (a) 
2y . 4y+l 

yH-,y;Cl (b) yH--,y;C2 
y-1 y-2 
5y+2 3y-ll 3 

(c) yH--,y;el (d) yH--,y;C4 
y-l 4y-3 

f(x)>-1 13 (a) 

(b) X H 2+.J x+ 1,x >-1; C 1(x) > 2 

f(x) > 3 14 (a) 

(b) x H 2+(x-3)
2

,X > 3; C 1(.x) > 2 

15 k = -1 
(a) f(x) ~ 5 
(b) xH-1-.Jx-5,x~5;C1 (x),.;;-1 

16 a.=i,h=i 

17 6 

18 xH~x-5t-~,x>6;C1 (x)>0 
19 xHl-~-~(x+5);x<-5;C1 (x)<l 
Miscellaneous exercise 11(page172) 

1 (a) 29 (b) 61 (c) 2 
(d) -3 (e) 290 (f) 497 

2 (a) IR, f(x),.;;; 4 
(c) x ~ -2,f(x) ~ 0 
(e) IR,f(x)~O 

3 (a) xH(l-2x)3 

(c) xHl-2x9 

(e) xH!{l-x) 

4 (a) 48 (b) 3 
(d) 4 (e) 4 

5 (a) 12 (b) 27 

6 xH-3+,,Jx-l,x>lO 

(b) IR,f(x)~-7 

(d) IR, IR 
(f) x~O,f(x),.;;2 

(b) XH1-2x3 

(d) XH4x-1 

(c) -1 

7 xH~i(x-3),xe!R;reflectionsin y=x 

8 (a:) ~t(x+4) (b) 3x2 +24x+44 

9 (a) gf (b) ff 
(c) g-1 (d) fgh or fhg 
(e) hfg (f) r 1 

(g) g-1fgh or g-1fhg (h) hC1 

10 r1 (x)=.Jx-l,x~l; 
gf( x) = x 2 

- 2, gf( x) ~ - 2 

11 1±.J3 
12 k=l;xH1-,,Jx-6,x~6 

13 a=-2,b=llora=2,b=-13 

14 (b) -,,J1-x,x,.;;1 (c) ·-!-
15 (a) xHi(x-5) (b) xH±(3-x) 

(c) XH-i(7+x) (d) XH-8x-7 

(e) xH-i(7+x) 

16 (a) xH ±(x-7) 

(c) xH~!(x-5) 
(e) xH2x3.+5 

(g) XH~t(x-5) 
17 (a) 3 (b) 7 

(b) xHVx+l 

(d) xHt{Vx+l-7) 

(f) xH(2x+7)
3
-1 

(h) xH±(Vx+l-7) 

(c) 3 (d) 7 

18 (a) x (b) x+5 
2x-l 

(c) x 

(d) x 

19 (a) 
4 

(e) x+5 
2x-1 

(b) ~ 
2-x 

(c) x 
2-x 

(d) 2x-4 (e) x (f) 2x-4 
x 

12 Extending 
differentiation 

Exercise 12A (page 174) 
1 (a) 2(x+3) (b) 4(2x-3) 

(c) -9(1-3x)2 (d) 3a(ax+b)2 

(e) -3a(b-ax)2 (f) -5(1-x)4 
(g) 8(2x-3)3 (h) -8(3-2x)3 

2 na(ax+br-1 

3 (a) 10(x + 3)9 

(c) -28(1-4x)6 

(e) -12( 4- 2x)5 

(g) 10(2x + 5)4 

(b) 10(2x -1)4 

(d) 15(3x - 2)4 

(f) 72(2 + 3x )5 

(h) 18(2x -3)8 

Exercise 12B (page 176) 

1 (a) 20(4x+5)4 (b) 16(2x-7)7 

. 3 
(c) -6(2-x)5 (d) 2(ix+4) 

-3 2 
2 (a) 

2 
(b) --

3 
(3x+5) .(4-x) 

-6 
(c) (2x+1)4 

1 
.3 (a) .J2x+3 

-2 
(c) ~(4x+7)3 

-64 
(d) (4x-

2 

(b) ~( 6x -1)2 

-10 

(d) ~(3x-2)5 

x 
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4 60 

5 (-6,125) 

6 y=-lx-i 
4 4 

7 y=-3x+48 

Exercise 12C (page 179) 

1 (a) 30(5x + 3)5 (b) ~(5x+3f! 

(c) 
-5 

(5x+3)
2 

2 (a) -20(1- 4x )4 (b) 12(1-4xf4 

-2 
(c) --

~I-4x 
3 (a) 15x2 (1+x3 }4 (b) -12x2 (1+x3 f5 

xz 
(c). ---2 

(l+x3
)' 

5 -4x 
4 (a) 24x(2x2 +3) (b) --

2 

2 (2x
2

+3) 
(c) .. 

~(2x2 +3) 3 

5 24x3 (3x 4 +2) 

6 (a) 72x8 +12x5 +18x2• (b) 18x2 (2x3 -i.1)2 

7 (a) 20x4 (x5 +1)
3 

(b) 48x2(2x3 -1)7 

(c) 2~(~-1r 
8 (a) 8x( x2 + 6)

3 
(b) 45x2(5x3 +4)

2 

(c) 28x3(x4 -8)
6 

(d) -45x8(2-x9 }4 

9 (a) 
2 

(b) 12x(x2 +4)
5 

~(4x+3) 
(c) -36x2(6x3 -5f

3 
(d) 3x2(5-x3f

2 

10 (a) 4 (b) 0 -25 

11 l 
8 

( )5 -3(2x+5) 
12 (a) 6 x2 +3x+l (2x+3) (b) 

4 
( x 2 +sx). 

13 y=12x-25 

14 x+4y=8 

15 x+6y=23 

16 6x(x2 -1r!(~ x2 -1+1 )
5 

17 
1 

~(4x+3)( 1+~4x+3 r 
18 (0,3); minimum 

Exercise 12D (page 182) 

1 4500 per hour 

2 0.622 °C per minute 

3 (a) 4.8 cms-1 (b) 24 cm2 s-1 

4 (a) 240mm2 s-1 (b) 2400 mm3 s-1 

5 942mm2 s-1 

6 0.25 m min-1 

7 0.0076 m s-1 

8 0.011 ms-1 

9 0.0040 cm s -1 

Miscellaneous exercise 12 (page 184) 

1 80( 4x -1)19 

2 __ 8 

(3-4x)
3 

3 40x3(x4 + 3)
4 

4 24x+y=49 
6 _.!.Q. 

27 

7 y= 20x+li 

8 ( o.t) 
9 3x+4y=18 

10. 0.377 cm2 s-1 

10 
11 (a) .J1i cm 

1 
(b) r= cm s-1 

4-vn 

12 8x+5y-34=0 

13 (2,-4); (0,0),(4,0) 

(0,16), ( 4,-16); (2,0), ( 2 ± 2"'13,0 ). (0,16) 

( l-,- 1/ x 2
) 

14 
2~(x+I/x) 

15 4 m2 s-1 

16 y= 2x-3 

17 -12t 

(3t2 +5)3 

2-x 
18 (a) ,.------;; , (2,2) 

-v4x-x2 

19 (a) Minimum 

20 -
3
-cms-1 

20tr 

21 0.052 m s-1 

(b) 20 

22 (-.J3,-4),minimum; (-1,0),maximum; 

(0,-4),minimum;' (1,0),maximum; 

( .J3 ,-4 ). minimum 

303 
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23 (HJ , maximum 

24 (2t,6), minimum 

Revision exercise 2 
{page 187) 

1 9x-y=16 

2 {-1,7) 

3 {1,0) 

4 (-~,~~) 
5 (-t,ft),(2t,5ft) 

6 y+2x=3·(2- -1) . ' 4' 2 

7 (a) 22.5 cm 
(c) 0.33, 3.67 

2 

(b) 45cm, 15cm 
(d) 15 

8 (a) 4x-'; y=x+I6 (b) 23y-22x=360 
(c) (-8,8) 

I I -3 I 2 
9 1-2; r-; ,; 1- ,-3 

x -v x 2xv x . xv x x 

10 -4, maximum; -8, minimum 

11 Maximum 

12 (a) ±50.8,±129.2 (b) -150,-30 
(c) -166.7, -76.7, 13.3, 103.3 
(d) ±165,±15 

13 (a) 15, 75, 105, 165, 195, 255, 285, 345 
(c) 180; e.g., {45,1.5) 

I I 1 
14 ----· 1--

2,J; 2xFx' x 2 

15 3 

I-x 1 
16 XH--,xE!R,x,.:-2 

I+2x 

17 t{2n+l) (b) 20 

18 (a) x8 -8x6 +28x4 (b) 216 
3 

19 -(2x+3P 

20 (a) {x-1)2 -2; -2~f(x)~l4;notone-one 
(b) x;;.I 

21 (b) 22 

22 (a) 5 (b) ~ 

23 (a) f{x) ~ 4 

(c) -v'4-x,x~4 

24 1215 
25 21 

(b) Reflect in y = 2 

(d) 1.56 

26 (a) ·3(3x2 +2)(x3 +2x-I)2 
3 

(b) -x(x2 +1r2 

27 (a) 2n x 1015 km 3 s-1 (b) 41!" x 109 km 2 s-1 

28 (a) 360 (b) 720 (c) 240 

29 (a) 89 (b) $1 341 600 

31 (4(p-q),4(p+q)), (4(p+q),4(q- p)); 

p+q q-p 
--and--
p-q p+q 

13 Vectors 

Exercise 13A (page 194) 

2 (a) (4i+j)+(-3i+2j)=i+3j 
(b) 3(i-2j)=3i-6j 
(c) 4j+ 2(i-2j) = 2i 
(d) (3i+ j)-(5i+ j)=-2i 
(e) 3(-i+2j)-(-4i+3j)=i+3j 
(f) 4(2i+3j)-3(3i+2j)=-i+6j 
(g) (2i-3j) +(4i +5j) + (-6i-2j) = 0 
(h) 2(3i- j)+ 3(-2i + 3j) + (-7j) = 0 

3 (a). G) -(b) (~) (c) (~1) (d) (_~) 
4 s=2 

5 s=4;q=i(r-p) 

6 2,3 

7 It,-t 

8 ( _~) and ( ~6) are parallel, G) is in a different 

direction; (~I) is not parallel to G )- ( ! } 
9 Any multiple of 1, -1, 2 

10 (a) No (b) -2,0 
p is parallel to r , but q is in a different direction 

Exercise 13B (page 197) 

1 (a) {9,3) (b) (-1,-2) 
(d) (-8,-1) (e) {10,5) 

2 (a) {-13,-23) (b) (-1,1) 

3 c=2b-a 

4 la+±b 
7 7 

6 b-a=c-d 
· I ) I ( . 7 2(b+c-2a '4 b+c-2a), 
of AD 

(c) ~2,-p 
(f) l 5,2 2) 

G is the mid-point 

8 b=a+c, m=!(a+2c), p=~(a+2c); 
0, P and Mare collinear, and OP= joM 

9 d=t(b+c), e=t(2a+b+c), f=~(2a+c), 
g = t(b+2a +c) 

l·o 4b Ba k-1s r'--4b. IS -IS ' -13, -13 ' 
Rison OB, with OR:RB=4:9 
S is on OA, with OS:SA = 2:9 

', 
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Exercise 13C (page 200) 16 48.2° 

·m 
2 (•) [ ':] (b) 3i-6j-6k 

3 (a) ABC is not a straight line. 
(b) ABC is a straight line. 

4 (a) UJ (~:Hrl (b) (-4,7,-n~) 

5 i + j - 6k , i + j - 6k ; it is a parallelogram 

· (•) m ~) [Tl (o) Uil 
7 (a) Gl (b) (~J 

Exercise 13D (page 206) 
1 -8, 11, 3 

2 11, -3, 8 

3 18, 0, 0; r is perpendicular to both p and q. 

4 (a) and (d) are perpendicular; so are (b) and (c). 

5 -4, -8, -12 

6 (a) 5 (b) JS (c) JS (d) 1 
(e) 3 (f) 13 (g) 5 (h) .J6 
(i) -JS (j) ..J13 (k) -J30 (I) 2 

7 5, u~J 

[ ' l 3 
2 2. 1. 2 

8 -l , 3l~3J+3k 
9 (a) 45° (b) 167.3° (c) 180° 

(d) 136.7° (e) 7.0° (f) 90° 

10 ~( x2 - x1 )
2 

+ (y2 - y1 )
2 

; the distance between the 

points with position vectors r1 and r2 • 

11 172.2°(or 7.8°) 

12 99.6° (or 80.4°) 

13 70.5° 

14 76.4° 

15 48.2° 

~ 

Miscellaneous exercise 13 (page 207) 
1 a and b , a and c , b and c , b and d 

2 58.5° 

3 (a) 7, 7 (b) -32 (c) 130.8° 

4 (a) d = [ ~5 l (b) [~] (c) 120.5° 

5() . 1°!1".:3. 1°!1".:3. a XI, -zXl+;r\IJXJ, -ZXl-z'\IJXJ 
~ ~ ~ 

(b) (i) AP= OP-OA 

(ii) -xi+30k, ~xi-~-J3xj+30k 

(c) 30.J2 

6 i-3j-2k 3i+ j-2k 73 40 
-Ji4 , -Jl4 , . 

7 (a) 8.5° 

8 (a) .fi9 (b) 119.9° (or 60.1°) 

9 (a) [ !] 
l,fi, 
2 

(b) 45° 

10 (a) 60° (b) i .J3 
12. ~,~;break up 4 Individual bags and 9 Jumbo 

bags, and use the fruit to make 5 King-size bags. 

13 (a) 
(
14] (-51· ~- , ~~ ; (13,14,18) 

(b) ~, ~; the origin lies in the plane of the 

parallelogram. 

14 (11.4,3,0) at 8.04 a.m. 

14 Geometric sequences 

Exercise 14A (page 213) 
1 (a) 2;24,48 (b) 4; 128, 512 

(c) l-4 2 2, ' (d) -3;162,-486 

(e) 1.1; 1.4641, 1.610 51 (f) 
1 1 1 
~; .~, x2 

2 (a) 2x 3i'-l (b) 10x(~(1 

(c) lx(-2);-i 

(d) 81 x(~(
1 

(e) xi (f) p2-i qi+! 

3 (a) 11 (b) 13 (c) 7 
(d) 14 (e) 6 (f) 13 
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21 (l+xf -1 
x 

G )+(r; l)+(r;2)+ ... +(;) = (;: i) 
22 Possible if Ix I< 1; within these bounds, the larger 

the value of n the better the approximation. 

15 Second derivatives 

Exercise 15A (page 228) 
1 (a) At x=-1,0,1 (b) 3x2 -1 

(c). 6x 

2 (b) 3x2 +1,6x (c) x;.;:<0 

4 (a) 

.. (b) 

(c) 
(d) 
(e) 
(f) 

5 (a) 

6 (a) 
(c) 
(e) 

(f) 

(i) (0,0), (±-Jl,4) (ii) (±~J6.-~) 

(i) (0,0),(-j.i,) (ii) (-~.f,) 
(i) (±1,±2) (ii) None 
(i) None (ii) None 
(i) (2,3) (ii) None 
(i) (-2,-3) (ii) None 

Rate of increase of inflation, positive 

f'(x)+,f"(x)+ (b) f'(x)+,f"(x)-
f'(x) +, f"(x) 0 (d) f'(x)-, f"(x) + 
For 0<x<3, f'(x)+,f"(x)+; 
for x > 3, f'(x)-, f"(x) + 
For x<-1,f'(x)+,f"(x)+; 
for -l<x<O,f'(x)+,f"(x)-; 
for O<x<l,f'(x)-,f"(x)-; 
for x>l,f'(x)-,f"(x)+ 

7 (a) Both positive, sudden change (drop in S ), 

th dS. . h . .. en - 1s negative c angmg to positive 
dt . 

. d2S .. 
with - 2 positive. 

dt 
(b) Price rising sharply, sudden 'crash', price 

cpntinues to drop but less quickly and then 
recovers to give steadier growth. 

8 (b) +,-,-,+ 

dN 
9 (a) -=-kN,k>O (c) + 

dt 

Exercise 15B (page 232) 

1 (a) (-1,-2),minimum;(l,2),maximum 
(b) · (O,O),maximum;(2,-4),rninimum 
(c) (0,1),minimum 
(d) (-1,11),maximum; (2,-16),minimum 

(e) (2.-i).minimum 

(f) (-l,2),rninimum; (1,2),rninimum 

(g) (2 .. ;}).maximum 

(h) (2,22),inflexion 

2 (a) (-1,...:s),minimum;(0,-3),maximum; 
(2,-35),minimum 

(b) (1.6),inflexion 

307 

(c) (-4,-14~).minimum;(4.14~),maximum 
(d) (-2,3),rninimum 
(e) (-2,-4),maximum;(2,4),minimum 

(f) ( 6,Jh), maximum 

(g) (0,-7),inflexion 
(h) (0,1),rninimum; (1,2),inflexion 

Exercise 15C (page 234) 

1 (a) 2x + 3, 2, 0, 0 
2 1 2 6 24 

(b) 6x +1- 2 ,12x+3,12-4.5 
x x x x 

(c) 4x3 ,12x2 ,24x,24 

(d) _!_ -1;2 _ _!_ -3/2 l x-5/2 _ 1.2. x-112 
2 x ' 4 x '8 ' 16 

(e) -lx-3/2 lx-5/2 -l.2.x-112 105 x-9/2 
2 '4 ' 8 ' 16 

(f) _!_ -3/4 _]_x-7/4 B.x-11/4 -~x-15/4 
4 x ' 16 ' 64 ' 256 

2 (a) 2x-5,2,0,0 
(b) 10x4 -6x, 40x3-6,120x2, 240x 
(c) -4x-5 , 20x-6 , -120x-7, 840x-8 

(d) 6x - 6x5, 6- 30x4, -120x3, - 360x2 

(e) l -1/4 _ ]_x-5/4 l.2.x-9/4 _ ~x-13/4 
4 x ' 16 ' 64 ' 256 

(f) l -5/8 -~x-13/8 ~x-21/8 _ 4095 x-29/8 
8 x ' 64 ' 512 ' 4096 

3 n(n-l)(n-2)x ... 3x2xl (i.e., n!) 

4 (n + 2)(n+ l)n(n-1) x ... x 3x2 

5 0 

Miscellaneous exercise 15 (page 234) 

1 . Minimum 6, maximum 10 

2 Minimum 32i 

3 Maximum 6 when x = 1 

·4 Maximum (~ ,- ~),minimum (i ,9) 
5 +,-,+ 
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6 (a) Subsonic: dk +,initially small then 
dS 

7 

. . d2k d . 
mcreasmg; - 2 +, ecreasmg to zero. 

dS 

Transonic: dk + at first, zero at speed of 
dS 

d2k 
sound, then-; - 2 zero,-, zero again. 

dS 

. dk d2k 
Supersomc: - -; - 2 zero, then+. 

dS dS 
(b) At the boundaries between the regions. 
(c) Possibly levelling out, becoming constant 

again. 

2 I 2 10 lOx - 2x - - 7r x , -- "' 1.40 
2 4 +n 

8 (a) Maximum 0 when x = 0, 

minimum -i.?a2 when x=~a 

(b) Minimum -{
5
7
6

a4 when x =ta 

(c) Minimum 0 when x = 0, 
· I 4 h I maximum 16 a w en x = 2a, 

minimum 0 when x = a 
(d) M · 108 s h 3 ax1mum 

3125
a wen x= 5a, 

minimum 0 when x = a 

9 (a) (-l)"(n+2)(n+l)n(n-l)x ... x3x-(n+3
) 

(b) (-lY-1 x3x5x7x ... x(2n-3) x-!(2n-1) if 
2" 

n;;;. 3 

10 (a) (1,15)' (3,31) 

16 Integration 

Exercise 16A (page 238) 

1 (a) x 4 +k 
(c) x 2 +k 
(e) x 10 -x8 -x+k 

2 (a) 3x3 -2x2 -Sx+k 
(b) 4x3+3x2 +4x+k 
(c) 7x+k 

(b) (1,2) 

(b) x 6 +k 
(d) x 3 +x5 +k 
(f) -x7 +x3 +x+k 

(d) 4x4 -2x3 +5x2 -3x+k 
(e) lx4 +2x2 +k . 2 2 

(f) lx2 +lx3 +k 
2 3 

(g) lx3 -lx2 -4x+k 
3 2 2 3 

(h) x-x -x +k 

3 (a) lx5 +lx3 +x+k 
5 3 

(b) 2x2 -3x+k 
2 

(c) lx3 +lx2 -8x+k 
3 2 

(d) lx4-1x3 +lx2 +2x+k 
2 3 2 

(e) lx4 +lx3 +lx2 +lx+k 
6 6 6 6 

(f) lx4 -lx3 +lx2 -lx+k 
8 9 2 . 3 

(g) tx2 -x3 +x+k 

(h) lx4 +lx3 +lx2 +x+k 
4 3 2 

4 4x2 -Sx 

5 y = 2x3 -x-19 

6 I 4 I 2 l y= 8 x .+ 8 x +x-2 

7 5x3 -3x2 +4x-6 

9 y=4xFx-7 

10 (a) y=lx312 +k 
3 

(b) y= 12xlf3 +k 

(c) y=lx4f3 +k. 
4 

(d) y=3sxFx-4Fx+k 

(e) y=liv;z+k (f) 
2 

y=-6Vx+k 

1 
11 (a) --+k 

1 
(b) --+ k 

x3 x 
3 

(c) --+k 
x2 

3 
(d) 2x2 +-+k 

x 
1 1 

(e) --+-+k 
2x2 3x3 (.f) 2 2 3 ----x +k 

x 3 

12 y=-4X-I +13 

13 y=Fx-2 

14 y=lx413+ 3x-2 +2 
4 4 

15 (a) y = x 3 + 3x2 + k 

(b) y = 4x3 +2x2 -Sx + k 

1 
(c) y=2x2 --+k 

x 

(d) y = ~xFx+ sf;+ k 

(e) y=lx2+ 'l!lxFx+25x+k 
2 3 

(f) y = x + 10.J; + k 

16 (a) 118 cm (to 3 s.f.) (b) 27 

17 17 months (to the nearest month) 

18 192 

Exercise 16B (page 244) 

1 (a) 2x2 +k (b) 5x3 +k 
(d) 9x+k (e) fsx 9 +k 

2 (a) 7 (b) 84 (c) 4 
(d) 4 (e) ~ (f) 2 

3 (a) 3x2 +7x+k 
(b) 2x3 ~x2 -Sx+k 
(c) _!_~ 4 +2x2 +k 

2 2 

(c) !x6 +k 
(f) f.sx 5 +k 

(d) lx 5 -2x4 +3x3 -lx2 +4x+k 
5 . 2 

(e) lx3-lx2 -20x+k 
3 2 

(f) ±x4 -2x2 +k 



----------~ ----------

4 (a) 22 
(d) 7i 

5 72 

6 15 

7 195 

8 80 

9 80 

10 10~ 
11 18 

12 16 

13 (a) 39 
(d) 10 . 

(b) 22 
(e) 210 

(b) 5~ 
(e) 500 

1 
14 (a)· --+k 

2x2 

(c) ~x-./x+k 

3 5 
(e) 2x --+k 

15 (a) 144 
(d) 6{ 

16 1l 
4 

17 60 

18 3.! 
3 

19 7 

20 .5 

x 

(b) 1+ 
(e) 16 

(c) 36 
(t} 0 

(c) lOj 

(f) 5~ 

I 
(b) .!.x3 +-+k 

3 x 

(d) llxS/3 +k 
5 

(f) 2-./x + k 

(c) 20 
(f) 3 

21 (a) 22j 

22 96 

(b) 2~ . 

24 422 
8 

Exercise 16C (page 250) 

ANSWERS 

1 -4; the graph lies below the x-axis for O < x < 2. 

2 (a) 10j (b) 8 (c) 2{- (d) Ii 

3 (a) lOj (b) 8 .(c) 100 

4 (a) i (b) 6 (c) 100 

sl-m -1 
5 .--;-­

L:-m m-1 

1 1-m -r 
6 --· m<l --

I-m ' ' I-m 

7 I2 

s {o.?. 
3 

9 32 

10 108 

11 42j 
12 4.!.. 

2 

13 36 

Exercise 16D (page 253) 

1 (a) 1~(2x+If +k (b) fs-(3x-5)
5 

+k 

(c) -i8 (1-7x)
4

+k (d) 

(e) --k(5x+2r
2 

+k (f) 

(g) -t(x+Ir4 +k 

2 (I )II TI 2 x+I +k 

(i) fs-(10x +I)!+ k 

%(1-3xr
1 
+k 

(h) -i(4x+Ir
3 

+k 

(j) .J2x-I+k 
5 

(k) %(tx+2)3 +k 

2 (a) 820 (b) ¥ 
3 2.25 

4 9.1125 

(I) 1;(2+6x)t +k 

2 (c) IS 16 
(d) 225 

5 (a) 2
1'63 (b) 4i (c) j (d) 28 

6 fa 
7 438~ 
8 .!. 

6 

Miscellaneous exercise 16 (page 254) 

1 4x.fx + k; 28 

2 ±2;32 
3 _4 . 

. 3 
4 8.?. 

3 

I 
5 (a) --2 +±x4 +k (b) 6 

2x 

6 3I.!. 
4 

7 7 
8 61 

.4 
9. I~ 

10 0 ; integrand is > 0 for 0 < x < I , < 0 for 
I<x<2 

11 (a) ±x4 -x2 +k (b) 2 

12 ±2 

14 (a) y=--4-x+~ (b) 2¥s 

15 (a) 6 (b) 67 (c) -
(e) 17 (f) -11 (g) 17 

17 (a) y=2x-2 (~) 6{ 
19 (0,0), (±2,-I6); 32.4 

20 l 
2 

(d) 45 
(h) I I 

21 (a) I 
27 ,0 

22 (a) I; 2 

23 (b) 

(b) (i) (3,0) (ii) (4,- 1J8) 

(b) 10~ 
25~ 

6 
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17 Volume of revolution 

Exercise 17 (page 261) 

1 (a) 98 7r 
3 

(b) 3093 7r 
5 

(c) 279 808 
(d) ttr -7-7r 

2 (a) 504tr (b) 3498 7r 
5 

(c) 11n 
2 

(d) _!§_tr 
15 

3 (a) 4tr (b) 9tr (c) 3355tr 

(d) 1~ 7r (e) 648 tr 
5 (f) ~tr 

(g) 156tr (h) ttr 

4 (a) 1Q7r 
15 

(b) _!§_tr 
15 

1 (d) g7r (c) 30 7r 10 

5 (a) 2 
157r (b) f;n 

6 (a) 2048 7r 
15 (b) 1;8n 

7 (a) 3 
T07r (b) -i%-n 

8 1~ 7r 

9 97r 

Miscellaneous exercise 17 (page 262) 
1 206 7r 

15 
3 ±nab2 

• ±na2b 3 ' 3 
4 (b) 3 (c) 3tr (d) ttr 

5 (i) (a) Infinite (b) 1! 

(c) 5tr (d) ttr 

(ii) (a) Infinite (b) l_ 
3 

(c) Infinite (d) ttr 

6 (a) 36' 18 (b) 1296 tr (c) gtr 
5 2 

7 4tr 

18 Radians 

Exercise 18A (page 267) 

1 (a) !n · (b) ttr (c) ttr (d) f;n 
(e) ~tr (f) fci 7r (g) ttr (h) in 
(i) 4tr U) lQ7r (k) !n (I) 1 

3 180 7r 

2 (a) 60° (b) 9° (c) 36° (d) 221- 0 
2 

(e) 200 (f) 120° (g) 112-t 0 (h) 108° 

(i) 40 (j) 1080° (k) -90° (I) 50° 

3 (a) 1-,[3 
2 (b) t,rz (c) ~-13 (d) 0 

(e) -1-,fi, (f) -1-../3 (g) --13 2 2 (h) 1 4 

4 (a) s=8.4,A=29.4 
(b) s=7.35,A=l2.8625 
(c) e = 1.5, A= 48 (d) r = 20, A= 140 
(e) e = 2.4, s = 12 (f) s = 8 
(g) r = 8, e = 2 (h) e = j 

5 (a) 2.26 cm2 (b) 1.47 cm2 (c) 830 cm2 

(d) 9.05 cm2 (e) 0.556 cm2 

6 6.72 cm2 

7 28.2 cm 

9 26.3cm2 

10 15.5 cm, 14.3 cm2 

11 (a) l.61r (b) 0.32r 

Exercise 18B (page 270) 

3 (a) ln 
2 (b) in (c) tr 

(d) in (e) 2tr (f) ftlr 
Exercise 18C (page 272) 

1 (a) ln (b) Jn (c) in (d)' ~tr 6 
(e) -~tr (f) -in (g) -in (h) 7r 

2 (a) ,tn (b) -in (c) ~tr (d) in 
3 (a) 0.5 (b) -I (c) -13 (d) 0 

4 (a) in (b) in (c) in (d) 0 

5 (a) 1 (b) i (c) i-13 (d) I 
6 0.739; COSX = X 

Exercise 18D (page 274) 

1 (a) 0.12, 3.02 (b) 4.18, 5.25 
(c) 1.18, 1.96 (d) 0.63, 5.66 
(e) 2.51, 3.77 (f) 0.96, 5.33 
(g) 1.33, 4.47 (h) 2.80, 5.95 
(i) 0.17,3.31 (j) 3.45,5.98 
(k) 3.69, 5.73 (!) 2.90, 6.04 
(m) 0.99, 2.68 (n) 4.19, 6.28 
(o) 0.17, 1.22 

2 (a) 1.00, 2.14 
(c) -2.06, 1.09 
(e) -1.72, 1.72 
(g) -2.50, 0.64 

(b) -1.30, 1.30 
(d) -2.32, -0.82 
(f) -0.90' 2.25 

(h) -2.53, -0.62 '0.62, 2.53 
(i) -tr' -1.23, 0, 1.23, 7r 

3 (a) 0.66, 2.48, 3.80, 5.63 
(b) 0.42, 1.46,2.51,3.56,4.61,5.65 
(c) 1.91, 2.81, 5.05, 5.95 
(d) 0.44, 1.13, 2.01, 2.70, 3.58, 4.27' 5.16, 5.84 
(e) 0.23, 1.80, 3.37, 4.94 
(f) 1.20, 1.94, 3.30, 4.03, 5.39, 6.13 



4 (a) -2.33,-1.85, -0.24,0.24, 1.85,2.33 
(b) -2.12, -0.55' 1.02, 2.59 
(c) -3.03, -2.20, -0.94, -0.11, 1.16, 1.99 
(d) -2.49, -0.65, 0.65, 2.49 
(e) -3.02, -2.39, -1.76, -1.13, ±0.51, 0.12, 

0.75, 1.38, 2.01, 2.64 
(f) -1.35, -0.22, 1.79, 2.92 

5 (a) -2.46, 2.46 (b) -2.06, 2.65 
(c) -1.01 (d) n 
(e) 0.70 (f) -1.03 

6 ( I 7 5 19 
a) 41r' 12n' 4n' 12n 

(b I 7 13 19 
) 121r' 12n, 12n' 12n 

( ) 19 23 43 47 67 71 
c 361r' 36n, 36n' 36n' 36n' 36n 

(d) ~n.Jif-n.¥-n 
( ) 17 29 53 65 
e 36n • 36n • 36n • 36n 

(f) in 
(g) No roots 

(fi.,) I· 7 II 5 19 23 
4n, 12n' 12n' 4n' 12n' 12n 

(i) ~?r 

7 (a) 0.90, 2.25 (b) -l.14, 1.14 
(c) -2.19, -0.96, 0.96, 2.19 
(d) -2.53, -0.62, 0.62, 2.53 
(e) -1.04, 0, 1.04 
(f) -2.36, -0.79' 0.79, 2.36 

Miscellaneous exercise 18 (page 275) 
1 3.6cm,10.8 cm2 

2 l 
4 

3 r 2 

4 in, jn--!-J3 
5 17cm2 

· I I 6 (a) -2.98, -0.16 (b) - 2n, 2 n 

(c) -in, 0, -;\-n 
(d) -3.02, -1.69, 0.12, 1.45 
(e) 1.77, 2.94 
(f) -2.29, -1.25, -0.20 '0.85, 1.89, 2.94 

7 (a) 0.02 seconds, 50 
(b) 0.007' 0.020, 0.027 

8 (a) k = 2n 
T 

k 
(b) 2n 

9 ±r2(8-sin8), 1.2<8<1.3 

10 DE=2r-2rcos8 

ANSWERS 

11 8 = 2n _!_ 
r 

13 1.4 

14 (a) -1:;;:; x:;;:; 1, -n - 4:;;:; y:;;:; n - 4 
(b) 3.;;:x~5. -n~y.;;n 

15 0, 1.23,5.05, 2n 

16 (a) No roots (b) -!n, -~n, ~n, !n 
(c) -2n, -n, 0, n, 2n 

Revision exercise 3 
(page 279) 

1 (-4,8), (1,3); 20i 

2 (a) (-1,5), (1,1) 
(c) 9y+x=7 

4 
n-1 

n+l 

5 y=tx2 +3x+4 

6 l 
3 

(b) (0,3) 
(d) 4 

311 

7 0 ; between x == 1 and x = 3 , there is the same 
area above and below the x-axis. 

8 24n 

9 18 

10 (b) 2 

11 300 
n 

12 The point does lie on the line. 

13 (a) n-28 ~ 2r2 + 2r2 cos28 (b) 2rcos8 

14 9n 

15 (a) 3(3x2 +2)(x3 +2x-1)
2 

3 

(b) -x(x2 +1r2 

16 (a) 

(c) 
£16 600 (b) Year 9 
£( 475n2 +12 325n) for 0:;;:; n:;;:; 9; 
£(20400n-34200) for n>9 

(d) £13 500 Xl.05n-I 

(f) YearlO 

17 22.65, 24 

18 (a) 5 (b) 5 (c) -!n 
19 2n cm, 2( n - -J3) cm 2 

20 -2, 132.5° 
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22 (.) dx. 0 "th d7x I -IS+, ,-WI -
2 

-,0,+ 
dt dt 

( 
.. ) dx. d

2
x . 

11 -'--- IS -; - IS + 
dt dt2 

(a) Graph dips below x = 0 with a minimum, 
then tends to x = 0 . Hence 

dx. . d 2x 
-1s-,O,+w1th-2 +,0,-. 
dt dt 

(b) dxis0,-withd
2

:-,o,+. 
dt dt 

23 2l 
2 

24 (a) (2,4) (b) ~tr 
5 

25 80.9° 

26 31_ 
2 

27 1,0.71 

28 (a) ±a2 
3 

(b) 2na 3 • -2l.na 3 
' 240 

Practice examinations 

Practice examination 1 (page 283) 

1 81 

2 (i) 1 I ("" 1 I ---2-vxt_k 11) y=---2-vx+3 
x x 

3 (i) y = 2x + 1 (ii) 5 

4 (ii) I . 5 
67r,67r 

5 (i) (x+3)
2
-6 

(ii) (a) (-3,-6) (b) -3-.f6<x<-3+.f6 

6 (i) f(x);;;.~ (ii) 0 (iii) !-(x+l) 

Reflections in y = x 

7 (i) x=-5, y=8.or x=2, y=l 

Q 8 (i) B . ,/ 

L "' ~ ........ . 
O a A 

·:· ...... >-......... .. .. .. ..... ~ p 

(ii) 14 
(iii) 30° 

9 (i) A = 3r - r 2 (ii) (J = 2 

10 (i) y + 6x = 8 (iii) Jf 
Practice examination 2 (page 285) 

1 81x4 +216x3 +216x2 +96x+16 

2 fin 
3 (i) y=3x-14 (ii) (5,1) 

4 (i) 

:t\fa\;;00' 
-J-1 

(ii) 67 .2, 112.8, 247 .2, 292.8 

5 (i) (-1,1) (ii) _g 
3 

6 (i) a.f-d,a+5d (iii) 660, 715 827 882 

7 (i) f(x) e IR, f(x) ;t 1; g(x) e IR, g(x);;;. -1 
(ii) g is not one--one 

(. ") f-1 1 + x ll1l 1 111 :x!--7---, XE"",X;t 
3(1- x) 

8 (i) 1.107 (ii) 4.02 cm 2 

(iii) 4.33 cm 2 (iv) 8.40 cm 

1 2 
9 (a) 

2Fx-(2x+1) 2 

(b) (i) 3x 2 -6x+12 

10 (i) 4 j + 3k ' 5 
(iii) The scalar product is non-zero. 
(iv) 101~ 
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The page numbers refer to the first mention of each term, or the box if there is one. 

absolute value, of a number, 40 
addition 

of position vectors, 196 
of vectors, 191 

alphabet convention 
for position vectors, 195 

angle units, 264 
arbitrary constant of integration, 237 
arc length, of a circle, 265 
area 

of a circular sector, 265 
under a graph, 242 
between graphs, 249 
by integration, 240 

arithmetic progression, 120 
arithmetic sequence, 120 
arithmetic series, 121 

sum of, 122 
ascending powers, 134 
associative rule 

for addition of vectors, 192 
axes, 1,33 

equations of, 9, IO 
right-handed, 198 

axis of symmetry of a parabola, 43, 52 

base, 22 
basic unit vector, 193, 198 
binomial theorem, 131 

cartesian coordinates, 1 
centroid of triangle, 197 
chain rule, 178 

derivation of, 183 
circular arc, length of, 265 
circular sector, area of, 265 
coefficients 

binomial, 132 
of quadratic·, 51 

common difference, 120 
common ratio, 210 
commutative rule 

for addition of vectors, 191 
for scalar products, 202 

completed square form, 52, 68 
completing the square, 52 
component vectors, 193 
components, of vector, 191 

composite function, 158 
rule for differentiating, 178 
rule for forming, 160 

constant, 32 
arbitrary, of integration, 237 
term of quadratic, 51 

continuous function, 97 
convergent geometric series, 216 
coordinates, 1 
cosine (cos), 138 

graph, 139, 269 
inverse, 271 
symmetry properties, 143, 270 

critical values of quadratic inequality, 69 
curve, equation of, 8 

decreasing function, 98 
definite integral, 243 
degree, 264 
delta notation, 76 
dependent variable, 104 
derivative, 81, 89 

as a function, 95 
higher, 233 
as rate of change, 105, 181 
second, 225 
second order, 225 
of (a.x+br, 175 
of f(a.x+b), 176 
of f(F(x)), 178 
of multiple of function, 84 
of quadratic function, 81, 84 
of sum of functions, 84 
of xn, 84, 85 

derived function, 95 
differential operator, 233 
differentiating, 81 

notation, 81, 105, 225, 233 
rules for, 84, 85, 96, 175, 176, 178 

discriminant of quadratic, 57 
displacement vector, 195 
distance between two points, 3 
distributive rule 

for.scalar products, 202, 205 
for vectors, 192 

divergent geometric series, 216 
division rule for indices, 23 
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domain 
of composite function, 160 
of a function, 35, 159 
of inverse function, 166 
of inverse trigonometric 

functions, 272 
natural, 159 

dot product, 201 

ellipsoid, 263 
equation(s) 

of a curve, 8 
of a line, 8 
quadratic, 55 
reducible to quadratic, 60 
root of, 55 . 
satisfying an, 8 
simultaneous, 59 
solution of, 55 
trigonometric, 145, 273 

even function, 37 
exponent, 25, 220 
exponential 

decay, 219 
growth, 219 

f notation, 32, 157 
f' notation, 81 
factor form of quadratic, 45, 51 ; 68 
factor rule for indices, 23 · 
factorial sequence (r!), 117 
Fibonacci sequence, 127 
fractional indices, 27 

graphs, 38 
function, 32, 156 

composite, 160 
continuous, 97 
decreasing, 98 
derived, 95 
domain of, 35, 159 
even,37 
identity, 166 
increasing, 98 
inverse, 166 
notation, 32, 157 
odd,37 
one--one,166 
periodic, 139 
predicting from graphs, 46 
range of, 35, 159 
self-inverse, 164 

geometric progression, 210 
geometric sequence, 210 
geometric series, 211 

convergent, 216 
diverge to infinity, 216 
oscillate infinitely, 216 
sum of, 212 
sum to infinity, 216 

gradient 
formula for a quadratic, 81 

derivation of, 87 
of a chord, 75 
of a curve, 75, 89 
of a line, 4 
of a line segment, 4 
of parallel lines, 4 
of perpendicular lines, 13 

graph, 33 
of cosine, 139, 269 
of fractional powers of x, 38 
of inverse function, 169 
of negative integer powers of x, 37 
of positive integer powers of x, 36 
of quadratic functions, 43 
of sine, 140, 269 
of tangent, 140,270 

higher derivatives, 233 

identity, 150 
identity function, 166 
improper integral, 249 
increasing function, 98 
indefinite integral, 237 
independent variable, 104 
index (indices), see also exponent 

fractional, 27 
negative, 23 
notation, 22 
properties of, 23 
zero, 23 

inequality 
allowable operations on, 67 
critical values of, 69 
linear, 66 
quadratic, 68 
strict, 65 
weak,65 

infinite integral, 249 
inflexion, point of, 227 
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integers, 160 
positive, 17 
set of(&:'.), 160 

integral 
definite, 243 
improper, 249 · 
indefinite, 237 
infinite, 249 
properties of, 246 

integrand, 243 
integration, 237 

limits of, 243 
of (ax+br ,252 
of g(ax + b), 252 
of xn, 237 

intersection 
of two graphs, 43 
of two lines, 10 

interval, 69, 99 
inverse function, 166 

graph of, 169 
inverse trigonometric functions, 271 

domain of, 272 
·range of, 272 

irrational numbers, 17 

length 
of circular arc, 265 
of line segment, 3 

limits of integration, 243 
line segment, 1 

gradient of, 4 
length of, 3 
mid-point of, 3 

maximum (point), 101 
procedure for finding, 102, 230 

median, 197 
mid-point of line Segment, 3 
minimum (point), 101 

procedure for finding, 102, 230 
modulus, of a number, 39 
multiplication rule for indices, 23 

natural domain, 159 
natural numbers, 17 

set of (N), 161 
negative indices, 23 
normal to a curve, 78 
numbers 

irrational, 17 
natural; 17 
rational, 17 
real, 17 

INDEX 

odd function, 37 
one-one function, 166 

parabola, 43 
axis of symmetry, 43, 52 
vertex,43,52 

parallel lines, gradient of, 4 
parallelogram rule of addition, 196 
Pascal sequences, 118 
Pascal's triangle,118, 129 
period, 139 
periodic function, 139 
perpendicular lines, gradient of, 13 
point 

of inflexion, 227 
of.intersection of graphs, 43 
of intersection of lines, 10 

position vector, 195 
power-on-power rule for indices, 233 
progression 

arithmetic, 120 
geometric, 210 

projection of vector, 205 
Pythagoras' theorem, 150 

quadratic, 51 
discriminant of, 57 

quadratic equation, 55 
equations which reduce to, 60 

radian, 264 
range 

ofa function, 35, 159 
of inverse trigonometic 

functions, 272 
rate of change, 105, 181 
rational numbers, 17 
rationalising the denominator, 19 
real numbers, 17 

set of (IR), 159 
reciprocal, 164 
related rates of change, 181 
relations between trigonometric 

functions, 150 
repeated root, 57 
root of quadratic equation, 55 

scalar, 191 
scalar product, 201 

in component form, 203 
commutative rule for, 202 
distributive rule for, 202, 205 
of unit vectors, 203 

second derivative, 225 
second order derivative, 225 
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self-inverse function, 164 
sequence, 114 

arithmetic, 120 
factorial, 117 
as function, 16i 
geometric, 210 
inductive definition of, 115 
Pascal, 118 
sum, 215 
term of, 114 
of triangle numbers, 116 

series 
arithmetic, 121 
geometric, 211 

simultaneous equations, 59 
sine (sin), 140 

graph, 140, 269 
inverse, 271 

PuRE MATHEMATICS 1 

tangent (tan), 140 
graph of, 140, 270 
inverse, 272 
symmetry properties, 144, 270 

tangent to a curve, 75 
. . .. ·~· terin, Qfsequence, 114 

·. ,,; .:,..: ,'.·; ,tr~slation vector,· 190 
.. ;~~·-, ,Y~.trlangle number sequence, 116 
'l ... '.'.'{:::frigo~om<;:ttic equations, 145, 273 .{ :~i~··:r ;~~~1wg poiht, 101 
· ·· · "· · 1':>\m'ii vectqr. ·201 

., ·y· ./"·basic. i.-93 198 
~\iriits for ~gle: 264 

vati~bles, 104 
~· · dependent, 104 

independertt, 104 
vector(s), 190 

symmetry properties, 143, 270 addition of, 191, 196 
sketching graphs, 33 

using completed square form, 52 
using differentiation, 225 
using factors, 45 

skew lines, 199 
solid of revolution, 258 
solution of equations, 55 

quadratic, 55 
trigonometric,.145, 273 

square root, 18 
stationary point, 101 
strict inequality, 65 
subtraction 

sum 

of position vectors, 196 
of vectors, 193 

of arithmetic series, 122 
of geometric series, 212 
to infinity of geometric series, 216 
sequence,215 

surds, properties of, 18 

associative rule for addition of, 192 
basic unit, 193, 198 
commutative rule 

for addition, 191 
for scalar products, 202 

component, 193 
components of, 191 
displacement, 195 
distributive rules, 192, 202, 205 
dot product, 201 
parallelogram rule of addition, 196 
position, 1_95 

alphabet convention for, 195 
projection of, 205 
scalar product, 201 
subtraction of, 193, 196 
in three dimerisions, 198 · 
translation, 190 
unit, 201 
zero, 192 

vertex of parabola, 43, 52 
volume ofrevofution, 258 

weak inequality, 65 

zero index, 23 
zero vector, 192 

.-.. ~-J,...,..,...,.._ 
:,,_- ·~'/ . . 


